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Paznen 1
OObikHOBeHHBIC TH(PepeHINATbHbIC YPABHCHUS

SAHATHUE Ne 1

Tema: [HousaTue nudpepeHINATBHOI0 YPABHECHHUS.
3agauya Kouu u TeopeMa 0 CynieCTBOBAaHMHU U € IMHCTBEHHOCTH pPelleHMsI
i fu(PpepeHIUATBHBIX YPABHEeHUH 1-ro mopsiaka

I. OCHOBHBLIE TEOPETUYECKUE CBEJAEHUA

1.1. Ilonsatue auddepenuuanbHoro ypasHenusi. Ilopsimoxk u perenue
aupPepeHINATBLHOTO YPaBHeHNs1. 3a1a4u, NPUBoAsINe K Ju(depeHnaIbHbIM
ypaBHeHusiM. O4eHb 4acTO MpOoOIEMbl, BOZHUKAIOIINE B PA3JTUYHBIX 00JIACTIX HAYKU
U TEXHUKHU, W3YYAIOTCA C TOMOINBIO ONHUCAHUS OCHOBHBIX XapaKTePUCTHUUYECKUX
KOJIMYECTBEHHBIX  COOTHOILICHHH  MEXAy  [apamMeTrpaMu,  CBOMCTBEHHBIMU
paccMaTtpuBaeMoi mpoOieMe (T.e. ¢ MOMOINbI0 MOCTPOCHUS €€ MamemMamuiecKou
mooenu). OOBIYHO ATU COOTHOUIEHHUS MPEJCTaBISIIOT COOOM OAHY WM HECKOJBKO
(YHKIIMOHANBHBIX  3aBUCHUMOCTEM MEXIy  TMEePEeMEHHBIMU BEJIMYMHAMU,
XapakTepu3yloIMMHA  Hu3ydaemMoe siBlieHHe. Ho BO MHOrMX cly4asix 3TH
(yHKIIMOHATBHBIE 3aBUCUMOCTH YJAIOTCSl YCTAHOBUTH, JIUIb PEIIMB OJIHO WIH
HECKOJIbKO YpaBHEHUN MEXITY UCKOMBIMU (DYHKITUSIMH U UX MPOU3BOAHBIMHU.

Jugppepenyuanvnviv  ypasHenuem Ha3bIBACTCSI YPaBHEHUE OTHOCUTEIIBHO
HEU3BECTHOU (YHKIMHU, €€ MPOU3BOJHBIX PA3IMYHBIX TMOPSAJIKOB U HE3aBUCHUMBIX
nepeMeHHbiX. [lpu stom auddepeHnuansHoe ypaBHEHHE O00A3aTEIBHO JOJIKHO
COJZIEPIKATh IPOU3BOIHbIC HCKOMOH (yHKIIHH. '

Ecnu B nuddepenunanbHOM ypaBHEHUN UCKOMas (PYHKIMS 3aBUCUT JIUIIb OT
OJIHOW TIEPEMEHHOMN, TO TAKOE YpaBHEHUE HA3BIBAETCS 0ObIKHOBEHHbIM, B TIPOTUBHOM
CJIyyae OHO Ha3bIBACTCS YPAGHEHUEM C YACTMHLIMU NPOU3BOOHBIMU.

Bcrony B nanbueitiem, ropops o nuddepeHianbHbIX YPaBHEHUSAX, MBI Oy1eM
UMETh B BUNY 00ObIKHOGEHHble Oughghepenyuanvivle ypasHeHus, €Ciu MPOTUBHOE HE
OTOBOPEHO 0C000.

Tlopsaoxom oughgepenyuanvrozo ypagnenuss Ha3bIBa€TCs MOPSIAOK HAUBBICIIEH
MIPOU3BOIHOM, HePOPMATIBHO BXOJAIIEH B YpaBHEHUE.

OO6rikHOBeHHOE AudPepeHInanbHOe YpaBHEHUE 1-TO MOPALIKA 8 obujem suoe
3alUChIBAETCS TaK:

F(,p,y,",.,y") =0, (1.1)

1
BCIOHy B HaCTOAIICM HOCO6I/II/I, rae HE OrOBOPCHO MNPOTUBHOC, MNPEAINOIaracTCsa, 4TO KaK HE3aBUCUMBIC
NEPEMEHHBIC, TAK U UICKOMbBIE q)yHKIlI/II/I ABIISAIOTCA 6eiyyecmeerHHblMU.
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rle X — He3aBUCUMas IEepeMEHHas; y=)(X) — UCKOMasg (PyHKIUS NEpPEeMEHHOH X;

™ _ e& mpomssonmsie; F(x,y,1',)",..,y") — 3anaHHas QyHKIMS CBOMX

Y,y e,y
apryMeHTOB.
Ilycts <a,b> - C6A3H0€ MHOXKECTBO Ha R, T.€. YNCITOBOM IPOMEXKYTOK.
OIIPEAEJIEHUME 1.1. @yuxyus y = @(x), onpedenennas Ha npomedxcymie
<a,b>, Hazvigaemcsi peuteHuem oughgepenyuanvnozo ypasuenusi (1.1) ma smom
npomedicymxke, eciu GblNOAHAIOMC Cledyioujue mpu YCao6ust:
2,

1) @yukyus y = @(x) n paz oudpepenyupyema na npomesxicymxe <a,b>
2) ons 06020 xE<a, b> mouka (x,gz)(x),(p'(x), - gp(")(x))ED(F), 20e D(F) —

obnacmu onpedenenus pyuxyuu F';

3) ¢yuxyua y = @(X), 6y0yuu noocmasnena 6 ypasuenue (1.1), obpawaem e2o
6 ModHCOecmeo Ha <a,b>, m.e. F(x,@(x),¢'(x),...0" (x)) =0, xE(a,b>.

Hanpumep, ¢yHkums y=sinx sBisercss pemeHneM aupdepeHInaIbHOro
ypaBHeHus: )''+)y =0 Ha IMPOMEXKYTKE (—oo, + o), TAK KaK 3Ta (YHKIHS IBAXKIbI
nuddepeHIpyeMa Ha JAHHOM HpoMexyTke u (Sinx)''+sinx=0 Ha (—o0, + ).
HerpynHo nposeputs, 4T0 Besakas (pyHkuus Buga y =C,sinx+C,cosx, rae C,C, -
npoussovbible nocmosinivle U3 R, takxke Oynet pemeHreM ypaBHenus y''+) =0 Ha
MIPOMEXKYTKE (-, + ). y

Takum o60pazom, auddepeHImanTbHOe
ypaBHEHHE MOXET UWMETh Ha JaHHOM
OPOMEXYTKE  MHO20  pewteHull  (Jaxe

0ECKOHEYHOE MHOYKECTBO PELICHUH ).
YacTo onepanuio OTHICKAHHS PELICHUN

uHmezpuposaHuem ypasHeHus, a Tpapuk
BCSIKOTO KOHKPETHOTO pelieHus
mudpepeHnanbHOr0 ypaBHEHHS Ha3bIBAIOT
UHMe2PanNbHOU KPUBOLL.

I
I
|
|
|
|
|
mudpepeHIanbHOr0 yYpaBHEHUS HA3bIBAIOT 0 i
|
|
I
|
|
|

3ameuyanune 1.1. CymecTBeHHO, 4YTO
obacmuio onpeoeeHusl peuienus
OOBIKHOBEHHOT'O nudpepeHInanbHOro Puc. 1.1

YPAaBHEHUS CIYKHT c@sa3H0e MHodxcecmeo Ha R. Hanpumep, BeTBb rpaduka QyHKIMH

’B ciydae, korjga GyHKIuUS y = @(f) ompenesieHa Ha MPOMEXYTKE, 3aMKHYTOM C OJHOTO MM C 000MX KOHIIOB
(T.e. ecnu (a,b) ecTh OAMH U3 HUHTEPBANOB BUIA: [a, b), (a, b], [a, b]), TO noa 1uddepeHIHPYeMOCTbI0 (yHKINU

@(t) Ha KOHIIe IPOMEKYTKA Mbl IOHMMAEM CYIIECTBOBAHUE COOTBETCTBYIOIIEH 00HOCMOPOHHEN NPOU3EOOHOU.
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1
@(x) = P ompesielieHHas Ha MPOMEXyTKe (—oo, 5) (cm. puc. 1.1), u BeTBb Tpaduka

|
byHKITIU ¢(x)=5—, OTpeNeNicHHass Ha TPOMEKYTKE (5,4 %), wmsrI Oynem

paccMaTpuBaTh KaK 06e pasziuuHvle uHmezpanvhvie kKpusvle NUPGHEepeHIUaTbHOrO
ypaBHeHHS V'= )°.

OcHoBHOM 3amayedt Teopuu AudPepeHIMATbHBIX YpPaBHEHUM SIBISETCS
Pa3BUTHE TOYHBIX U MPUOIUKEHHBIX METOJIOB UHTErpUPOBaHUS U] epeHInATbHBIX
YpPaBHEHHUI pa3MYHBIX KJIACCOB M HUCCJIEAOBAaHUE OOIIMX CBOWCTB PEIICHUM 3TUX
YpaBHEHUH.

Jlanee paccMOTpPUM HECKOJIBKO MpOOJieM W3 pa3IMuHbIX 00JIacTel HayKu,
UCCIIEIOBAHUE KOTOPBIX MPUBOAUT K TIOMCKY pEIIEHHH TeX WM HHBIX
mudepeHnanbHbIX YPaBHEHUH.

3agaua 1.1. CxopocTe pacmaga paausi B KaXKAbII MOMEHT BPEMEHH MPSIMO
MPOTNOPIIMOHANIbHA €T0 Hanu4yHOo# Macce. CocTaBuTh nuddepeHnaibHOe YpaBHEHHE,
KOTOpOE€ TMO3BOJIMT HAWTH 3aKOH pacnafga paausa. Omnpenenuts maccy pagus B
MPOU3BOJIbHBIA MOMEHT BpPEMEHHU [, €ClM B HayaJdbHbIH MOMEHT BpeMEHH ¢ =()
UMEJOCh M1, k2 paaus, a IEpUoJ Molypacnaaa paJ:[mI3 cocrtasiset 1590 ner.

PEIIIEHHME. Ilycte B MOMEHT BpeMEHH ! Macca paaus COCTaBIAET y(f) Ke.

Torpa cornacHo ycnoBUIO 3aJja4H, MOJTYYUM UCKOMOE MU dhepeHIInaIbHOE YpaBHEHHE

dy ky
dt ’
rie k>0 — kodddunuent mponopumonansHocTH. Ho mockombky y(f) =0, TO
'
noaydeHHoe auddepeHraabHoe ypaBHEHHE MOYKHO MEPENucaTh Tak: Yk wm
Y

(ln y)'= —k. C noMomIpi0 HHTErPHUPOBAHUS OTCIOAA HaxoauM: Iny =kt +C,, rae C —
npousBonbHas mocTosHHas. Torma y(f)=Ce™, rme C=¢%. I onpeneneHus
3HAYCHUS MOCTOSHHOW C HCIOJB3yeM «HAa4yalbHOE YCIOBHE: y‘ o =m,. B cumy
>Toro HawanpHOTO ycimosus umeem: C=m, u, 3mauwt, Y(f)=m,e . Haxomer,

3HaueHue KOod(PUIMEeHTa MPONOPUUOHAIBHOCTH A OMpEAENsieM U3 YCJIOBHS, UTO

hg —k1590 _ My
MepuoI nmonypacnaaa paaus paseH 1590 ner, T.e. y\ 1590 = WA mye =5

3 o
[lepuon nonypacnana paaus — nepuoj BpEMEHH, 10 UCTEUEHUH KOTOPOTro paclaiaeTcs NoJ0BUHA HAJTUIHOU
Macchl paaus.

5



1
Orcrona naxonum: k =——In2. CnenoBaTenbHO, Macca pajids B MOMEHT BpeMEHU

-t

MOYXHO ONPENENHUTH 10 popmyne: y(f) = m, L2150 p

3agaua 1.2. Ilyna nBuxercs nmo ocu OX paBHOMEPHO YCKOPEHHO, TO €CTh C
yCKopeHueMm, paBHbIM a . CocTaBUTh quddepeHnaibHOe YpaBHEHUE, PEUIUB KOTOPOE,
MOYKHO OIPEICIIUTh 3aKOH JIBUKCHUS ITYJIU.

PEIHEHUE. Ilpeamnonoxxum, 4YTO MCKOMBIM 3aKOH JBWXEHHS IyJIU
ompenenaercss QyHKIMEH x = x(z). [I0CKONBKY yCKOpeHHe OIpeaeIseTcs KaKk BTopas
NPOU3BOIHAS PYHKIUHU x(7), TO COIIACHO YCIOBHIO 3a1a4H OyJIeM UMETh:

2
ax__»
dt?

3agaua 1.3. 13 cTaTHCTUYECKUX TAHHBIX U3BECTHO, UTO ISl PACCMATPHUBAEMOTO
pPETMOHA YHCIO HOBOPOXKJICHHBIX M YHCJIO YMEPIIMX 33 €IUHUIY BpPEMEHHU
MPOMOPUAOHAIBHBI YUCIICHHOCTHU HACEJICHUSA c ko3 (ppunreHTamu

MPONOPLUHUOHANIBHOCTH I} U 7, . Tpelyetcs coctaButTh AudPepeHimairHoe ypaBHEHUE,

U3 KOTOPOTO ONIPENEIAETCS 3aKOH M3MEHEHUST YUCIEHHOCTH HACEJIEHUs C TEYEHHEM
BPEMEHH.
PEHIEHHUE. Ilycte y(f) — 4MCIO XKUTEJIEH PETMOHA B MOMEHT BPEMEHHU [ .

IIpupoct HacenmeHnst Ay 3a BpeMsl Af paBeH Pa3HOCTU MEXAY YHMCIOM POAMBIINXCS U

YMEpIIHX 32 3TO BpeMs, T.€.
A
Ay =1 yAt —-r,yAt nnn A_); =ky,

rne k=r-r,. Orcroma, mepexons K mpeneny mnpu Atr— 0, momydaeM HCKOMOE
muddepeHuanbHOe ypaBHEHHE:
dy
e
3ameuanue 1.2. BaxxHo 3amMeTuTh, 4TO OJHO M TO K€ AU dEepeHITHATHFHOE

ypaBHEHUE MOXKET OIMCATh Pa3IMYHBIC SBJICHUS MPHUPOILI (HAPUMEP, CPABHUTE
3agaum 1.1 m 1.3).

1.2. 3agaua Komn® u TeoOpeMa 0 CYILIeCTBOBAHMM M €JIUHCTBEHHOCTH
pemienus s AuddepeHnuaNbHbIX YpaBHeHuill 1-ro nopsiaka. B oOmem ciyyae
muddepeHnranbHoe ypaBHeHHE 1-ro mopsjika MOXKeT ObITh 3alIMCAaHO TaK:

F(X,y,y')=0, (1.2)

* Orrocren JIyn Kourn (1789-1857) — dpaHiy3ckuii MaTeMaTHK.
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rae F(x,y,)") - 3ananHast QyHKIUS CBOUX apryMEHTOB.
O6piuHO nuddepeHnranbHoe ypaBHeHHe (1.2) Ha3bIBalOT ypaBHEHUEM,
Hepa3peuleHHbiM OMHOCUMENbHO Npou3600Hou. Eciii K€ €ro MOXHO pa3peliuTh

!
OTHOCHUTCJIBHO y , TO OHO IIPUBOJUTCS K Oonee IIPpOCTOMY BUY

y'= f(xy), (1.3)
d
rae f(X,)) - 3amaHHas GyHKIMS IBYX IEPEMEHHBIX X Uy, a )'= d_y
X
VYpaBuenue Buna (1.3) HazwpBalOT Jughgepenyuanvuvim ypasnenuem 1-20

nopsoKa, pa3peuleHHbIM OMHOCUMENbHO NPOU3BOOHOU.

Hanpumep, ypasuenue (x° +1))'-y =0 He paspemeHo OTHOCHTENbHO ).

!
Pa3pelnyB ero OTHOCUTENLHO ), OJIyYMM ypaBHEHHE V' = —; r
X"+

Boo6mie roBops, nuddepennunansHoe ypaBHeHue Buaa (1.3) Moxer UMeETh
OECKOHEUHOE MHOXECTBO pa3JIMUHbIX pemieHuil. [loaTomy, Korma uHTEpecyrTcs
KOHKPETHBIM  penieHueM  aud@epeHnanbHOr0o  ypaBHEHHMs,  yKa3bIBAIOTCS
OONOJIHUMENIbHblEe YC06Us, BBIICIAIONINE HCKOMOE PEIICHUE W3 MHOXECTBA BCEX
peleHuid JaHHoTro ypaBHeHud. Jyist ypaBHenus (1.3) TakuMm ycloBUEM, B YaCTHOCTH,
ABJISIETCSI TaK HA3bIBAEMOE HAYANbHOE YCI08UE:

y‘x=x0 =Y, (1.3a)

raie X, u ), - HEKoTopele (QukcupoBaHHbIE uucha. [Ipy 3ToM wymcna X, u ),

Ha3BIBAIOTCS HAYAIbHLIMU OaHHbIMU AJisl ypaBHeHus (1.3).

OIIPEAEJIEHUE 1.2. 3aoaua, cocmoswas 6 oOmbiCKAHUU peuleHus
ougpepenyuanvroeo ypasuenus (1.3), yoosremeopsiowe2o HAUATLHOMY YCI08UIO
(1.3a), nazvieaemcs 3a0aueii Kowiu 015 5mo2o ypasHeHusl.

['eomerpuueckn 3amady Komm MokHO chopmMymupoBaTh Tak: cpeou 6cex
UHMEZPATIbHBIX Kpusvlx oupgepenyuanvrnoco ypasuenus (1.3) naiimu my, komopast
npoxooum uepes mouxy By (x,,¥,).

EcTecTBeHHO BO3HHMKAeT BOMPOC: BCETNa JIM CYIIECTBYET PEIICHHE 3aJadu
Komu nst ypaBuenust (1.3) u eciiu cymiecTByer, To OyJIeT U OHO €IMHCTBEHHBIM 7

OTBeT Ha 3TOT BOIMPOC JJIS IOCTATOYHO IIUPOKOTO Kiacca gudPpepeHuanbHbIX
ypaBHenuii Buaa (1.3) gaet cieayromias Teopema (CM. Takxke, Hanpumep, [23, c. 34]).

Teopema Komum (0 cyiiecTBOBaHUU U €IMHCTBEHHOCTH pelieHus). Ilycms oano

ougppepenyuanvroe ypasnenue (1.3) u nycmo ¢ynxyus [(X,V) u eé wacmnasn

npouseoonas [, (X,y) HenpepuieHbl 60 6Cex MOUKAX HEKOMOpou obracmu GCR*.

Tozoa ons kascoot mouku By(x,,y,) obracmu G natidemcs unmepsan (x, -h, x, +h)
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ocu OX, Ha KOmMoOpoMm cywecmeyem, u Npumom eouHcmeenHoe, peuienue ) =@(X)
ougpepenyuanvroeo ypasuenus (1.3), yoosremeopsiowee HAUATLHOMY YCA08UIO
(1.3a) (m.e. npunumarowee 3navenue y, npu X = X,).

3ameuanne 1.1. OT™MeTUM, YTO MEPBOE JOKA3ATEILCTBO CHOPMYIHPOBAHHOM
TeopeMbl ObUTO JaHO caMuM Kormm, a B HECKOJIBKO YCHUIIEHHOUW (opMe 3Ty TeopeMy
3aTeM fokasan I[lukap’. Huke Mbl GymeM CTPOUTH ee JOKA3aTeNbCTBO TaK, YTOOBI
cpa3zy MOXHO ObUIO OOHApYyXHUTh TOT (pakT, yTo TeopeMa Koiin HemocpeacTBEHHO
BBITEKAET M3 M3BECTHON B TEOPHH METPHUECKHX IPOCTPAHCTB TeopeMmbl bamaxa’:
Besakoe corcumarowee omoodpasicenue F' nonnoz2o mempuueckozo npocmparcmea M 6
cebs umeem, U NPUMOM eOUHCMEEHHYI0, HeNOOBUINICHYI0 MOYK) (CM., HAaIIpuMep, [6], c.
84).

JOKA3ATEJIBCTBO TEOPEMDbBI KOIIIHF. CHadana 3amMeTuM, 4YTO 3ajada
Komu (1.3) u (1.3a) (1. e. nudpdepenuuansuoe ypapuenue (1.3) BMecTe ¢ HayaIbHBIM
ycaoBueM (1.3a)) pagnocunvha cienyionieMy UHTETPaIbHOMY YPaBHEHUIO

y=yo+ [f&y0)0dt, (1.4)

rae y=y(x) - uckomas pyHKIIHsI.
HelictBuTenbHO, MycTh (YHKIUA y=@(x) HA HEKOTOPOM HUHTEpBaye (a,f)

YIOBJIETBOPSET UHTETrpaIbHOMY YpaBHEeHUIO (1.4), T. €. UMEeT MEeCTO TOXKAECTBO:
P(x) = 3o + [/ (L)L, xE(@,p). (1.5)
X0

IMoncraBuB x=x,, U3 (1.5) momydaem ¢(x,)=y, HUrax, byHxmus y=g(x)
YIOBJIETBOPSET HaYalIbHOMY ycioBHIO (1.3a). UToOBI MPOBEPUTH, YTO QYHKIUA ) = ¢(X)

aBisieTcs  pemieHueM — auddepenuuanbHoro  ypaBHenus  (1.3), mocTaTo4HO
npoauddepenponaTh 00e yactu (1.5) mo X :

¢'(x) = f(x,p(x)), xE(a,p). (1.6)

HaobGopor, nycts y=¢(x) - pemenne 3aaaun Kommu (1.3), (1.3a) Ha HekoTOpoM
npomMexyTke (a,f). Torna umeer mecto ToxaecTBO (1.6). bepst unterpansl oT o0eux
yactei ToxzaectBa (1.6) (B mpemenax ot X, A0 X, rae X,- (UKCUPOBAHHAS TOUKa

uHTepBaia (@,f), a X - IPOU3BOJIbHAS TOUKA 3TOTO MHTEpBaJa), MOJIy4YuM

@(x) - g(x0) = [ [t @(0))dr . (1.7)

> Dmunb ITnkap (1856—1941) - dpaHIy3ckmii MaTeMaTHK.
6 Credan banax (1892-1945) - monbckuii MaTeMaTHK.
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Ho Tak kak (QyHKIMA y=@(x) yIOBIETBOPSAET HadYanbHOMY ycnoBuio (1.3a), To
u3 (1.7) Oymem wunmers TOXAECTBO (1.5), T.e. y=¢(x) ABAgETCA pEIICHUEM
UHTETpaibHOTO ypaBHeHus (1.4).

Taxum 006pazom, I TOKA3aTeIbCTBA JAHHOW TEOPEMBI OCTAETCSI MOKA3aTh, UTO
uHTerpanbHoe ypaBuenue (1.4) Ha HekoTopoMm wuHTepBane (X, —h,x,+h) umeer
pelIeHue, U MPUTOM €TMHCTBEHHOE.

Hanee OyneM AokasbiBaTh, YTO MPU BBINOJIHEHUU YCJIOBUI TeopeMbl Koru
WHTErpaibHOE YpaBHeHHE (1.4) TEHCTBUTENHHO UMEET SIUHCTBEHHOE PEIICHNE.

ITockonbky Touka Fy(x;,),) - BHyTpeHmssi mis obmactu G, TO HaimeTcs
HEKOTOPBIN TIPSIMOYTOJILHUK

Xg—a<Xs<X,+a, N
D: y
Yo—b=y=yy+b,
BO 6cex TOYKaX KOTOPOTO HEMPEPHIBHBI
gynkuuu f(x,y) u Sy (x,y) (em. puc. 1.2).

Tak kak D — 3aMKHyTas W

OorpaHMYeHHas 00JlacTh, TO, COTJIACHO

Yo

teopeme Beiiepmrpacca, pyukuuu f(X,)) u

S'y(x,y)  orpammaenst B D m,

CJIEIOBATEIIBHO, u /\xo_/ X

FACSOIYARVANCROEY ¢
Puc. 1.2
FI[eL=mgX\f(x,y)],K=mgx|f'y(x’y)|_ ue

Jlanee, BbiOepeM Ha ocu abcCIEicC OTPe30K [X, —h,X, +h] Tak, dYTOOBI

MOJIOKUTEIBHOE YHCIO A YAOBJIICTBOPAJIO OJHOBPCMCHHO CIICAYIOIIUM TpPEM

b 1
clI0 o1 ;2 h<—; 3) h<—.
ycaoBusiM: 1) h < a; 2) < ) <

BBenem Temepb pagu KpaTKOCTH O0O3HaYeHHA c=X,-h, d=xy+h ¥
PacCMOTPUM  TOJIHOE METPHYECKOe MNpOCTpaHcTBO (.4, COCTOsLIEE U3 BCEX
HENIPEPBIBHBIX HA OTPE3KE [¢;d] OYHKLUIL, II€ pacCTOSHUE MEXIY IPOU3BOJILHBIMU

anemenTamu g, € C..,) onpenensercs no gopmyne: O(g,@) = max | g(x)=@(x)].

[lycte M - noamHOkecTBO Gymkmmit y=y(x) mpocrpanctea C.gp,

YAOBJICTBOPAIOIINX HA OTPE3KE [c;d] HCPABCHCTBY

| ¥(x) =, [=b. (1.8)



OueBujIHO, YTO MHOKECTBO M 00pasyeT 3aMKHYTHIN AP B IIPOCTPAHCTBE Ci.. 1,

CJIE0BATENBHO, KAaK U BCSIKAS 3aMKHYTAs 4aCTh MOJIHOTO METPUUYECKOTO IMTPOCTPAHCTBA
C[C. 41> ©aMO MHOXXECTBO M SIBIISICTCS OJTHBIM METPHYCCKUM IIPOCTPAHCTBOM.

Haxoger, paccMoTpuM oToOpaxkeHue F, onpeaensieMoe GopMyIIoi:

Fi ()= vy + [t p(0). (19)

X0

ITokaxxem, 4uto F - CXKAMaromiee OTOOpaXEHHWE TOJHOTO METPHYECKOTO

npocTpancTBa M B cebd. JlelicTBUTENbHO, MycTh V= J(X) - npounsBonbHas GyHKLIU U3
M (r.e. J(X) HempephlBHa Ha [c;d] W yHOBIEeTBOpsieT HepaseHcTBY (1.8)), a

z =2(x) - 06pa3 pyuxuu y(X) npu orobpakenuu F:
2(x)=yo + [f (&, y)dt.
X0

Tak kak HHTErpaj; ¢ MEPEMEHHBIM BEPXHHUM IMPEJEIOM OT HEMNPEpPhIBHOMN
byukiuu sBasiercs auddepeHnupyemoit pynkuueit, To obpaz I a000H PyHKIHU

YEM Gyner pyHKImed HeNPEPBIBHOI Ha [¢;d]. Kpome Toro, pu mobom x E[c;d ]

MMEET MECTO HEPaBEHCTBO:
| z(x) =y, |= ff(t,y)dt stdt =L|x-x,|sLh<b,
X0 X0

T.e. | z(X) -y, |=b. Takum obpazom, F otobpakaet M B cebs. bosee Toro, F sBisieTCs

corcumarowum omoobpadicenuem. B camoMm nene, myctb y(x) #m  y,(x) nBe

POU3BOJIbHBIE QYHKIMHU U3 M |, U IyCTh
2,00 = o+ [F (D)t 2,0 = vy + [ £y
Tornma 6ynem uMeTh: 0 0
IZI(X)-Zl(X)IS}If(f,yz)—f(t,ylﬂdt- (1.10)
%

Tak kax "', (x, y) HenpepbiBHa B D, TO B CHITy TEOpEMBI Jlarpamka’ nmeeMm:

| f (x5, 00) = f(x) =] f'y (5,3) =) =Ky, -n =
sKgggyyz(x)-yl(x) = Kp(y,, 1), tHe K =mgX|f'y ()]

C yuyeTom nocieiHero HepaBeHCcTBa U HepaBeHcTBa (1.10), momyyaem:

PUF (), F (1) = max | 2,(x) = 2, (x) [= max [1 /(5 ,) = /(1) | dit <

7 Kosed JIyu Jarpamx (1736-1813) — dpaHIry3ckuii MaTeMaTHK.
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5K,0()’2=)’1)fdf < Khp(y,,y,), 1.€. p(F(3,),F (1)< A0(y, 1),
X)

rae A= Kh. Ho B cuiy HepaBeHCTBa h<% nmeeM: A <1. Utak, otobpaxkenue F

ABJAETCS  COKUMAIOIMM. TOrga, COracHo TeopeMe baHaxa, oToOpaxkeHue
F : M — M WMEET, U IPUTOM €IMHCTBEHHYIO, HETIOABHKHYIO TOUKY, T.€. CyIIECTBYET
ennHCTBEHHAs QyHKIMs Y = ¢(X) U3 MHOMKeCTBA M Takas, 4To

X
@(x) =y, + f f(t,p(x))dt, xE[c;d]. Teopema nonnocmoio doxazana. W
X0
3ameuanue 1.2. Teopema Komm umeer noxanvusii xapakmep: OHAa TAPAHTUPYET
CYIIIECTBOBAHHE CIMHCTBEHHOTO pemIeHus ) = @(x) 3amauu Ko aumb B J0CTaTOYHO
MaJloli OKPECTHOCTH TOYKH X,. bomee Toro, sTa TeopeMa yKasbIBa€T 00CmMamoyHble

ycaosus CymeCTBOBaAHUA U CAMHCTBCHHOCTH PCUICHUA 3a/1a4n Kommu.

IIpumep 1.1. Hailitu oOnactb, B KOTOPOW BBIMOTHSIOTCS YCIOBHSI TEOPEMBI
Komu ns qiudpepennmanbHOro ypaBHeHUsT )'=/x — ) .
PEHHIEHUE. 3mece f(x,y)=+x-», fy'(x, y)=—2;. OueBUaHO, YTO
xX=y
byakoun  f(x,y) u fy' (x,y) ompeneneHsl U HENPEPHIBHBI B  00JacTU

G ={(x,y)ER’|x — y >0}, T.e. B OJYIIOCKOCTH y < X .»>

1.3. IlonsiTue 0011€r0, YACTHOTO ¥ 0¢000r0 pemieHuil (U depeHuNATBLHOTO
ypaBHenusi 1-ro mopsinka. M3 teopemsl Ko criemyer, 4To €Civ B HEKOTOPOH

obnactu GC R® nenpepvisnet Gynxuun f(X,y) u f,(x,»), T0 B Takoit obnactu G
BBITIOJTHSIETCS CIEAYIOIIEE BAXKHOE YCIIOBUE: J1t00ble JBa pelieHus ypaBHenus (1.3),
OTIpEJICIICHHBIC HA TIPOMEXKYTKE < ¢, f > ¥ MPUHUMAIOIINE OJMHAKOBBIC 3HAUCHUS TIPH
HEKOTOPOM x, E< a, § >, COBIIAJAIOT Ha BCEM IPOMEXYTKe < a, ff >. J[I[pyrumu cioBamy,
yepe3 KakIyr u3 Touek Fy(xy,v,), B(x,»)s ..., P,(x,,y,) U T.1., IpUHAIIEKAIUX
obimactu G, npoxooum OOHA U MOALKO OOHA UHME2PANbHAs Kpueds  JTaHHOTO
muddepennumansaoro ypasHeHus suaa (1.3). OO6buHO PO Takyro 00JaCTh TOBOPSIT,
YTO  OHa  SBISIETCS  0061ACcmbl0  eOUHCMBEHHOCMU  peuleHus  JTaHHOTO
mudPepeHnanbHOr0 ypaBHEHUSL.

[lycte G sBISeTCS  obaacmvilo  eOUHCMBEHHOCMU  PELIeHUsl IS
muddepennuansaoro ypasuenus (1.3).
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OINPEAEJIEHUE 1.3. Obwum pewenuem oughghepenyuanvnozo ypasHeHusl
(1.3) 6 o6racmu G nasvieaemcs Gynkyus y=ox,C)° szasucawyan om o0dnoii

npoussonvrou nocmosaunou C u y0081emeopaiowas ciedyiouum yCciosusim:
1) npu nwobom oonycmumom 3uavenuu C pyuxkyus y=@(x,C) seisemcs

pewenuem oupgepenyuanvroco ypaswenus (1.3) Hna wnexomopom uuciosom
nPOMENCYmKe <a,b> (m.e. @ (x,C)= f(x,p(x,C)) oz 6cex xE<a,b>);

2) ona mobou mouxu Fy(X,,Y,) obracmu G modcno nodobpame maxoe
snauenue Cynocmosannoti C, umo pewenue y = @(x,C,) yoosenemsopsem nauanrvnomy
yenoeuio suda (1.3a), me. ¢(x,,Cy)=Y,.

HerpynHno mpoBeputh, uTo cemeiicTBO (yHKmmid Buga y =C exp(xz), rae C —
NpOU380IbHASL NOCMOSAHHAS, SIBIASCTCI obOwum peutenuem THGEHEPESHINATHEHOTO
ypaBHeHHus y'=2xy B R’.

OINPEAEJIEHUE 1.4. Yacmuvim pewenuem oughgepenyuanvio2o ypasrneHust
(1.3) nazvisaemca ecaxas ¢ynxkyus y=@(x,C,), komopasa nonyuaemcs us obuje2o
pewenus  y=¢(x,C) npu KakomM-1ub60 KOHKDEMHOM 3HAYEHUU NPOU3BOIbHOU
nocmosannou C = C, (exnrouas snauenus Cy ==x).

BaxkHO Takke OTMETHTh, YTO B IIPOIECCE OTHICKAHUS OOINEro peleHHs
muddepennmanbHoro ypapaenus (1.3) oueHp 4acTo NpuXoauM K YPaBHEHHUIO BUA

U(x,y,C)=0, (1.11)

Hesl6HO 3a1aI01leMy 00IIlee pellieHre JaHHOTO JudPepeHInaIbHOr0 YpaBHEHUSI.
OIIPEJAEJIEHUE 1.5. Vpasnenue suoa (1.11), neseno 3aodarowee odbuee

peuienue oughgpepenyuanvrozo ypasnenus (1.3), Hazvieaemcs odwum unmezpanom

ypasnenus (1.3). Vpaenenue U(x,y,Cy)=0, xomopoe nonyuaemcs u3z obuezo

uHmezpana nNpu KOHKPEMmHOM 3HayeHuu npoussonvHou nocmoaunon C=C,
HA3b18aemcsi YaCMHbLIM UHMEe2PaioM OAHHO20 OUughhepenyuanbHo2o ypagHeHusl.
Hanpumep, HeTpysHO TpPOBEPHTh, YTO ypaBHeHue x> +y> =C2, tae C —

X
IIPOM3BOJIbHAA IIOCTOAHHAA, ABJISACTCA 061/141/!]1/! unmeczcpajiom ypaBHCHHUA y'= -.

y
Haxkonen, BBemem emié MOHATHE 0c00020 peuwernus AudGepeHITnaIbHOTO

ypaBHenus. J{Jig aToro paccMotrpuM nuddepeHnaibHOe ypaBHEHUE
2

y'=3y3, (1.12)

8 . . .
3necs y =@(x,C) Ha caMOM jele HpPeACTaBIsIeT COO0M cemelicmeo QyHKyuil nepemeHnoz20 X, 3a0asaemoe

napamempom C (mapamerp C B Teopun aud(epeHIHATBHBIX YPaBHEHUH MPUHATO HA3BIBATh MPOU3EONbHOU
NOCMOSIHHOLL).

12



rae ) =Y(X) - uckomas GyHKIuS.
HemocpencTBernHass mpoBepka IMOKa3bIBaeT, YTO BCsAkas (yHKIUS BUIa

y=(x+C)’, e C -

MIPOU3BOJIHHAS MMOCTOSTHHAS, YA

SIBIISIETCSI perieHnemM

mudpepeHnanbHOro ypaBHeHUS

(1.12) Ha IPOMEKYTKE (-0, + ).

Kpome TOro, oudeBHIHO, 4YTO a
byHKIHS y(x)=0 TaK¥XKe
ABJISIETCSI PELIEHUEM YpPaBHEHHUS
(1.12) Ha IPOMEKYTKE (—co, + ).

Jlerko 3amMeTuTh (CM. pHC.

1.3), 4TO yepe3 KaxAyr TOUKY

M (x,,0) unrerpanbHoii KpUBOW Puc. 1.3

. 3
y=0 mpoxomur emé OAHa HHTErpanbHas KpuBas y=(x-Xx,)° JaHHOIO

nuddepennmansaoro ypasuenus (1.12), 1. B xkaxmoir Touke M,(x,,0)

MHTETPAJILHON KpUBOH y = (0 Hapywaemcs eduncmeennocms pewenus 3aoaqu Kowu.

OIMPEAEJIEHUE 1.6. Pewenue y=1y(x) ougpgepenyuanvrozo ypasHemus

Ha3v18aemcs 0COObIM, eciu yepes aA00yI0 MOUKy Usoopaxcarouieti e2o0 UHmezpaibHoOll

KpPUBOU Npoxooum no Kpaiuneu Mmepe ewjé 00HA UHMe2PANbHAs KPUBAs MOo20 e

VpaeHeHus. Y
CornacHo HmaHHOMY oOIpene-

neHnto  y =0 sABIgeTCA 0COObLIM

peuienuem niist ypaBHenus (1.12). 3

OTMCTI/IM, 9qTO B OTIIMYHE OT
YaCTHOI'O pCUICHUA ocoboe PCUICHUC

HE MOXKET OBITh TMONYYEHO W3
dhopmyibl oO1ero pelieHus
y=¢(x,0) npu KaKOM-JTH00
KOHKPETHOM YFHCJIOBOM 3HAau€HUU
MpoOM3BOJBbHOW  moctossHHOM — C.

Odenp wYacTo o0coboe pemeHue Puc. 1.4
uc. 1.

mudpepeHnanbHOr0  ypaBHEHUs

(1.3) momydaercss Kak eeomempuueckoe Mecmo moyex, TI€ HapYyIIAIOTCS YCIOBUS

2
teopeMbl Koy, T.e. Kak MHOXKECTBO TOoueK R”, B KOTOPBIX TEPIIUT Pa3pbiB XOTsS Obl

oxna Gpyrkuus f(x,y) win f,(x,y).
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Takum 06pa3oM, cpeid KOHKPETHBIX pelieHni qudpepeHnanbHbIX ypaBHEHU I
(T.e. pelieHul, He sA6aAOWUXCA 00WUMU) CTIETYET Pa3INuaTh YACMHble peuleHus: 1
ocobvle pewenusi. OIHAKO BaXHO 3aMETUTh, YTO MHOXKECTBO YACTHBIX U OCOOBIX
pelieHul  He  oxeamwvléaem  8CeX  BO3MOMNCHLIX  KOHKDEMHbIX  peudeHull
ougpepenyuanvrvix ypasnenutl. Tak, HaipuMep, GyHKIUA BUaa (cM. puc. 1.4)

0, <0,
I e (1.13)

x3,npux>0,

aBisieTcsa qudpepeHupyeMoi Ha TPOMEXYTKE (—co, + ) M YJIOBJIETBOPSET HA HEM
muddepennmanbHoMy ypaBHenuto (1.12), T.e. siBnsgercs pemeHueM ypaBHeHus (1.2)
Ha TPOMEXYTKE (-, +x). Bmecre ¢ Tem, pemienue (1.13) Henp3st cumTaTh HU
YacCTHBIM, HU OCOOBIM pemieHueM ypaBHeHus (1.12) (tak kak pemenue (1.13) —
«TUOpU» U3 YaCTHOTO pEelIeHus U 0coOoro pemieHus). Beroay B manbHeimem (mpu
uHTEerpupoBaHuu AuddepeHInanbHbIX ypaBHEHU) OyJeM HCKaTh TOJIBKO o00ujue
peuienus, dyacmuvie peuieHusi U ocobvle peutenus, a pemenus Buaa (1.13) (t.e.
«TUOPUHOTO MPOUCXOKICHHS» ) MBI HE OyZIeM paccMaTpUBaTh.

3ameuanue 1.3. B cBsI3M C IPUHATHIM BBIIIE COMJIAICHHWEM, 3aJady THMA
«pewums 0anHoe ouppepeHyuanvHoe ypaguenue» B AalbHEHIIEM HYKHO TOHUMATh
Tak, 4To TpeOyeTcs HAWTU 6ce peuileHuss TAHHOTO YpPaBHEHUS, KpOME pEIIeHUM
«TUOPUHOTO MPOUCXOKICHUS.

II. KOHTPOJIBHBIE BOITPOCBHI U 3AJJAHU A

1. Haiite  ompegenenue  auddepennumansHoro  ypaBHenus.  Koraa
muddepeHmanbHOe ypaBHEHHE HA3bIBACTCS 0ObIKHOBEHHBIM !

2. Uto Ha3miBaeTca nopsaokom puddepeHnumanbHoro ypaBHeHus ? KakoB
nopsiok auddepenimansHoro ypasaenus yy'-3sin(xy'"") =0?

3. KakoB o0uuit Bug 00bIKHOBEHHOTO AU((EpEeHIINaTbHOTO YPAaBHEHUS 1-TO
nopsiaka ?

4. Jlaiite omnpeneneHue penieHuss OOBIKHOBEHHOTO JuddepeHInanIbHOro
YpaBHEHUS 1-TO TOPSIIKA.

5. Yro Ha3bIBAETCS UHME2PAIbHOU Kpueoi OOBIKHOBEHHOT'O

mudpepeHnanbHOro ypaBHEHUS Z—y = f(x,)?
X
6. B uyem cocrour 3amaua Komm s guddepeHnanbHOro ypaBHEHUS
dy
= = f(x,y)?
o~
7. CdopmynupyiTe TEOpEMY O CYyIIECTBOBAHUU M €IMHCTBEHHOCTH PELICHUS

3amaun Komm nis ypaBHEHUA % = f(x,y).
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8. Uro Ha3bIBACTCA obnacmuvio eOUHCIMBEHHOCU peuenus

d
mudepeHnanbHOro ypaBHEHUS d_y = f(x,y)?
A"
9. Jlaiitte ompeneneHue  odbweco  peuwtenus  (obweco  unmezpanq)
d
mudpepeHnanbHOro0 ypaBHEHUs d_y = f(x,y).
A"

10. YUro HaspiBaeTCs uacmuviM  peuienuem  (YACMHLIM — UHMEZPALIOM)
dy
mudpepeHnanbHOro ypaBHEHUs o =f(x,1)?
X

11. Haiite OIpeeIICHHE 0c06020 peutenus OOBIKHOBEHHOT'O
mudpepeHnanbHOr0 ypaBHEHUSL.

I1I. [IPUMEPHI U 3AJIAUM JIJIST AY IUTOPHOM PABOTEI

1.1. Kakue u3 ciaeayronux ypaBHEHUHN ABISIIOTCS OughghepenyuanbHuimu:

a) x’ =5y =0; 6) 35"+ = 0;
2
B) a¢(x9y) _7a ¢(x9y) =O; F) (I)(x,y,Z)=O?
0x dxdy

1.2. TlpoBepbTe, SABISIOTCS JIM CHeAylomde (QYHKIUM PEIICHUsIMU IS
ykazaHHoro nuddepennuanbHoro ypasHenus (C — Ipou3BOIbHAS MOCTOSIHHAS):

a) y=Vx’+C,  p'=x;

“.sint , .
6) y=x Tdt, xy'=y+xsinx;
0

B) y=x+Ce’, (x=y+1)y'=1;

x=l‘hlt, y'
r) ) V'in—=4x.
y=t"(2Int+1), 4

1.3. Iycte y = f(x) - uaTerpansHas kpuBas AuddepeHnaIbHOr0 YpaBHEHHS

y'=ycos(x - 1) + Inx, mpoxomsamas gepes Touxy M(1;3). Haiimure 1'(1), 1(1).

1.4. IlpoBepbTe, ABISIETCS JIU CEMEUCTBO (PYHKIMN y = x(l -
Inx+C

), raoe C —
MIPOU3BOJIbHAS TOCTOSIHHASA, 00wuM peuteHuem ITUPGHEPEHIINATBHOTO YpaBHEHUS
2
Y Y

y'==—-=+1 B nonymiockoctu G, = {(x,y)ERz‘ x>0, —o<y<+oo}. byner m

x° x
byHKIUSL Yy = X 0coObIM peuieHuem TaHHOTO qudPepeHnanbHOro ypaBHeHuUs ?
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1.5. 3nas oO1ue peleHus (oOmrue WHTETpaJbl) HEKOTOPBIX
mudpepeHIManbHbBIX ypaBHEHUM, HaWAUTE WX 4YacTHbIE penieHus (4acTHbIe
WHTETpabl), yAOBIECTBOPSIONINE 3aJaHHBIM HAYaJIbHBIM YCIIOBHSIM:

a) y=Cx*, ), =3; 6) In*(x + y)+ ylnx = C, W, =e-1

3/1€Ch ¢ - OCHOBAHUE HATYpaIbHOTO Jorapudma.

1.6. Haitnure reoMeTpUYECKUE MECTA CTALIMOHAPHBIX TOYEK JJISI HHTETPAIBHBIX
KPUBBIX cleayomux audepeHImaibHbIX YPaBHEHUN:

a) y'=xy+y-9; 6) y'=y'e” -4, B) y'= ) sin® x -1,

1.7. W3BecTHO, 4TO ceMelWcTBO (QyHKIHUHA y=x++/(x+C)’, tme C -

MPOM3BOJIbHAS TOCTOSHHAS, SBIACTCA oOwum peuterHuem auddepeHINaTBLHOTO

dy .3 )
ypaBHEHHS ~ - = 1+ E(y -Xx)”° B momymiockoctH G, = {(x, y)ERZ‘ y>x}. Byzger nu

byHKIUS Yy = X 0cobbim pewseHuem NTaHHOTO AU PepeHIuaIbHOro ypaBHEHUS ?

IV. 3AJAHUSA JJ151 CAMOCTOSTEJILHOW PABOTBI
1.8. Kakwue u3 cienyrommux ypaBHeHUH SIBISIOTCS Oup@epeHyuaibHbiMu:
a) y=x'-(»")’; 6) 35" +y=0;

’P(x,y) 9°P(x,y)
- =0:
B) x> 8y2 ’

r) x> +y° =12

1.9. TlpoBepbTe, ABISIOTCS U 7151 3aJaHHOTO TudPEepeHIINaTbHOTO YpaBHEHUS
cieaytomue GyHKIuu ero pemeHusMu (C — mpou3BOJIbHAS TOCTOSIHHASA):

a) yz—x2—2xyy'=0, y= 2Cx - x%;
! x+x2 xx t2 X
6)y_y=e ’ y=€f€ dt+C€,
0
B) xy'= y tg(ln y), y = earcsian
1.10.3nass  oOuue pemenust (oOmue uHTErpanbl) AudPepeHIuaTbHbIX

ypaBHEHU, HAWIUTE UX YACTHBIE PEIICHUs (YaCTHBIE HHTETPAJIbl), y0BJIETBOPSIOIINE
3aJJaHHBIM HAYaJIbHBIM YCIIOBUSIM:

a) x> +2y° =C,

=1

X ¢
=5; 6)y=f67dt+C, ., =-5
0

1.11. HalizuTe TOYKH, SIBISIOIIUECS CTAIMOHAPHBIMU JJI1 MPOXOISAIINX Yepe3
HUX UHTETPaJbHBIX KPUBBIX IU((DHepeHIINaTbHBIX YPaBHECHUN

y=dx+dy-3x u Y'=x+y+x +y’ -26.
16



SAHATHUE Ne 2

Tema: JInneiinble nuddepeHunaIbHbIe ypaBHeHUs 1-ro nopsjaka.
YpaBHenue bepHyiim

I. OCHOBHLIE TEOPETUYECKUE CBEJAEHNA

2.1. Iudpdpepenunanbuble ypaBHeHHs 1-ro NOpsAIKa, SBHO He COAepKaIAe
uckoMoil (ynxkumu. Ecnu obmiee pemienwe (WM OONIMH HWHTErpan) JaHHOTO
mudpepeHInanbHOr0 YpaBHEHUS MOKET OBbITh IMOJIYYEHO C TMOMOIIBIO KOHEUHO20
yuycia IEMEHTAPHBIX ornepannii HajJ GYHKIUSAMU, BXOJASIINMU B YPAaBHEHUE, a TAKXKE
C TIOMOIIBI0O UHTEIPUPOBAHUS ATUX (DYHKIUUA U MOCTPOCHUS CYNEPHO3ULIUM, TO PO
TaKoe YpaBHEHUE TOBOPSIT, UTO OHO UHMESPUPYEMCsl 8 KBAOPAMYpax.

OmuuM w3 mnpoctedmux auddepeHunanbHbIX ypaBHEHUNH 1-ro mopsiaka,
MHTETPUPYEMBIX B KBaJIpaTypax, SBIsSE€TCA YpaBHEHUE BUJa

y'=0(x), 2.1)

rne O(x) - 3ajaHHas U HenpepuvleHas Ha UHTepBae (a, b) GyHKIUA.

N3 uHTETrpasbHOTO MCUYHUCIEHUS M3BEeCTHO (cM., Hampumep, [11], Y. I, c. 185),
4TO ce peuieHus ypaBHeHus (2.1) 3agarorcs popmymnoit

y=[0(x)dx+C, (2.2)

rie C - Tpou3BONbHAs TIOCTOSIHHAs, a TIOJ
CHMBOJIOM f Q(x)dx monumaercst Kakas-HHOYb
KOHKpeTHas1 (@ukcuposannas) mnepBooOpa3Has
st GyHkua Q(x).

Hetpyano npoBeputsb, uyto popmyroii (2.2)

Py

Yy =y(x)

3amaeTcsi obujee peuieHue ypaBHeHus (2.1) B

oomactu Il = {(xy)‘ a<x<b-o<y< +00} (cm.

puc. 2.1).

B camom gene, BO3bMEM B KadeCTBE
neppoobpasHoi  ®(x) mma  QyHkumm - Q(x)

ONPEAEIECHHBIN UHTETPAII C IEPEMEHHBIM BEPXHUM Puc. 2.1

X
npenenoM xE(a,b): P(x)= f O(x)dx, tae Xy - HEeKoTopast PUKCHpPOBAHHAS TOYKA U3
X0

uHTepBana (a,b). Torna popmyna (2.2) mpumeT BU:
y= fQ(x)dx +C, (2.3)
X

rae C - Ipou3BOJIbHAs IOCTOSHHAS.
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Janee 3aMeTrum, 4TO, BO-NEPBBIX, BCsKas (QyHKuuMsS Buaa (2.3) sBIseTCS
pemenneM ypaBHenusd (2.1) na (a,b). Bo-BTOpBIX, Ans mobon Touku Py (x,,y,)EIl

MOXHO 1o100paTh Takoe 3Hadyenue C = C,, 4TO YaCTHOE PEUICHUE BUA

#(x) = [0+, 2.4

OyZleT yIOBIETBOPATH HauanibHoMy yciosuio ¢(x,)=y,. O4eBUIHO, UTO I 3TOTO
10CTaTO4HO B (2.4) monoxutk C, = y,.

Takum oOpazom, obiiee pernienue (2.2) nuddepenunanbHoro ypaBueHus (2.1)
MOJIy9aeTCsl B PE3yibTaTe BBIYUCICHHS 00HO20 HEOIPEACIICHHOTO WHTErpaia, T..
ypaBHenue (2.1) unmeepupyemcs 6 keéadpamypax.

IIpumep 2.1. HaiiTu o01uee pemeHue ypaBHEHHsI )'= arcsin x.

PEIINEHUE. B pannom ciydae Q(x)=arcsinx. Ilockombky Q(x) = arcsinx
Henpepviéna Ha [-1,1], To, cormacHo Qopmyne (2.2), oOuiee pelieHHe JaHHOrO

mudpepeHnanbHOr0 YpaBHEHUSI UMEET BUJL;
y = [arcsinxdx + C mm y = xarcsinx +V1-x" +C,

rae C — mpou3BoJibHAS MOCTOSIHHAS. P>

2.2. Jluneitnble nuddepeHunagabubie ypaBHenuss 1-ro mopsiaka. Cpeau
mudepeHnanbHbpIX ypaBHeHU 1-ro mopsiika, HauOoJIee YacTO HCIOJIb3yEeMbIX B
TEOPETUYECKUX M MPUKIAAHBIX BOIMPOCAX, 0CO00 BBIACISIOTCS TaK Ha3bIBa€Mble
JIUHElHble YPABHEHU.

ONPEAEJIEHUE 2.1. JluneitnbiMm  nuddepeHuInalbHbIM  ypaBHEHUEM
(xopoue - JIIY) 1-ro nopsiika Ha3bIBaeTCs ypaBHEHUE BUAA

A(x)y'+ B(x)y+ C(x) =0, (2.5)

rae koag¢puuueHntol A(x), B(x), C(x) - 3amaHHBIE HenpepvigHble HA HEKOTOPOM
uHTepBaNe (a,b) pyHKINN HE3aBUCHMOI IEPEMEHHON X.

Omnpenensronee CBOMCTBO JMHEWHOTO YPaBHEHHsS COCTOUT B TOM, YTO OHO
COIEPKUT MCKOMYIO (QYHKIUIO )= )(X) U €€ IPOU3BOIAHYIO )' MOAbKO 6 Nepevix

CMeneHsx U He COOepHCUM UX NPOU3BEOeHUS.
[Ipennonaras, yto ko3dduuuent A(x) He obpawaemcs 8 HYIb HA UHMeEpPBaTe
(a,b), n nenst o6e yactu ypaBHeHus (2.5) Ha A(x), IPUBOAUM €T0 K CIEAYIOLIEMY BUTY

¥+ P(x)y = Q(x), (2.6)
rae P(x) = B(x)/ A(x), O(x)=-C(x)/ A(x).

VYpaBuenue Buaa (2.6), rne P(x) u (Q(x) - 3aaHHBIE HenpepvléHbie Ha
unmepeane (a,b) QyHKuMM, OyneM Ha3bIBaTh JIUHEWHBIM IU((PEpEeHIHATbHBIM
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YpaBHEHUEM HopMmanvHo2o euda. llpu s3tom P(x) Ha3bIBaeTcs koaghguyuenmom
JTUHENHOTO ypaBHeHus (2.6), a Q(x) - npasou uacmwvio WA c60000HbIM UIEHOM TOTO

ypaBHEHUSI.

Bcroay B mampHelemM, TOBOPS 0 TWHEHHBIX MU PEepeHIMATEHBIX YPaBHEHUSX,
MBI OyZIeM UMETh B BUY YPaBHEHUS HOPMAIBHOTO BHIA.

OINPEAEJIEHUE 2.2. JluneitHoe nauddepennuansuoe ypaBHeHue (2.6)

Ha3bIBaeTCsI HeoOHopooHuvim, ecin J(x)#0 Ha (a,b). Ecmu xe Q(x)=0 Ha (a,b), TO
ypaBHeHHe (2.6) MpUMET BU/I;
Y+ P(x)y =0. (2.7)

VYpaBuenue (2.7) Ha3bIBa€TCSl TUHEUHBIM 0OHOPOOHBIM YPABHEHHUEM |-T0 MOpSIKA.
Hanpumep, »'+3xy = 0 sBugercs TUHEHHBIM OOHOPOOHLIM YPaBHEHHEM, a

Y'+sinx -y = exp(cos X)— JUHEHHBIM He0OHOPOOHbIM YPAaBHEHHUEM 1-TO MOpsIKa.

Omnpenenum tenepb 00J1acTh, B KOTOPOI BBIOIHAIOTCS yCI0BUs TeopeMbl Ko
JUTsL TUHENRHOTO ypaBHeHUs (2.6). [l 5Toro nepenuiieM ero B BUJIE:

y'==Px)y+0x).
Tak kak 1o HaleMy IpearnoIOKEeHNUI0 PYHKINN P(x) U ((x) IBISIOTCS HEenpepbleHbiMU
Ha (a,b), 1o ¢yHkuma f(x,y)=-P(x)y+Q(x) ®m ee dacTHas NPOU3BOIHAS
f y (x,y) =—P(x) KaK QyHKIIUU ABYX IEPEMEHHBIX X U } Oy1yT HEMPEPHIBHBI B 00JIaCTH

Il= {(xy)‘ a<x<b,—o<y< +OO} (cMm. puc. 2.1), T.e. B obnmactu Il BHIMOTHSIOTCS

ycaoBus TeopeMbl Kot juist ypaBHeHus (2.6).

OTMmeTuM, 4TO CYLIECTBYIOT pa3iuinble Memoobl OTBICKAHUS 00uje2o peuiensl
nuHeHoro ypaBHeHus (2.6) B oomactu I1. Huke U3710%KKUM JBa 4aCTO MCIOIB3YEMBIX
METO/JIa PEIICHUs TUHEUHBIX HEOJHOPOAHBIX yYpaBHEeHU BUa (2.6).

2.2.1. Pemienue JuHeWHBbIX ypaBHeHMHd Buaa (2.6), cBexeHuem ero K
ypaBHenno Bujaa (2.1). [lockonbky ko3ddunment P(x) ypaBHeHus (2.6) siBisieTcs
3aJaHHOW HeNpephIBHOU Ha (@, b) pyHKIUEH, TO CyIecTBYeT (QyHKIUSA

W(x) = exp (fP(x)dx), (2.8)

9 (B (o) f P(x)dx moHnmaetcs kakasi-HuOyab puxcuposanuas nepgoobpaszmnas nis P(x)
Ha (a, b). SlcHo, uro dyHkuus W(x) seasercs nuddepeHuupyemoit Ha (a, b), npuyem
W'(x) = P(x)exp (fP(x)dx), x€(a, b). Kpome toro, W(x) nuede na (a, b) ne obpawaemcs
8 HYTb.

YMHOxkas 00e yactu ypaBHeHus (2.6) Ha exp (fP(x)dx), noJIy4aem
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yexp [ P(x)d)+ y- P)exp |[PLo)d )= 0(x) - exp ([ Pt

NJIn
[y-exp (fP(x)dx)] _ 0(x)-exp (fp(x)dx). (2.9)

OueBunHO, uTO ypaBHeHHE (2.9) siBiseTcss ypaBHeHUEM Buja (2.1) OTHOCUTEIBHO

byHKIMU z = Y- exp(fP(x)dx). [ToatoMy obwee pewenue ypasaenus (2.9) B obmactu

I 3anaercs hopmynoi
y- exp(fP(x)dx)= f O(x) [exp(fP(x)dx)]dx +C

01051

y= exp(— f P(x)dx)- {C+ f Q(x)[epr'P(x)dx)]dx}, (2.10)

rne C - IpoOU3BOJIbHAS TOCTOSIHHAS, a TOJ f Q(x)[exp(f P(x)dx)] dx TOHMMaeTcs
HEeKoTopas Qukcuposanuasn nepsoodpasnas Gy Q(x)-exp (J'P(x)dx) Ha (a, b).

Takum oOpazom, obujee peuienue HEOAHOPOAHOTO ypaBHEHHUS (2.6) MOXKHO
3amaBaTh popmyroii (2.10), rae C - mpou3BOIbHASI TOCTOSIHHAS.

13 popmymsl (2.10) BuaHO, uto ecimu P(x) u Q(x) HenpepsiBHBI Ha (a, b), TO
éce (uacmmuvle) pewlenus nuHEeWHOro MuddepeHmanbHoro ypapHenus (2.6) OyayT
onpeodenenvl na unmepsaie (a, b). CieqoBaTebHO, Ha OCHOBaHUH TeopeMbl Kotmu st
ypaBHeHHs )'= f(x,y) MOlXy4aeM CIeAyIOUINNA Pe3yabTar.

Teopema (Teopema Kommu st JIY 1-ro mopsanxa). Ecau ¢pynxyuu P(x) u Q(x)
nenpepuignsl na (a, b), mo ona moboii mouxu P(x,,y,), npunaoiexcaweti obracmu
Il= {(x y)‘ a<x<b,—o<y< +OO}, cywecmgyem Ha unmepgaie (a,b) eouncmeennoe
peuwenue y=@(x) ougpgepenyuanvnoeo ypasnenus (2.6), yoosremeopsiouee
HAYANbHOMY YC06uUI0 @(X,) =Y, .

['eomeTpruecku dTa TeOpeMa O3HAYAET, YTO Yepe3 KaxAylo TO4Ky P (x,,),)
obnactu Il nmpoxoaut eAMHCTBEHHAs! MHTETpalbHas KpUBasi ypaBHeHuUs (2.6), mpuuem
3Ta KpUBas oInpejenena s ecex XE(a, b).

Jlanee 3ameTnm, yto nonaras Q(x) =0 Ha (a, b), nu3 popmynsl (2.10) noxydaem

0Owee peuleHue TUHEUH020 0OHOPOOHO20 ypasHeHus (2.7) B CIEAYIOIIEM BUJIE:

y=Cexpl- fP(x)dx), @.11)

rae C - Mpou3BOIbHAS TIOCTOSTHHAS.

Takum o00pazom, u3 dopmynsl (2.10) Tenepp BUAHO, YTO OOIlEE PEIICHHE
JUHEUHOTO HeoOHOpOoOHO20 YypaBHEHUsI (2.6) paBHO CyMMe OOIIEro perieHus
COOTBETCTBYIOIIETO  00HOpPOOHO20 ypaBHeHUs (2.7) © 4YACTHOIO peUICHUs
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He0OHOpoOHo2o YypaBHeHus (2.6), momydvatomerocs w3z (2.10) mpu C =0, T.e.
CTPYKTypa OOIIEeTo pemeHns THHEHHOTO HEOTHOPOTHOTO YPAaBHEHHS TAKOBA!

You =Yoo ¥ Vun.- (2.12)

3ameuanne 2.1. U3 cootHomenus (2.12) ciemyer, 4To, €CIM HAM U3BECTHO
KaKoe-11M00 yacmuoe pellleHre HEOJHOPOIHOTO JUHEHHOr0 ypaBHeHUs (2.6), TO JIs
MOJTy4eHHUs OOIIEro PelIeHHs] TOT0 YpPaBHEHHUS JOCTATOYHO HAWTU OOIIee pelieHue
OJIHOPOJHOTO JIMHEHHOTO ypaBHeHUs (2.7).

3ameuanne 2.2. B dopmyne (2.10) HeompeneleHHbIE HHTErPAIbl MOXKHO
3aMEHUTH OIPEJICIECHHBIMU UHTETPAJIaMU C IEPEMEHHBIM BEPXHUM IMPEEIOM:

y = exp —fP(x)dx C+fQ(x)-eXp fP(x)dx dx \,
X0 X0 X0

I7ie Xo - HEKOTopoe (PUKCHpOBaHHOE 4YMCIIO W3 MHTepBana (a, b). Tornma mosmaras

C =@(x,) =y,, oOmee pemenue ypasaenus (2.6) MOKHO 3aIIUCATh B BUIE

y = exp —}P(x)dx Vo +}'Q(x)-exp }P(x)dx dx\. (2.13)

Ipumep 2.2. Pemute ypaBHEHHE
y'=arcsinx-y = 0. (2.14)
PEIIEHUE. 3ameTuM, 4YTO [JaHHOE YypaBHEHUE SABJISETCS JIMHEUHBIM
0OHOPOOHLIM YPAaBHEHUEM, NPUYEM 3Aech PyHKIMs P(x) = —arcsinx HEIpepbIBHA HA

[-1,1]. CnenoBatenbHO, 0011ee penieHre ypaBHeHus (2.14), cornacuo popmyie (2.11),

3aa€TCS B BUIE

arcsin xdx
y=C-ef wm y = Cexp{xarcsin x + V1-x*},

rae C - mpou3BoJIbHAS MOCTOSIHHAS. P>

IMpumep 2.3. HaiiTu pemienue ypaBHEHUA

y'=sinx-y =exp(cos x),

YAOBIIETBOPSIONIEE yCIOBUIO y|x=0 = ¢, TJIC € — OCHOBAaHHE HATYPAIBHOTO JIoTapuMma.

PEIIEHUE. B namnom ypaBHeHumm ¢yHKIuM P(x)=sinx O(x) = exp(cos x)
OIpEeIENIeHbl M HENPEPBIBHBI HA (—oo, 4+ o0). IloaTOMYy HCkOMOe perieHue Oyner
ONPENENIEH0 Ha (—oo, + ). YTOOBI HalWTH TpeOyeMoe 4YacTHOE pEIIeHHE,
Bocnionezyemcs  gopmynoit  (2.13). Ilomaras x,=0, y,=e, P(x)=sinx n
O(x) = exp(cos x), u3 (2.13) nomygaem y =e“**(1+x).»
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2.2.2. O penieHde JUHEHHBIX HEOJHOPOAHBIX YPABHEHHUH MeETOAOM
BapHaIUU MPOU3BOJbHBIX MOCTOAHHBIX. [I0CKONIBKY CTPYKTYypa OOIIEro peliieHus
M000r0 JIMHEMHOTO HEOJHOPOTHOTO ypaBHEHUsSI uMeeT BUJ (2.12), To 1js perieHus
HEOJHOPOJHOIO ypaBHEHUs (2.6) JOCTATOYHO CHayajga HaWTU oOlee pelieHue
COOTBETCTBYIOIIETO OJHOPOAHOTO YypaBHeHus (2.7) mo d¢opmyne (2.11), rme
C - npou3sBoJibHasi mocTostHHasA. Toraa, cormacHo dopmyne (2.12), nias nmoiydeHus
00111eT0 penIeHrs HEOJHOPOIHOTO ypaBHEeHUs (2.6) HY>)KHO HAWTHU Kakoe-HUOYIb €ro
yacTHOEe pelleHre. YacTHoe pelieHue ypaBHEHHS (2.6) MOXHO HCKaTh Tak
Ha3bIBAEMBIM METOAOM 8apUaAyUl NPOU380IbHOU NOCMOSHHOU, T.€. B BUJE

Vou =C(x)- exp(— [ P(x)dx), (2.15)

C(x)- moka HeusBecTHasd QyHkumsa. Jlanee nonbupaem C(x) Tak, 4ToObl QyHKIHSA

Buna (2.15) Owuta pemenueM auddepeHnuansHoro ypaBHeHus (2.6), T.e.
BBITIOJTHSITOCH TOXKIECTBO

(c)-exp- fPeoId)) + P+ (Co)- expl- [P = 0,

NJIn
C'(x) = O(x)-exp (fP(x)dx). 2.16)
OTcroa, ¢ MOMOIIBIO HHTEIPUPOBAHUS, HAXOIUM:
C(x) = fO)[expl[ P(x)dlx ldx. 2.17)

Hakonen, nojcTtaBuB B paByto yacTh Gopmydibl (2.15) BMecto C(x) €€ BbIpaxkeHHE,

HalijienHoe 1o ¢popmye (2.17), nonyuum

V., =CXp (— f P(x)dx)- f O(x)[exp (fP(x)dx)]dx, (2.18)

Urak, cornacuo ¢opmyne (2.12), obwee pewenue ypaBHenus (2.6) MOXKHO
3a/1aBaTh B BUJIE

v = expl- fP(x)dx)- (C+ fQ(x)[exp(fP(x)dx)]dx}, (2.19)

C - npousBoibHasg noctosiHHasg. OyeBunHo, uto (opmyna (2.19) coBmagaer ¢
dbopmyioii (2.10).
IIpumep 2.4. Pemute ypaBHEHHE

1
y-=y=2x" (2.20)
X
PEIIEHUE. 3nmecs P(x) = _l, O(x)=2x". ByjgeM pemarb JaHHOE
X

muddepeHranbHOe YpaBHEHUE METOAOM 8apUAYUU NPOU3BOIbHBIX HOCMOAHHbLX. [{1s
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Toro cHavasna no ¢opmyne (2.11) Haxoaum ob1iee penieHre COOTBETCTBYIOIIETO
OJHOPOAHOIO YpPaBHEHUS: ) = C-x, C - MpOU3BOJIbHAS TOCTOsiHHAs. [lanee Oynem

MCKaTh YacTHOE penieHue ypasHenus (2.20) B Bujie
y=C(x)"x, (2.21)

C(x)- moxa HeusBecTHad Gpynkuus. U3 (2.21) nonyuaem: )'=C'(x) x+C(x). Hakoner,
noacrasus B (2.20) BMecto v u ) dbynkuio Buga (2.21) u e€ npousBoaHyto, Oyaem
umers: C'(x) = 2x. Orcrona, unrerpupys, Haxogum: C(x)=x’. CiefoBaTeNnbHO, OIHO
U3 YaCTHBIX peleHuit ypapHeHus (2.20) umeeT BUA: Y = x°. 3Hauurt, obuee pelieHue

ypaBHeHus: (2.21) MoxHO 3amaBath Tak: ) =C x+x°, tne C - MPOU3BOJIbHAS

HOCTOSTHHAA. P>

2.3. YpaBHenue bepHynau. B 3TOM IyHKTE paccMOTpUM OJMH KJacc
i depeHInanbHbIX ypaBHEHU 1-ro mopsaka, JIETKO NPUBOJUMBIX K JMHEHHBIM

YPaBHEHUSIM.
OITPEJEJIEHUE 2.3. Ypasnenuem EepHmeu9 HA3bIBACTCS
muddepeHnmanbHoe ypaBHeHHe 1-ro nmopsijaka Bujaa

Y+ P(x) y=0(x)y", (2.22)

rae P(x) u Q(x) — 3anaHHble HenpepbiBHbIE HA (a, b) QyHKUMU, a m — HEKOTOpPOE
IIOCTOSTHHOE YUCJIIO0, IPUYEM m = 0 U m=1.

VYpaBuenue  bepnymnu  (2.22) MOXHO  TNPUBECTH K  JUHELUHOMY
muddepeHInanbHOMY YpPaBHEHHIO cieayromuM npueMmoM. [lpeamonaras y =0,

pasgenum o6e dactu (2.22) Ha (1-m)™" - y™. Toraa moxy4um
-m d -m
(=m)ey™ =t (= m) P(2) ™" = (1= m)- 0(). (223)

Temnepb BBEJIEM HOBYIO HEU3BECMHYIO (DYHKYUIO Z = yl_m. Tornma 6ynem uMeTh:
v
dx’

CrnenoBaTellbHO, OTHOCUTENIBHO QYHKITNH 7 = 2(X) ypaBHeHUE (2.23) mpuMeT BU/:

dz
i o-m)y-ym-
dx( )y

E+(1—m)°P(x)'Z =(1-m)-O(x). (2.24)
dx

Ho nmocnennee ypaBHeHHE SABISCTCS JUHEUHBIM YpasHeHuem [-2o nopsaoxa.
B cuny ¢opmynst (2.10) oOmee pemienue ypaBHeHus (2.24) 3amaercs

’ Ypauenune (2.22) BrepBble ObLIO NpEANoXkeHo B 1695 rogy mBefapcKuM MaTeMaTHKOM —SIKOGOM
Beprymnnu (1654-1705), a MeTox pelleHus 3TOro0 ypaBHeHHs ObLI omyOiukoBaH B 1697 rogy ero Opartom MoranHom
Beprymnnu (1667-1748).
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cienyromieit hpopmynon

z= P dx[C +(1- m)fQ(x) I Py de dx]. (2.25)

- .
[ToxcrasuB B (2.25) BMECTO z BBID@KEHUE ), MOIYYUM OOWuUll UHMe2Pal

ypaBHeHus bepHysu B Buie
yim - ] P(x)dx[C +(1-m) f 0(x) UM dx dx] (2.26)

3ameuanmne 2.3. U3 ypaBuenust bepuymnu (2.22) sBHO BUJIHO, YTO TIpU m >0
GyHKIMA =0 Ha (a, b) TakKe ABISAETCA PEIIEHHEM 3TOro ypaBHeHus. IlosTomy k

pelIeHUsIM, MOMyYeHHBIM U3 QopMyibl (2.26), HyKHO TO0ABUTH €IIe PEIICHHE BUJA
y =0. Kpome Toro, BaxxHo 3aMeTHUTb, YTO NpHU 0 < m <1 pemenue y =0 OyaeT ocobvim.

JlelcTBUTENBHO, IPU 0 < m <1 U3 CUCTEMBI YPABHEHUM
yl—m — e(m—l)fp(x)dx (C + (1 _ m)fQ(x)e(l_m)fP(x)dx dxl
y=0

onno3Hauno onpexensercs napamerp C=C;:

C, =W(x,), tne x,E(@,b) u W(x)=(m—1)- fQ(x)e(l_m)fP(x)dx dx.

[TosTomy uepes Kaxayro Touky M(xy,0) narerpanbHoit KpuBO# y =0 IPOXOAUT
elle OJHa HHTErpaibHas KpuBas ) =1/(X), HesIBHO 3a1aBaeMasi ypaBHeHHeM (2.26) mipu
C = CO .

Ipumep 2.5. Pemute ypaBHEHHE

V'+2x-y = 4x\5. (2.27)
PEIIEHUE. VYpaBuenne (2.20) ectb ypaBHeHUE bepHysuim, mpudyem 371€Ch

m = %, P(x) =2x, O(x) =4x. CnenosarenbHo, 1o popmyie (2.19) noxyaum

2

\/; = exp(— % . [C +f2x . exp(x—;)dx] ) (2.28)

2
X X

2 2 2
5 )dx=2fexp 7)d(%)=2exp(%), To B cury (2.28)

Tak Kak f 2x: exp(

2
X

oowull unmezpan ypaBHenus (2.27) OyaeT UMeTh BU: \/; =C- exp( 5 )+ 2, e

C - npousBoibHas nocrosHHas. Kpome toro, 3aech ¢pyHkius y =0 Takxke gBisieTcs

pelieHrueM ypaBHeHus (2.27), mpudem 310 ocoboe peuteHue. W
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II. KOHTPOJIBHBIE BOITPOCBHI U 3AJJAHU A

1. Kakoe nmuddepenimanbsHoe ypaBHEHHWE HA3bIBA€TCS HHTETPUPYEMBIM B
KBajJiparypax ?

2. KakoB Bua o6mero pemienust auddepeHmaibsHoro ypaBaenus y'= Q(x) ?

3. Kakoe nuddepenimanbHoe ypaBHEHUE Ha3bIBACTCS JIMHEHHBIM ?

4. Kakum npuemom nuHeliHOe muddepennmanbaoe ypaBaeHue y'+P(x)y = 0(x)
MO>KHO TIPUBECTH K YPAaBHEHUIO, IBHO HE COJIEpKAIIeMy NCKOMOW (GyHKIHH ?

5. KakoB Bu1 001IEr0 peiieHust 00HopoOH020 TUHEUHOTO AU PepeHITuaIbHOTO
ypaBHeHUs1 y'+P(x)y=0?

6. Kakos BH/]I o0b1ero pelIeHus HEOOHOPOOHO20 JUHENHOTO
muddepeHnuansHOTO ypaBHeHHs V'+P(x)y = 0(x)?

7. Tlouemy ypaBHeHUE )'+P(x)y =(Q(X) OTHOCUTCS K YPAaBHCHHSIM, Pa3pEITUMbIM
B KBaAparypax ?

8. KakoBa cTpykTypa oOWIEro pemeHus JHUHEWHOIO HeoOHOPOOHO20
muddepeHnmans,HOTO ypaBHeHHs V'+P(x)y = 0(x)?

9. Chopmynupyiire Teopemy Komu mnsa JIIY. Moryt nu JIIY umets ocoObie
peenus?

10.1310%uTE CYyTh PENICHHS JIMHEWHHOTO HEOJHOPOIHOTO AU(HepeHITNATHLHOTO
ypaBueHust y'+P(x)y = (Q(x) MeTo10M BapHaluu MPOU3BOIBHOMN MTOCTOSHHOM.

11. Kakoe muddepennuanbHoe ypaBHEHHE  HA3bIBAETCA  ypaBHEHUEM
bepnynmmn?

12. Kakue criocoObl penieHust ypaBuenus: bepuysuiu Bel 3Haete ?

13. KakoB Buj 00111€r0 uHTErpasia ypapueHus: bepuysmu ?

14. Moxert nu ypaBHeHue bepHyiuiu UMeTh 0cOObIe perieHus ?

I11. TIPUMEPHKI 1 3BAJJAUN JUISL AYIUTOPHOI PABOTEI
2.1. Haitaute oOuue pemenus nuddepeHnalbHbIX YpaBHEHHM:
' 2 '
a) xy'+2y =x"; 0) y'+y =cosx.

2.2. Haitnute  yacTHble  pemieHus — ciaeAyrommx — aud@epeHuanbHbIX
YPaBHEHHUM, YIOBJIETBOPSAIOIINE YKA3aHHBIM HAYaJIbHBIM YCIIOBUSIM:

' 1 '
a) y-ygx=—o, ), =L 0) y+x’y=x’, ), =L
COSX

2.3. OOmee pemieHue HEKOTOPOro Au(pdEepeHINanbHOTO ypaBHEHUS HUMEET
Bua: y=Co(x)+y(x), tme C - TPOM3BOJbHAS IOCTOSHHASA, @,% - KOHKPETHHIC
¢byukiuu ot x. [Jokaxure, yto nuddepeHianbsHoe ypaBHEHUE, 3a1aroniee Jrdoe

CEMENCTBO KPUBBIX 3TOT0O BUJA, €CTh JIMHEHHOE YPABHEHHE.
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2.4. Pemmrte ypaBHEHUE, TMHEHHOE OTHOCUTEIBHO IEPEMEHHOU X:
' = 1
Xcosy+sin2y

2.5. 3a CKOJIbKO MUHYT Tel1o, Harpetoe 10 100°, oxmagures 10 25° B KOMHATe ¢
temreparypoi 20°, eciu 10 60° ono oxnaxkaaercs 3a 10 munyt ? (ITo 3akony HeroTona
CKOPOCTb OXJIaXKIEHUS [IPOIOPIMOHAILHA PA3HOCTH TEMIIEPATYD).

2.6. Cuna TOKa | B LEeNM C CONPOTHUBICHUEM R, caMOMHAyKIMEHn L u
di

HanpspDKEHUEM U(¢) yAOBIETBOPAET JU(PPEpEeHINATBHOMY YPABHEHUIO Lj+Ri =U(t).
t

Pemure 5r0 ypaBHeHue, cuutas R, L  TOCTOAHHBIMU, a U(r) =kt (k> 0);

HayaJbHOE yCIOBHE j(0) = 0.

2.7. Pemmte nuddepeHmanbHOe ypaBHEHUE )'+2X) = 2%y,

2.8. Haitaute oOiiee u Bce ocodObie petieHus 1u¢epeHinaibHOr0 ypaBHEHUS
2
xy'-4y=x \/; .

IV. 3AJAHUS JJII CAMOCTOSTEJIBHOM PABOTEI

2.9. Haitaute oOuiee penienue qudpepeHnanbHOro ypaBHeHuUs
)
V+2xy =2xe™ " .

2.10. Haiimute 4yacTHble penieHus  cleayomux — auddepeHnuanbHbIX
ypaBHEHUH, YIOBIECTBOPSIONINE YKA3aHHBIM HAYadbHBIM yCIOBUSIM:

4
- =X, =19 6 -2 =09 =5’
a) Xy ol . ) ¥'=2xy Mco

2.11. Pemnrte ypaBHEHHUE, TMHENHOE OTHOCUTENBHO IEPEMEHHOM X:
2N 0y 12
(x=2xy -y )y'+y” =0.
2.12. 3akoH pacnaga paaus COCTOMUT B TOM, 4YTO CKOPOCTh pacmaja
MPONOPIMOHANIPHA HAaJUYHOMY KOJMYECTBY paius. V3BecTHO, YTO MOJIOBHHA €ro
MEpBOHAYAJIBHOIO 3amaca pacrnajgaercsa 1o ucredenun 1600 ner. Onpenenure

KOJIMYECTBO HepacmaBuierocs: paaus no ucredeHun 100 jieT, ecium nepBoHAYAIbHOE
€ro KOJIMYECTBO paBHO | ke.

2.13. Haiinute oOiee u ocoOble perieHus U@ hepeHnanibHOT0 yYpaBHEHUS

xXy'+y = y2 Inx.
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SAHATHUE Ne 3

Tema: I'eomeTpruyeckoe HCTOJIKOBAHME YPaBHEeHHs )'= f(x,)) H ero peleHui.

O npudanxeHHbIX MeToAaX pelneHus: 1M depeHUINATBHBIX YPABHEHHH.
YpaBHeHus B NOJHBIX Tu(PPepeHnuanax

I. OCHOBHBLIE TEOPETUYECKUE CBEJEHMA

3.1.T'eomeTpr4ecKoe HCTOJIKOBAHHE YPaBHeHHUs )'= f(x,)) M €ro peleHui.

[Tyctb 3agano nuddepeHimaibHOe ypaBHEHNE
=f(x,), (3.1)

rae Gyukuust f(x, y) onpesenena B HekoTopoit oomactu G C R . [Ipenmnonoxum, 4To

y=y(x) sBIAETCS HHTErPaJIbLHOM KpPUBOU

yh

ypaBHenus (3.1), mpoxojsinei uepe3 TOUKY
P(x,y)€G (cm. puc. 3.1). Torma, kak

U3BECTHO, )'(x)=tga, rme o - yrodx,

o0pa3oBaHHBIM  KacaTelbHOM K KpPUBOHU

0 .

¥y =y(x) B Touke P(x,y) C MOJIOKUTEIbHBIM = >
HampaBlieHHeM ocH OX . Ho mnockoibky

y=y(x) - pemenue ypaBHerus (3.1), To

OyZ1eM UMETB:

¥'(x) = f(x, ¥(x)).

CnenosatensHo, tgx = f(x, y(x)). Puc. 3.1

¥

Wrak, ecnu uepes Touky P(x, y) € G NpoXoIUT HEKOTOpasi UHTErpalbHAas KpUBast
y=y(x), TO  yrmoBoi  Ko3hUIHEHT

KacaTeJIbHOU K 3TOH KpuBOH B Touke P(X,))

y
onpenensaercs Gopmysion
tgr = f(x, ). (3.2)
WNuaue rosops, yrioBoit koahuimeHt 0

k=tga B xaxnoit Touxke P(X,y) xpusoii

y=y(x) 3apaHee  oOmpegeNeH  CaMUM

muddepenumanbupiM - ypaBHeHuem  (3.1).
ConoctaBuM  Temepp  KaXJIOW  TOYKE

P(x,y)€EG nanpasnenue (HalpaBICHHBIN

OTPE30K €IMHUYHOMN JJIMHBI), ONpeaensieMoe Puc. 3.2
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ycaoBueM (3.2). Torna moydyuM Tak Ha3bIBAEMOE nojle HAnpasieHull, ONpeeaseMoe
ypaBHenueM (3.1) (cm. puc. 3.2).

Takum oOpazom, ceomempuuecku nuddepenimansaoe ypasaenue (3.1) MoxHO
UCTOJIKOBATh KaK nojie Hanpasiexui, onpenencHHoe B odmactu G COOTHOIICHUEM
(3.2).

ITpu 3TOM Kaxkaas MHTerpanbHas kpuas ) = y(x) ypaBHeHus (3.1) obmanmaer
TeM CBOMCTBOM, 4YTO HAMpaBJCHUE KacaTelbHOW B JIOO0N TOYKE 3TOW KPUBOU
COBIIAJIa€T C HampaBjeHUWEeM mnoJig ypaBHeHus (3.1) B paccMaTpuBaemMoil TOUKe.
CrnenoBaTenbHO, 2eomempuyecku 3a0aya uHmezpuposanus ouggepenyuarsho2o
ypasHenus (3.1) 3akimodaeTcss B OTBICKAHMM TaKOro CEMEWCTBa HWHTErPaIbHBIX
KPUBBIX, YTOOBI HAMpaBJICHUE KacaTeIbHOM K JIF0OOW KpUBOW cemeilcTBa B 1000
TOYKE (3TOM KPUBOI) COBMAAANO C HAMPABJICHUEM MOJS JAHHOTO YPaBHEHUS B 3TOU
TOYKE.

Jlanee BBeieM NMOHATUS 0baacmu 3a0anusi NOJsA HANPAGIEHUU U CUMMEMPUUHOU
@opmwi 3aniucu nuddepeHnaIbHBIX YpaBHEHHH 1-ro mopska.

YMmHOxMB 00e yactu (3.1) Ha dx, ¢ yueroM paBeHCTBa )'dx = dy, ypaBHEHHE

(3.1) moxHO 3amucarth B cieAywouien ougpepenyuanvrot ghopme:
dy = f(x,y)dx. (3.3)

3amMeTuM, 4TO IEPEMEHHbIE X U ¥ BXOIAT B ypaBHeHue (3.3), BooOle roBops,
HecuMMempu4Ho. ITO TMPOSIBISETCS, B YaCTHOCTH, B TOM, UTO UHTETPAJIbHbIE KPUBbIE
ypaBHeHuUs (3.3) HE MOTYT OBITh IPOJAOIIAKEHBI 32 TOUKY C 8epMUKAILHOU KACATEIbHOM,
TaK Kak T[oJie HampaBjieHud ypaBHeHUs (3.3) He COAEpPKUT HaNpaBICHUH,
napannenvusix ocu OY .

Urak, 1o cux nop, ropopst 00 ypaBuenu (3.1) (wnu (3.3) ), MbI npeanonaraiu,
4TO IpaBas 4acThb JTOrO ypaBHeHUs f(x,y) B Kaxaod Touke P(x,y)EG uMena

KoneyHoe 3navenue. OJHAKO, €CIIN B KaKOU-TO TO4Ke P (x,,y,) GyHKuua f(x,y) UMeeT
beckoneunoe 3Hauenue (T.e. Opu x—>x; U y—>y; uMmeeM: lim f(x,y)=+0 (uau
lim f(x,y)=-») ), TO ypaBHeHHMe }'=f(x,y) B TaKOH TOYKE TaKKe 3amaeT

OTIpeIeTICHHOE HAIIPaBJICHUE MOJIsA. DTO HAaNpaBlieHUue OyIeT napannenvho ocu OY , Tak
4 4
KaK tga =+ npu o = — (W tgo = -0 npu o = —).
2 2
Ecnu paccMOTpuM Temeph «IIEPEeBEPHYTOE» YpaBHEHUE

a _ 1
dy  f(x,p)’

TO mpaBas 4yacTh (3.4) B Touke P (x,,y,) OyleT UMeTh KoHeuHoe 3HaYeHHe (HyJb !).

(3.4)

OO6b1uHO ypaBHeHue (3.4) Ha3bIBAIOT donoaHumenbHbiM K ypaBHenuto (3.1), u B
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OKpPECTHOCTAX Bcex To4eKk P(x,,y,), rae f(x,y) HeorpaHUYEHHA, MHTErpaJIbHbIC
KpuBble ypaBHEeHUA (3.4) MPHUCOEAMHSIIOTCS K HMHTETPaJbHBIM KPUBBIM YPAaBHEHHS
(3.1). ScHo, yTo UHTErpanbHbIE KpHUBbIe TUddepeHnanbHoro ypasuenus (3.4) Hamo
UCKAThb B BUIE X = g()).

Hanpumep, nycts gano auddepeHimaisHoe ypaBHEHHE — =

dy 2. Paccmarpusas
X

dx x
O0onojHumenbHoe K HEMY ypaBHEHHE d_ = 3aMeyaeM, 4TO IPU STOM MOSBISIOTCS
y )y

Hoevie uaTerpanbubie Kpusble x =0 (y >0) u x =0 (y <0). DT UHTErpaNbHBIE KPUBLIE

d
CIICAYyCT NPUCOCAUHATh K MHTCIPAJIBHBIM KPUBBIM JAHHOI'O YPABHCHUA —y = X

dx x

OIIPEJEJIEHUE 3.1. Muoxcecmso G QRz, 8 Kaojicool mouke KOmMopoz2o

umeem cmuicn (m.e. onpedenena) no xkpauneu mepe oona u3z @yuxyui f(x,y) uiu

fl(xay)= 1

Oyoem Hazvleamb 006AACMbI0  3a0aAHUS  NOJAL  HANPAGIEHUL

fy)
ougppepenyuanvroeo ypasnenus (3.1).
Hampumep, mis ypaBHEHUS y'=Z 00JIacThIO 3aJaHUs IIOJIS HaIpaBJICHHM
X

seasercs odmacts G, = R*\{(0,0)}, tak kax 3mech f(x,y)=y/x ompenerneHa mpu
x=0,a f,(x,y)=x/y onpenenena npu y = 0.

CymectByetr Qopma 3anucu auddepeHImaibHoro ypaBHeHus: 1-ro mopsiaka,
oobequnsromasi (3.1) u (3.4), 370 Tak Ha3bIBaeMas cumMmempuiHas gopma:

M(x,y)dx+ N(x,y)dy =0, (3.5

rme M(x,y) ¥ N(x,y) - 3alaHHBIC Henpepwlehvle B HEKOTOpoil obmactu D C R’

byHKIUN.
ONPEAEJIEHUE 3.2. Touka S,(x,,y,)ED Hasvieaemca ocobou Ons

ougpepenyuanvroeo ypasnenus (3.5), eciu
M (xy,¥) = N(xy,¥) =0. (3.6)
Hanpuwmep, nis nudpepeHmanbHOro ypaBHEHUS
2xp dx +3x*y*dy =0 (3.7)

0cobObIMuU SIBIIIIOTCS BCE TOUKU ocell OX u OY, T.e. Touku Buaa (x, 0) u (0, ).
OINPEANEJIEHUE 3.3. Komnonmewmoui cesaznocmu mHodxcecmea () 6Oydem
Hazvieamos cea3Hoe noomHoxcecmeo K C Q, obradaroujee mem C8OUCMEOM, UMO He
cywjecmeyem — 0py2020  CBA3H020  noOmMHodcecmea K,  mmnooicecmea  Q,
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yooenemeopsrowezo yciosuio K C K.

Jpyrumu ciioBaMH, KOMIIOHEHTOM CBSI3HOCTH MHOXeCTBa () Ha3bIBaeTCA 11000€
€ro MaKCUMaJIbHOE CBSI3HOE MOJMHOKECTBO.

Tak kak (yskumm M(x,y) U N(x,y) Henpepwignol B obmactu DC R*, TO
MHOXECTBO E gcex ocobvix mouex Oyner zamxuymo. CineqoBaTelbHO, MHOXKECTBO
D,=D\E saBnserca omkpvimvim. O003HauuM 4Yepe3 G KOMIIOHEHTY CBA3HOCTH

MHOkecTBa D, = D\ E. Tornaa juis mo0oi Touku P(x,, y,) €E G MOKHO yKa3aTh TaKylo €€
OKPECTHOCTB, e 0o M(x,y) = 0, 1100 N(x,y) = 0. B 5TOi OKPECTHOCTH ypaBHEHHUE

(3.5) xBUBaNEHTHO MO KpallHEeW Mepe OJTHOMY U3 YpaBHEHUI

& __Mxy) de . Nxy)

I Ney) WIN m Mry) (3.8)

Takum o6pazoMm, ypaBHeHus (3.1) u (3.4) SABISAIOTCA YACTHBIMHM CIydasiMU
ypaBHeHus Buja (3.5).

HNamum  Temeph Oojiee TOTHOE W TOYHOE OMPEICICHHWE  PEIICHUS
muddepeHnmanbHoro ypaBuenus sujaa (3.5).

OIIPEAEJIEHUE 3.4. Ilycmv ¢ynxkyuu M(x,y) u N(x,y) HenpepvigHbl 6
oonacmu D. Pewenuem ougghepenyuanvrnoco ypasuenus (3.5) Hazvigaemcs QpyHKyus
y=¢(x) (ww x=y(y)), onpedenennas Ha npomedxcymke {a,b), eciu ona

Y00871emeopsien C1e0VIOWUM YCI08UIM:
1) @(x) (unu W(v)) ougppepenyupyema na {a, by;
2) (x, 9(x)) € D npu ecex xE(a, b) (uru (Y(), ¥)ED npu ecex yE(a, b));
3) M(x,¢(x)) + N(x,(x)) ¢ (x) = 0 npu eécex x € {(a, b)
(unu My(»),y) ¢'(») + N@(»),y) = 0 npu 6cex y € (a, b)).

2

Hampumep, ¢ynkuus y=x 3 sBusgerca peuieHueM ypaBHeHus (3.7) Ha
5
. 2 -
npomexyTtke (0, +o0). JlelcTBUTENbHO, 371€Ch y'=—§x 3. IloncraBnsst B (3.7)

3HAYeHHus y U ), modydaem: 2x~ —2x~' =0 na (0, +o0).
2

AHAJIOTUYHO MOYHO TPOBEPUTh, YTO (PYHKIUS x=-y 3 TaKKe SBIIETCS

pemenueM ypaBHeHus (3.7) Ha npomexyTke (0, +0).

3.2. O npuOim:KeHHbIX MeTOoAax pewmeHuss auddepeHUINATBHBIX
ypaBHeHMii. [IoCKOIBKY Kacc HHTETPUPYEMBIX B KBaJpaTypax nuddepeHnnaibHbIX
YpaBHEHH BecbMa Yy30K, TO, HauumHasg yxe ¢ XVIII cronerusa, B Teopuu
mudpepeHnanbHbBIX YPAaBHEHUHN 4aCcTO UCIOJIb30BAIUCH Pa3IMUHbIE MPUOINKEHHbBIC
METO/IBI.
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B Hacrosiee BpeMs B CBSI3U € CO3aHUEM OBICTPOAECHCTBYIOIIUX KOMIIBIOTEPOB
U pa3paOOTKOM AJIs HUX Pa3IMYHBIX TAKETOB MPUKIAJAHBIX IPOTPaMM MPUOINKEHHBIE
METO/bl peleHus] AUPPepeHuaNbHbIX YPAaBHEHUIN CTaJld WUrpaTh CYLIECTBEHHYIO
pOJIb.

Huxe OynyT paccMOTpeHbl HEKOTOPBIE MPOCTEHIINE TPUOIMKEHHBIE METOIBI
petenus nuddepeHunalbHbIX ypaBHeHui Buaa (3.1).

3.2.1. Meroa m3okauH. Kak Obulo ycraHoBieHO B myHkTe 3.1, 3amanue

mudpepeHnanbHOr0 ypaBHEHUS Z_y = f(x,y) PABHOCUJIBHO 33JaHUI0 B HEKOTOPOU
X

obmactt G C R* onpegenennoro most
HampaBieHuil. [lokaxem, 4To, 3Has TOJIE
HAnpaBlIEeHUH,  MOXHO  epaghuuecKu
MOCTPOUTH (TPUOIMIKEHHO) TY WJIH UHYIO
WHTETPATHHYIO KPUBYIO JTaHHOTO
muddepennmanbHoro ypaBHenus. llpu

5TOM OKAa3bIBAae€TCd OYEHb II0JIC3HBIM
3HaHHE TeX aunull 6 oonacmu G, BO BCEX
TOYKaX KOTOPBIX HaIpaBlICHUE TOJISI
ypaBHEHHSA )'= f(x,y) OIHO H TO XKE€.

Takpe JIWHUM HA3BIBAOT UBOKIUHAMU
JaHHOI'O YPaBHCHUA (I/IJ'H/I UBOKTTUHAMU

Puc. 3.3

moJIs HaImpaBJICHHI). OueBuaHoO,
ypasHeHue u3oKIuHbl s JUPPEpEeHNaIbHOrO ypaBHEHHA )'= f(x, y) IMEET BUL:

f(x,y)=k mma f(x,y)-k=0,

rae k — nocTossHHOe 4ucio (k = tga).

Hanee onwumem rpaduyeckuii crocoO perieHus ypaBHeHus (3.1), KOTOpbId
0OBIYHO HA3BIBACTCS MEMOOOM USOKIUH.

Cnauana, npuaaBas k psJl KOHKPETHBIX 3HaYeHWH ki, ky, ..., ky, TIOCTpOUM Ha
IJIOCKOCTH XOY W30KJINHEI

Jey) =k f(y)=kys ooy f(x,0) =k,

nanHoro nuddepennuanbHoro ypapueHus (3.1). 3aremM Ha MOCTPOEHHBIX U30KIMHAX
paccTaBUM CTPEJIKU TOJ TaKHUM yTIOM K TIOJIOKHTEIBHOMY HaIpaBICHUIO OcH OX ,
yTOOBl TAHTE€HC ATOTO YIJIAa PaBHSJICS COOTBETCTBYIOIIEMY 3HaueHHUto k. Hakowner,
4TOOBI MOCTPOUTH npubaudiceHHvl Tpaduk pemieHus y=@(x) ypaBHenus (3.1),

YAOBIIETBOPSIIOLIECIO HA4YalbHOMY YCIOBHIO @(x,)=y,, HaZ0, MCXOAS H3 TOYKH
F, (xO » Yo ), IPOBECTH KPUBYIO TaKKUM 00pa3oM, 4TOObI OHA MepeceKaia U30KINHBI TaK,

KaK YKa3bIBaIOT CTPEJIKM HA ATUX U30KJIMHAX (cM. puc. 3.3).
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2, .2
Hampumep, mns auddepeHnaaIsHOTO ypaBHEHHS V'=Xx" + )~ HW30KIMHAMHU

OyIlyT OKPY>XKHOCTH x*+y° =k, tne k =const>0. Ha pucyHke 3.3 MeToJIoM

M30KJIMH MOCTPOEHA UHTETpalibHAsI KpUBasi JTaHHOTO U] depeHInaIbHOTO YPaBHEHHUS,
IIPOXOJsIas Yepe3 Hayajuo KOOPAWHAT, T.€. PEIIEHHE ) =1y(x), YIOBIETBOPSIOIIEE

HavaapHOMY ycnoBuio 1(0) = 0.

3.2.2. Meroa mociaenoBareJbHbIX — npuOamaxkeHuid. Ilycte  mid

mupdepeHInaIbHOr0  ypaBHEHUS ?: f(x,y) B HEKOTOpod obsactu GCR’
x

BBITIONHSAIOTCA  YCIOBUS TeopeMbl Komm (0 CyHmIeCTBOBaHMH M €IMHCTBEHHOCTH
pemenus) u mycTh Touka Fy (X, ) npunamiexut obnactu G . Torma Kak moKa3aHo B

nyHkre 1.2 3agada Ko, cocTosdmas B OTBICKAHMM PELIEHUS y = @(x) ypPaBHEHHUs

%= f(x,y), YIOBIIETBOPSIOIIET0 HAYaILHOMY YCIOBHIO ¢(Xx,)=),, PaBHOCHIIbHA

PCHICHUIO MHTCTPAJIBHOI'O ypaBHeHI/IH
y=yo+ [Jy(0)dr, (3.9)
X0

Hanee, wuckomoe pemenne y=g@(x) IUGHEPEHIUAIBHOTO YypaBHEHHS
dy .
o f(x,y) B HEKOTOPOH OKPECTHOCTH (X, —h,X,+h) TOYKH X, MOXKET OBITh
X

MOCTPOEHO METOJIOM IMOCIEA0BATEIbHBIX NPUOIKEHHUHN 0 PopmyTie:

#() = lim g, (2), (392

X
rme @, (x) =y, + f S e, )dt, n=0,1,2,.., Tpud4eM B Ka4ECTBE «HYJIEBOTO
X0
HOpUOMIDKEHUS»  @(x,) MOXKHO B3AThb JIOOYI0 HENPEPHIBHYI0 Ha HHTEpBalle
(x, = h, x, + h) GyHKIUIO (B 9aCTHOCTH, MOKHO TIOJIOKUTD ¢(X,) =y, = const ).

IIpumep 3.1. MeTogom nocieaoBaTENbHBIX TPUOIMKEHUN TOCTPOUTH MEPBHIC
TpHU NpUOMHKEHUs pelieHus cieayomiei 3agaun Komu:

@=x2+y2, y(0)=0. (3.10)
dx

PEHIEHHME. Tak kak 3zmeck »(0)=0, TO mOCIen0BaTEIbHBIE MPHOIMKEHHS

MOXHO HaXOJIUTh MO opMyIie:

Yun () = [ +[y,OF}dt, n=0,1,2,.... (3.11)
0
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3
X

Hanee, momaras B (3.11) yy(x) =0, 6ymem umers: y;(x)= f t2dt=?. Otcrona
0

MMOCJICA0BATCIILHO IMMOJYYHUM:

X 6 3 7
t X X

P, (x) = (rz +—)dt =+,
{ 9 3 63

3 ,7\2 3 7 4 8
1+ t—+t— dt=x—+x—1+2i+x— »
3 63 3 63 33 945

B 3akmroueHue AJAHHOI'O ITYHKTa Ba)XHO TaKXXC OTMCTUTHL, YTO B HACTOALICC

X

3(x) =f

0

BpeMsi pa3paboTaHbl pa3iauyHbie 3(PGEeKTUBHbIE MPUONMKEHHBIE METOJbl PEIICHUS
mudpepeHManbHbIX YPAaBHEHUN, YHCJIEHHAs peanu3aius KOTOPBIX MOJHOCTHIO
OCYILIECTBIISIETCS C TOMOIIBI0 COBPEMEHHBIX CHUCTEM KOMIIBIOTEPHON MaTeMaTUKU
(cM., Hampumep, [8]).

3.3. YpaBHeHus B noJHbIX QU@ PepeHnuanax. B 3ToM nmyHkTe paccMOTpuM
enie oAuH Kiacc AuddepeHinanbHbIX YpaBHEHUN 1-ro mopsika, UHTETPUPYEMBIX B
KBaJpaTypax.

ONPENEJIEHUE 3.5. Jughgepenyuanvroe ypasuenue euoa

M(x,y)dx+ N(x,y)dy =0, (3.12)

20e M(x,y) u N(x,y) - 3a0annvie u nenpepvisnvie 6 nekomopoi obnacmu D C R’

QyHKYUU, HA3bIBAEMCS YPABHEHUEM 8 NOIHbIX Ou@@epenyuanax, eciu 1esas 4acmo
(3.12) saenaemcsa noanvim Oughgpepenyuanom mexomopou gynxyuu U(x,y) 06yx

NnepemeHHsblx X u 'y, ni.e.

ou oUu
M (x, v)dsx + N(x, y)dy = dU(x, y) = 2200 g, VD) (3.13)
0x ady
Hampumep, ypaBHenue
2xy°dx +3x%y*dy =0 (3.14)
SBJISIETCS YPAaBHEHHUEM B MOJHBIX TU(depeHnnanax, Tak Kak
2xp dx +3x2y*dy = dU (x, y),
rne U(x,y)=x>y".
[Ipennonoxkum, uto ypaBHeHue (3.12) sBisieTCs ypaBHEHHEM B TMOJHBIX

nuddepenimanax, T.e. BeImoaHsAeTcsS paBeHCTBO (3.13). Torma as ar000ro pemeHus
y = y(x) ypasHenus (3.12) OyjeT UMeTh MecTO paBeHCTBO dU(x, y(x)) = 0 1A BCeX X U3

HEKOTOPOTo MPOMEXYTKa (a, b). OTCroz1a CleyeT, uTo

Ulx,y)=C, (3.15)
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rae C - HeKoTopasi MOCTOSIHHAS (IJIs KayKAOTo peleHus y = y(x) nocrosHHas C cBos).
U obpaTHO, 114 QyHKIMH y = y(X), HesA6Ho olpenendeMoil ypaBHenueM (3.15), Oynem
umMeTsb dU(x, y(x)) =0 Ha (a, by, T.e. 3Ta GYHKIUS y = y(x) OyAET pelICHUEM ypaBHEHUS
(3.12).

Takum oOpaszom, ypaBaenue (3.15), rne C - npouszsonvras nocmosaunas, 0yaer
oowum unmezpaniom audPepeHnaIbHOr0 ypaBHEHHs B MOJHBIX AuddepeHnumanax
(3.12).

Hanpumep, oOmuM HHTETrpaioM pacCMOTPEHHOTo Bbille ypaBHeHUs (3.14)
Oyner x2 y3 = C, rae C - mpou3BOJIbHAS ITOCTOSHHAS.

W3 cka3aHHOTO BHITIIE MOYKHO CIIETIATh TAKOH 661600: YTOOBI PEITUTh YPaBHCHUE
B NOJNHBIX Juddepennuanax sBuzaa (3.12), gocrarodyno Haiitm Qynknuo U(x,y),
MOJTHBIN TudepeHnman KOTOpoi COBNAAAET C JICBOM YacThIO TaHHOTO YPaBHEHHUS, U
MPUPABHATH ITY (DYHKIIMIO TPOU3BOJIBHON TTOCTOSTHHOM.

Haiinem temepb npusnax, 0 KOTOPOMY OTHOCHTEIBHO TaHHOTO YPaBHCHHUS
(3.12) MOXHO CynWTh, TPUHAUICKUT JTU OHO K KJIACCYy YPaBHEHHI B TMOJHBIX
muddepennuanax. Mimeer mecto crnenytomas

Teopema 3.1. Ilycmv @yuxyuu M(x,y) u N(x,y) HenpepviéHvl emecme co
ceoumu yacmuvimMu npouzeoonuvivu  dM(x,y)/dy u AIN(x,y)/dx 6 Hexomopoii
oonocesazHol oonacmu D niockocmu XOY . /s moeo umoowst ypasuenue (3.12) ovino
YpasHeHuem 6 NOJHuIX OuggepenHyuanax, HeobXoouMo U O00CMAMOYHO, YMoObl 8
oonacmu D 8blnoHAI0CL MOKHCOECMBO:

OM (x,y) _ ON(x,y)
ay - ox

(3.16)

Jloka3aTeJIbCTBO. Ilycts v A
BBINIOJIHAIOTCSL ~ YCJIOBHSI  JaHHOM
teopeMbl. Ho, kak wu3BecTHO (cM.,
Hanpumep, [11], Y. II, c. 19)5),
yCIIOBHE (3.16) SIBIISIETCS
HEOOXOJAMMBIM U JOCTATOYHBIM IS
TOTO, YTOOBI BBIPAKECHUE
M(x,y)dx + N(x,y)dy OBLIO IIOJHBIM =K

. Alxg. 7,)
nuddepenimanom HEKOTOpPOU -
¢yakunn  U(x,y). Ho mnocnennee

o3Hayaer, 4To YypaBHeHue (3.12)
SBJISIETCS YpPAaBHEHUEM B TMOJHBIX

muddepeHnuanax. Teopema
ookaszana. W Puc. 3.4

M3 kypca MareMaTU4eCKOro aHajJiu3a U3BECTHO, YTO 3ajaya OTBICKaHUSA B
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obnactu D ¢ynkuuu U(x,y) no ee monHoMy nuddepenuunany M(x,y)dx+ N(x, y)dy
pemaetcs no Gopmyiie:

UG = [ M(x,p)de+ NG p)dy +Cy, (3.17)
(x0,50)

r7ie UHTErPUPOBAHUE MPOUZBOAUTCS BIIOIb OO0 KYyCcoyHO-21a0Kol KpUuBOl L = AB,
nexainel B obmacti D U COeIUHSIONIENH HEKOTOPYIO urcuposanuyio Touky A(xy, ;)
C 1r060u Apyrou Toukou B(x,y) u3 D, a C; - Ipou3BOIbHAS IOCTOSTHHAS.

[Tockonbky npu BeIOJIHEHUU ycnoBuid (3.16) kpuBonuHeHHbIN nHTerpa (3.17)
HE 3aBHUCHUT OT MYTH WHTETPUPOBAHUS, TO BBIYUCIEHUE STOr0 HMHTErpajia MOXKHO
3HAYUMENbHO YNPOCMUMb, €CIIA B KaueCTBE IYTU UHTETPUPOBAHUS B3STb JOMAHYIO
aunuto (AKB wunu ATB), 3Be€HbsI KOTOPOU MapaJieIbHbI OCSAM KOOPJIUHAT (CM. pUC.
3.4). Torna nonyyum:

x y
Uxy)= [ M(x,p)dx+ [ N(x,y)dy = [M(x,yo)dx + [N(x,y)dy (3.18a)
AK KB %o Yo
WIN
x y
U(x,y) = fN(x,y)dx+ fM(x,y)dy=fM(x,y)dx+fN(x0,y)dy (3.180)
ar 7B %o Yo

(B dopmynax (3.18a) u (3.180) 01 onpedenenHocmu Mbl B KaUECTBE MOCTOSHHOM
uHTerpupoBanus C| B3sJIU YUCIO HYJIb).

Takum o0pa3oM, obwuii unmezpan ypaBHEHUsS B TOJHBIX TuddepeHnnanax
Buja (3.12) MOXKHO 3a/1aBaTh B BUJIE

X y X y
fM(x,yO)dx+fN(x,y)dy=C I fM(x,y)dx+fN(x0,y)dy=C, (3.19)

X0 Y0 X0 Yo
rae C - pou3BOJIbHAS IOCTOSIHHAS.
Hpumep 3.2. Pemuth ypaBHEHHE

e Vdx-Q2y+xe™)dy =0. (3.20)
PEIIEHUE. 3pmecse M(x,y)=e”, a N(x,y)=-Q2y+xe™”). Torna
N M, N oM ,
—=-¢, — =-¢”’. CrnenoBarejapbH0, — =—— BO BCEX TOYKax R, T.c. ypaBHEHHE
ox ay ox dy

(3.20) sBsieTcst ypaBHeHUEM B NONTHBIX Auddepeninanax. [TloaTomy o0mumii unterpan
JTAHHOT'O ypaBHEHMsI MOKHO HaWTH, HampuMmep, no nepeoi u3 popmyn (3.19), B3sB B
Ka4yeCTBE Ha4aJbHOM TOYKH ITyTH MHTErpupoBaHus ToUKy A(0, 0). Torma momyunm:

X y

fclx—f(2y+xe‘y)dy=C wm xe” —y? =C,
0 0

rae C - mpou3BOJIbHAS TOCTOSTHHASA. P>
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3ameuanne 3.1. Ha mpaxTtuke 3amady otbickanua ¢(yHkuuu U(x,y) 1o ee
nonHomy  aupdepenumany  M(x,y)dx+ N(x,y)dy, K  KOTOPOH  IPUBOIUTCS
UHTETPUPOBAHUE ypPaBHEHHMs B TMONHBIX JAu(p@depeHnuanax, dYacTo pEeHIaroT
CIEAYIOLUIMM CHOCOOOM.

ITycts BeIpakenue M(x,y)dx+ N(x,y)dy ABIsSeTCs MONHBIM A} EpEHIHaIoM

HekoTopor Gpynkuun U(x,y) B obsmactu D, T.e. BeinonHseTcs ycinosue (3.13). Toraa B

obnactu D UMEIOT MECTO cileayromue 1Ba paBCHCTBA:

My w P Ney). (3.21)
ox dy

N3 nepBoro paBenctna (3.21) OyaeM UMETh:

Ux,y) = [M(x, y)dx+@(y), (3.22)

rae @(y) - npoussonvHas HenpepuleHo Oughgepenyupyemas (QyHKIHA OT Y, HE
3aBucsama ot x. IlogbepeM Temepr ¢(y) Tak, 4TOOBI YacTHask MPOU3BOJAHAS 110 ) OT
dyrkunn U(x,y), onpenensemon no ¢opmyne (3.22), Oobuta paBHa N(x,y). Taxoi
BbIOOp (QyHKIMU @(y) npu ycnosuu (3.16) Bcerma Bo3MokeH. [IeiiCTBUTENBHO, U3

(3.22) umeem:

U , '
%;Y) _ %(fM(x,y)dX)+¢7 ().

[IpupaBHSAB IIpaByO YacTh IOJYYEHHOIO paBeHCTBa K N(x, ), Hal1eM

70) = Nexy) - 3 (M), (3.23)

JleBast yacTh ypaBHeHus (3.23) He 3aBUCHUT OT x. YOeIUMCSl B TOM, 4TO IPHU YCIOBUU
(3.16) B ero mpaBylo 4acTh Takke€ HE BXOAUT Xx. J[Jig 3TOro mokaxeM, 4TO yacTHAs
MPOU3BOJIHAS TI0 X OT MpaBoi yacTtu (3.23) TokIeCTBEHHO paBHa HYII0. Meem:

9
ox

_IN _ ifiM(x,y)dx _IN M _y,
ox |ox\J dy ox dy

Hanee, uaterpupys no y, u3 (3.23) 6ynem umMeTh:

V)= (v

e =[ [N (x,y) = %(fM (x,) dX)} dy +C,,

rae C; - npousBoabHas nocrosinHasd. [loncrasisia HaiineHHoe 3HaueHue ¢(y) B (3.22),

MOJTyYHUM UCKOMYIO (PYHKIIHIO
d
Ulx.) = [M(x.y)dx + f[N(x,y) - LMy dx)] dy (3.24)
9y
(3meck 02151 onpedenennocmu Mbl TONOKUIA C, =0).
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Ipumep 3.3. Pemuth ypaBHeHHe 2xcos y - dx + (y* = x*sin y)dy =0.

PEINEHMUE. 3mecs M(x,y)=2xcosx N(x,y)= y% —x%sin y. Tak kak

oN . oM : oN oM 2
—=-2xsiny, — =-2xsiny, TO — =-—— BO BCEX TOYKAX IUIOCKOCTH R".
ox % ox  dy

CJ'ICI[OB&TCJ'IBHO, JaHHOC YPaBHCHUC ABJIACTCA YPaBHCHHUECM B ITOJIHBIX

nuddepenimanax.
OO0o3naunm uepes V(x,y) QyHKIUIO, MONHBIA quddepeHnran KOTopoil ecTh

JieBas 4acTh JAHHOTO ypaBHEHUs. Toraa OyJemM UMETh:
Vx/ (x,y)=2xcosy, (3.25)
/ 2 2
V,(x,y) =y~ —x"siny. (3.26)
Nurterpupys no x, u3 (3.25) nonyuum
V(x,y) =f2x-cosydx+(p(y)=x2-cosy+<p(y), (3.27)

rae ¢(y) - npoussonvHas HeNpepblBHO nuddepennupyemas Gynknus ot y. Orcrona

HaxXoauM:

/ 2 : '
V,(x,y)=-x"siny+¢'(y). (3.28)
CpaBnuBas (3.26) u (3.28), nmonyyaem:

—x? siny+(p'(y)=y2 ~x’ siny- x> wm ¢'(y) =y2.

3
Orcroga Haiigem @(y)= f 2 dy + C, = y?+ C,, tne C; - poOU3BOJIbHASL TTOCTOSTHHAS.

Torga mo Qopmyne (3.27) momyuum V(x,y)=x>-cosy +% y’ +C,. CnenosarensHo,
06wuTi uHMe2zpan TaHHOTO YPABHEHUS] UMEeT BHI:
1
x? -cosy+§y3 +C, =C,

rze C - Ipou3BoJIbHAs IOCTOSHHASL, Wil 3x” -cosy+)° = C, tae C, =3(C-C,) - HoBast
IIPOU3BOJIbHAS NIOCTOSIHHASA. P>

3ameuanne 3.2. BaxxHO OTMETUTh, YTO OBIBAIOT Cly4yau, KOrJa JIaHHOE
muddepennmanboe ypaBHeHue Buaa (3.12) He sABISETCS ypaBHEHHEM B TOJIHBIX
middepeHnnanax, HO yaaeTcs HAUTH Takyr (QYHKIUIO = u(x,y), 4TO IIOCIE
YMHOXKEHHsI 00€MX YacTell JaHHOrO ypaBHEHHMsS Ha Hee, MOJY4YaeTcs ypaBHEHUE B
NMOHBIX quddepeniuanax, T.e. ypaBHEHUE BUJa

u(x, )M (x, y)dx + u(x, y)N(x, y)dy = 0.
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B Takom ciydae QyHKUMIO w = u(x,)y) Ha3BIBAIOT UHMESPUPYIOWUM MHONICUMENEM

ypaBHenus (3.12) (6onee moapoOHyo nHpopMalno 00 UHTETPUPYIOLIEM MHOKUTEIIE
MOXHO TOJIyYUTh, HAarIpuMep, B [21]).

II. KOHTPOJIBHBIE BOITPOCBHI U 3AJJAHU A

1. Kakoii reomeTpuyeckuii cMbICa uMeeT qudPpepeHnuanbHoe ypaBHEHHE
y'= f(x,y) u ero permieHue ?

2. UYro Takoe u30KIUHBI AU GepeHInanbHOTO ypaBHeHU )'= f(x,y)?

3. Moxer 1M u30KIMHA OBITh  MHTETPAJIBHOM  KPHUBOM  JTAHHOTO
nuddepeHnnanbHOro ypaBHeHus y'= f(x,y)?

4. B kakux TOukax IJIOCKOCTH XOY wuHTerpasbHble KPUBBIE YpPaBHECHUS
y'= f(x,y) MOTyT OBITh napasuienbHbl ocu OY ?

5. Yro HAa3bIBACTCSA 00J1acThiO 3ajaHUSA T1OJIs HaIpaBJICHUN
nuddepeHnranbHOro ypaBHeHus y'= f(x,y)?

6. KakoBa cumMmerpuuHas gopma 3anucu IAu(GepeHINaIbHOTO ypaBHEHUS
l-ro nopsinka ?

7. Kakas Touka Ha3bIBaeTCsl 0c000M TOUKON nuddhepeHInaTIbHOTO ypaBHEHHS
M(x,y)dx+ N(x,y)dy =0 ?

8. B uem OCHOBHas CyTh NPUOIMKEHHOTO PEHICHWS ypaBHEHMA )'= f(x,))
METOJIOM M30KJIUH (METOIOM TOCIEA0BATEIHHBIX MPUOIMKEHMIT) ?

9. Haiite ompeneneHue  peumieHus  aud@epeHuanbHOr0  ypaBHEHUS
M(x,y)dx + N(x,y)dy =0.

10. Korna ypaBuenue M(x,y)dx+ N(x,y)dy =0 Ha3pIBaeTcs YypaBHEHUEM B
MOJHBIX qudepeHmanax ?

11. Ecmn  dU(x,y) = M(x,y)dx+ N(x,y)dy, TO KakoB OOIMK HHTErpai
muddepennnanbaoro ypasaenus M(x, y)dx + N(x,y)dy =0 ?

12. KakoB npH3HAaK TOro, 4ro ypaBHeHHE M(x,y)dx+ N(x,y)dy =0 sBigercs
ypaBHEHHUEM B MOJHBIX Tuddepennnanax ?

13. B uem cyTh MeTO/A pellieHHs] ypaBHEHUS B OJHBIX AudepeHimanax ?

14. Uto Ha3bIBAaETCA HMHTETPUPYIOMIMM MHOXUTENIEM JTuddepeHInanibHOoro
ypaBHenus M(x,y)dx+ N(x,y)dy=0?

I1I. [IPUMEPHI U 3AJIAUM JIJISI AYIUTOPHOM PABOTHI

3.1. Haiinutre ocoObie TOUKH clienyromux qudpepeHnanbHbIX YpaBHEHUN:

, x+3y-5
) = T,

6) y'= X +y° =28
x=2y ° Xx+y-4

38



3.2. MetogoM H30KIWH MPUONMKEHHO IMOCTPONTE HWHTErPAIbHBIE KpPUBBIC

nudHepeHIMaIbHOrO ypaBHeHUsT V'= ) — x>

3.3. Metonom nocienoBaTebHbIX NPUOIMAKEHUN peruTe 3aaaay Komu:

dy
oy p(0)=1.
7 (0)

3.4. Cxonbko pemeHuit auddepeHnrnaibHOr0 ypaBHEHUs (x—l)%+ y=0
X

ompenenser cooTHomeHue p(x—1)=C npu KaxkIOM (PUKCHPOBAHHOM 3HAYCHHUHU
CER?

1 3y 2
3.5. Pemmre nuddepeHnnanbHoe ypaBHEHUE (—2 + %)dx = —)3;dy.
x° x x

. X Y
3.6. Haiijpure MHTETpaabHyIO0 KPUBYIO YPaBHEHHS — dy = 5 -1 |dx,

X +y x2+y

POXOAAILYyI0 uepe3 Touky M (1;1).

3.7. Haligure xpuByr0, sl KOTOPOW IUIOWIA/b, OTPAHUYEHHAS 3TOW KPUBOM,
OCBhIO a0cClUCC W JABYMS IPSIMBIMHU, TapauielbHbIMH ocu OY, mNponopiuoHaibHa
OTHOILIEHHUIO a0CIHUCCHI K OPJIMHATE MPABON KOHIIEBOM TOYKH TYTU KPUBOM.

IV. 3AJAHUS )11 CAMOCTOSTEJIBHOM PABOTEHI

3.8. Pemure nuddepeHunaibHbie ypaBHEHUS:

a) 3x%e’dx + (x’¢” =1)dy =0;  6) (sinxy +xycosxy)dx + x* cosxydy = 0.

3.9. Haiinutre wuHTErpalibHyl0 KpuByl JIu(depeHInalIbHOTO YpaBHEHUS

(3y* +2xy +2x)dx + (6xy + x* +3)dy = 0, IpOXOMSILIYIO Yepe3 TOUKY M (0;1).

3.10. Haiingute ocobbie Touku nuddhepeHnaIbHOTO YpaBHEHUS

. x> +y°-13
xy—-6 '
3.11. MeToaoM H3O0KIUH MNPUOIUKEHHO MOCTPOWTE HHTErpabHbIE KpPUBBIC
mudPepeHnanbHOro ypaBHEHUsT y'= 21
X

3.12. Hailigute Tpu MOCIENOBATEIbHBIX MPUOIKEHUST PEIICHUS CIeAyIOIIeit

3agaun Komm: % =x+y, y0)=1.
X
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SAHATHUE Ne 4

Tema: ud¢epennuanbHbie ypaBHEHUS ¢ Pa31eJAIIMMUCH TepeMeHHbIMU.
JAundpepenunanbHble ypaBHEHHS, OJHOPOIHbIE OTHOCUTEJIBHO X U y

I. OCHOBHBLIE TEOPETUYECKUE CBEJEHNA

4.1. IndpPepenunanibHble ypaBHEeHUSs ¢ Pa3ie/sIIOIIUMHUCS MepeMeHHbIMM.

B kiacc ypaBHeHuil B monHbIx auddepeHianax BXoAsIT, B YaCTHOCTH, YPaBHEHUS
BHJIA

P(x)dx + Q(x)dy =0, (4.1)

rae P(x) — 3amgaHHas U HenpepuviéHasi HA HEKOTOPOM HHTepBane (a,b) (yHKnus

NEPEMEHHON X, a ((x) — 3aJaHHAs U HenpepvieHas Ha UHTEpBane (¢, d) QyHKIHA

MEPEMEHHOM ).
HelictBuTenbHO, s ypaBHeHus (4.1) umeem:

0P(x) o 90
dy ’ 0x

H, CJICA0BATCIbHO,

IP(x) _ 90())
ay ox

OObiuHO ypaBHeHus! Buaa (4.1) Ha3BIBAIOT YpagHeHUSAMU C pPa30eeHHbIMU
nepemeHHbIMU.
Jlerko 3amMeTuTh, 4TO ypaBHEHHE (4.1) MOKHO TIepenucaTh B BUJIE

d([P(x)dx+ [Q(y)dy)=0. (4.2)

[TosTomy obwuti unmeepan ypaBuenust (4.1) (wnm (4.2)) MOXHO 3aJaBaTh
CeAYIOIIUM 00pa3oMm:

fP(x)dx +fQ(y)dy =C, (4.3)
rae C - mpou3BOJIbHASI MOCTOSTHHAS.
IIpumep 4.1. Haiftu oOuii uHTETpan ypaBHEHUS
%dx+cosy~dy= 0 (4.4)
PEILIEHUE. OueBugno, uto ypaBHeHue (4.4) sBIsieTCs YypaBHEHHEM C
pa3lelieHHbIMU TepeMeHHbIMU (T.e. ypaBHeHueM Bunaa (4.1)). 3mecp P(x)= i ,
QO(x) = cos y. IlooTOMy 00U HHTETPAIl JAHHOTO ypaBHEHHs OyJET UMETh BUJ!

fldx+fcosydy=C wi  Injx]+siny =C,
X
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rae C - mpou3BOIbHAS IOCTOSTHHAS. P>
3ameuanne 4.1. Cienyer OTMETUTh, YTO oOwuil unmeepan (4.3) ypaBHeHUs
(4.1) MOXXHO 3amucaTh U B CIAEAYIOIIEM BHUJIE

fP(x)dx + fQ(y)dy =C, (4.3a)

II€ Xo U )y - HEKOTOpBIE (uKCcuposanHvle 4YUCia U3 UHTEPBAIOB (a,b) U (c,d)
COOTBETCTBEHHO, a C - MPOU3BOJIbHAS TOCTOSIHHAS.

®opmyna (4.3a) aBisieTcs 0osiee IPeANOUYTUTENbHOU, yeM (4.3), B TeX 3ajaydax,
rje TpeOyeTcs HAWTH PEIIEHNE y = y(x) WIN X = x(y), YAOBIETBOPSAIOIIEE HAYaIbHOMY
YCIOBUIO y(x,) =y, WK x(y,)=x,. B oTOM ciydae mocratouno B Qopmyne (4.3a)
nonoxutb C = 0.

IIpumep 4.2. Haiitu pemenue x = x(y) AudpepeHnanbHoro ypaBHeHUs

1
l+x
YAOBIIETBOPSIOLIEE HAYAIIBHOMY YCIOBUIO x(0) = 0.
1

1+
dopmyie (4.3a) x, =0, y, =0 u C= 0, momyunm

sdx—=2ydy =0,

PEIIEHHME. 3nmecs P(x)= -» Q(x)=-2y. CnenoarenbHO, IOJIOKUB B
X

X y
f[l/(1+x2):|dx —f2ya’y =0, re. arctgx—y> =0 wm x =tgy’.»
0 0
OINPENEJIEHUE 4.1. Juggepenyuanvuvie ypasuenus suoa

MQ)N(y)dx + M, (x)N, (y)dy =0, (4.5)

ubU Ko Puyuenmol npu dx u dy a61110mcs npoussedeHusIMuU 08YX QYHKyull, 0OHA U3
KOMOPbIX 3a8UCUM MOJbKO Om X, a 0py2as 3a6UCUm MOJIbKO OM ), HA3bl8AIOMCS
VPABHEHUAMU C PA30eNAOUUMUCS NePEeMEHHbIMUL.

Bcrony B ganpHelem OyaeM nmpeamnosiaraTh, 4To B ypaBHeHu (4.5) pyHkuun
M(x) u M,(x) HenpepviéHbl HA HEKOTOPOM HHTEpBale (a,b) ocu OX, a N(y) u

N,(y) - nenpepuwienel Ha MHTEPBAJIE (¢, d) ocu OY .

Cpa3y 3aMeTuM, YTO K YypaBHEHUAM C pa3CiSIOIUMHUCA NEPEMEHHBIMU
OTHOCSITCSI, B YaCTHOCTH, YPaBHEHUS BUJA

%= £)-g() wm f(x)-g(y)dv—dy =0, (4.6)

rae fx) u g(y) — 3amaHHble QYyHKLUHUH, HenpepvliéHvle HA UHTEpBaax (a,b) U (c,d)

COOTBETCTBEHHO.
Jlanee ykaxxeM OJIMH U3 CIIOCOOOB pelleHus ypaBHeHus Bujaa (4.5).
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[Ipenmnonaras, yro
M, (x)N(y)=0 4.7)

ypaBHeHHe (4.5) (mo4neHHbIM feneHneM Ha M (x)N(y)) IPUBOIUTCS K CIEAYIOIIEMY
YPaBHEHHUIO C pa30eneHHbIMU nepemeHHbmu'
M, (x) "N (y)
Ho obwuii unmeepan ypaBuenus (4.8) MOXXHO 3a/1aBaTh B BUJIE

M@) N
fMl ) dx +f N dy=C (4.9)
NN B BUJIC
FM@ NGO
4.9
J m, " f oA (4-9)

rae C - Ipou3BOJIbHAS IOCTOSIHHAS.

OueBuaHo, uyTo cooTHomeHueM (4.9) (wmm (4.9a)) BeIpakaeTcss U o0OwuUil
uHmez2pal WCXOOHOrO ypaBHeHHsS (4.5), Tak Kak BCIKOE peIIeHHE y = y(x) (Wi
x = x(y)) ypaBHeHus (4.8) ynosierBopsieT u ypapHeHuto (4.5). Ho ypasaenue (4.8) Mbl

noyuuiu u3 ypaBHeHus (4.5) ¢ momomibio nenenust Ha Mi(x)-N(y). Iloatomy mipu
nepexojie oT ypaBHeHus (4.5) K ypaBHEHUIO (4.8) Mbl MOKEM MOTEPATH PEIICHUS, TIPU
KOTOpBIX M, (x)N(y)=0.

HetictButensHo, ecim M (x)N(y)=0, 10 mmubo M,(x)=0, mubo N(y)=0.
[IpoBepka IOKa3bIBA€T, YTO BCAKOE pEIIEHUE x=1x, YypaBHEHUS M, (x)=0
YIOBJIETBOPSIET W JaHHOMY JuddepeHnnanbHOMY ypaBHeHHIO (4.5), Tak Kak
M,(x,)=0#u dx, =0. AHanorn4so ar000€ pemenue y =y, ypaBHeHus N(y) =0 TaKxke
YIOBJIETBOPSET JaHHOMY JuddepeHunaibHOMy YypaBHeHUIO (4.5), mOoTOMy YTO
N(yy) =01 dy, =0.

Taxum 0Opa3om, eciii peleHns BUJa y = y, ¥ X = X, HE IOJy4aroTCs U3 OOILETo

unrerpana (4.9) (wiu (4.9a)) HU NIpU KAKOM 3HAYEHUH MPOU3BOILHOM MOcTOsSTHHOU C,
TO UX CIEAyeT 00aBUTh K TEM PEIICHUSM, KOTOPbIE HESIBHO 3aJaloTcsi (hopmysion
(4.9).
3ameuanue 4.2. 13 cka3aHHOTO BBILIE CIAEAYET, YTO I PELICHUS YPABHEHUS C
pa3iengiouMucs TnepeMeHHbIMU (4.5) Halo MpOU3BECTH JBE KBaJpaTypbl, T.€.
BBIYUCIIUTH JIBA HEOTPEICTICHHBIX HHTErpasia
f M (x) f Ny )
My N

Ipumep 4.3. Pemuth ypaBHEeHHE
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Q=x2\/}. (4.10)
dx

PEIIEHUE. Scno, uro ypaBHeHue (4.10) sBusercss ypaBHEHHEM C
pa3ieNaIoIMMHUCS IEPEMEHHBIMHU, TaK Kak OHO uMeeT Bu/ (4.6).
[Ipeanonaras y = 0, paznenum B (4.10) nepemennsie. Torna nomyyum

d—y=x2dx.

J

B34B unTerpansl 0T 00eux yacTel MocaeJHEero paBeHCTBA, OyAEM UMETh:

3
fd_fufxzdﬂc w2y =+ C. (4.11)
y

rie C - Npou3BOJbHAsA IOCTOSIHHAsA. OJTO M €CThb 0Owuii uHmezpan JAAHHOTO
muddepennumansaoro ypasuenus (4.10). PazpemnB ypaBHenue (4.11) oTHOCUTENBHO

¥, NOIY4YUM o0wee peuienue:
2

3
X

=|—+2C| .

HerpynHo 3aMeTuTh, 4TO0 PyHKIUSA y =0 TaKXKe SBISETCS pPEeIIEHUEM AaHHOTO

ypaBHeHus. Ho 310 pemenue ne nonyuaemcs n3 oOLIEro pelIeHHUs HU MPU KAKOM

3HaueHuHu C, T.e. y =0 SABISAETCA 0CcOObIM PEIICHUEM.

3 2

OTBET: y = (% + %] i y =0 (C - npou3BosIbHAS OCTOSIHHASA). P>

4.2. InddepeHunaibHbie YPABHECHUS, OJJHOPOAHbIC OTHOCUTEJIBbHO X U ). B
OTOM IYHKT€ MBI PACCMOTPHUM e€Ime OAWH Tul Ju(depeHITNaTbHBIX YpPaBHCHHMA
MIEPBOTO TOPSIKA, MHTETPUPYEMBIX B KBaJpaTypax.

ONPEJEJIEHUE 4.2. ®@yuxyus W(x,y), onpedenennas ¢ obnacmu DC R*,
Ha3vl6aemcs 0OHOPOOHOU (Qynkyuel n-i cmenewu (N€EZ), eciu 6 KadxdcOOU MouKe
(x,y)ED u 0aa nwoboco uucna t maxozo, umo mouxa (tx,ty)ED, 6binoaHsemcs
paseHcmeo

P(tx,ty)=t"¥(x,y) (nez)™.

Mpumep 4.4. ODyskmus F(x, y)=x"+4xy+y> sBISETCA  OJHOPOIHOI
byHKIMEH 6mopou cmenenu, TaK Kak i Bcex ¢t uo (X, y)ER2 HMeeM

F(tx,ty)=t*-F(x,y).»

IIpumep 4.5. Oynkuus d(x,y) =Y sBnseres OJIHOPOJHOMN (yHKUMEH Hyresou
X

' 3nech npeamonaraercs, uTo ¢ * () IPH OTPUIATETHHBIX 3HAUCHUSAX /1.
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cmeneru, Tak Kak
O(tx,ty) =1° - D(x,y).»

ONPENEJIEHUE 4.3. Juggdepenyuanvnoe ypasnenue 1-20 nopsoxka
M(x,y)dx + N(x,y)dy =0 (4.12)

HA36186Aemcs 0OHOPOOHLIM OMHOCUMENbHO X U Y, eClU 8 IMOM YPAGHeHUU QyHKYuu
M(x,y) u N(x,y) A6rawomcs 00OHOPOOHbIMU PYHKYUAMU OOHOU U MO Jice CHeneHu.

OTtmeTuM, 4YTO eciau MnpeoOpa3oBaTh OJHOPOJHOE OTHOCHTEIBHO X U Y
ypaBHenue (4.12) k Bugy

D ren, (4.13)
X

rae f(x,y)=-M(x,y)/ N(x,y) To npaBas 4actb (4.13) Oyzner onHOpOaHON (QyHKIHEH

Hynesou cmenenu, T.e. f(tx,ty)= t° £(x,y)= f(x,y). CrnemoBareibHO, MOXKHO
MPUHSTH CIEIYIONEe

OINPENEJIEHUE 4.4. /lugpppepenyuanvroe ypaguenue 1-20 nopsaoxka euoa
(4.13) 6yoem nHazvieamsv 0OHOPOOHBIM OMHOCUMENLHO X U Y , €ClIU 8 IMOM YPAGHEHUU
Qyukyus f(x,y) ecmb O0OHOPOOHASA (PYHKYUSA HYNE60U CMeneHu, HenpepuléHas 6

nexomopoii oonacmu D C R*.

B nanmpHeiimiem OyaeM wW3ydaTh OJHOPOJIHBIE OTHOCHUTENBHO X H )
muddepeHmanbable ypaBHEeHUs, 3a/lanHbie B BueE (4.13).

[TokaxkemM, YTO OJHOPOJHOE OTHOCUTENBHO X W ) JuddepeHUanIbHOE
YPaBHEHUE CBOOUMCS K YPAGHEHUIO C pPA30eNSIOUUMUC NepeMeHHbIMU, U HalaeM
CIIOCO0 OTBICKAHHUS €T0 O0IIEro HHTerpaa.

[lycte MBI umeeM auddepennuansHoe ypaBHeHnue (4.13), omHopomHoe
OTHOCHUTEJIHO TIEpEMEHHBIX X U ). Tak kak f(x,y) ABIAETCI 00HOPOOHOU PYHKYueu

. 1
HYe80lU cmenenu, To, nonaras t =— (x=0), OyJaeM UMETh
x

ﬂ%ﬁ=ﬂmw#f@§-

[TockonbKy B MpaBOM YacTH MOCIEIHETO TOXIECTBA CTOMT (YHKLUS OT
aprymeHnTa y/x, To, 06o3HauuB f(1,y/x) 4epe3 ¢(y/x) u3 (4.13), nomydum

P_ ga(l). (4.14)

dx X

3amerum, uTo mpu BeceX x = 0 ypaBHeHus (4.13) u (4.14) paBHOCHIbHBI. Takum
0o0pa3oM, OJJHOPOJIHOE OTHOCUTENBHO X U )y nuddepeHnnanbHoe ypaBHeHue (4.13)
BCErJa MOKHO IpeACTaBUTh B BUie (4.14), rae ¢y/x) - 3anaHHas HenpepviéHas Ha
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MHOXecTBe G = {(x,») ER?| a<y/x <b,x =0} QyHKIys.

Jlanee moxaxkem, 4TO ypaBHeHUs BuAa (4.14) cBoasTCS K ypaBHEHUSIM C
pa3eNAIOUMMHUCS IEPEMEHHBIMH (T.€. BCETJIa UHTETPUPYIOTCA B KBaApaTypax).
JIeliCTBUTEIBHO, €CIIH B BBIPAKEHUH ¢ )/ X) IIEPEMEHHBIE X U ) YK€ pazoeienvl

2 2
(kak, HampuMmep, B clly4yae (])(Z) = (X) = y—z), To (4.14) ecth ypaBHEHHE C
X X X
Pa3ICIAIOMNUMUCS TIEPEMEHHBIMH.
Ecin ske 3TO ycioBHe He BBITOJHSIETCS, T.C. IIEPEMEHHBIC X H ) B BBIPOXKECHUHN
/
Gyukunm ¢y/x) He paszdensiomcs (kak, Hampumep, B ciydae @(y/x)=e’""), o

ypaBHeHue (4.14) cBOOUTCS K ypaBHEHHUIO C DPa3JEISIONIMMUCA TEPEMEHHBIMHU C
MOMOILBIO BBEJICHUSI HOBOU HeU38eCMHOU (YHKYUU

U(x) = % (4.15)

KOTOpas CBA3aHA C HICKOMOU QyHKIHEN y = y(x) 10 (popmye
y=xU(x). (4.16)

HencrBurensHo, us (4.16) umeem y'=U(x)+xU'(x). IlosTomy, moxcrasisas B

ypaBHeHue (4.14) noaydeHHbIe BbIpAXKEHUS 114 ) U )', OyJeM UMETh:
xU'+U =@U) v xdU =[@(U)-Uldx. (4.17)

Ho mocnennee ypaBHEHHE, OYEBUIHO, SIBISAETCS YPaBHEHHEM C Pa3IeNSIOIIUMUCS
MEPEMEHHBIMH.
Hanee mpeamonoxum, 4to @(U)-U =0. Torma, pasmenss nmepeMeHHbIE, U3
(4.17) nomyuum
dU dx
—_— = (4.18)
pU)-U «x
CrnenoBartenbHO, 0Owutl unmezpan ypaBuenus (4.17) BeIpa3uTcs COOTHOIIEHUEM

dU

IW =ln‘x‘+C, (419)

rae C - mpou3BoOJIbHAS MOCTOSIHHAS.
[ToncraBnss B (4.19) BMecTo nepemenHoid U ee 3HaUY€HHE V/X, MBI TIOJyYaeM

obmmii uaTerpan ypaBHenus (4.13) B 06:1acTh G = {(x,y)ER?| a <= <b, x = 0} -
X

3ameuanne 4.3. 3necy npu BeiBoAe (Gopmyibl (4.19) MBI MOTIU MOTEPSATH
pelieHrs UCXOaHOTo ypaBHeHus (4.13) u3-3a clleaHHBIX HaAMU MPEINONOKEHUN O
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ToM, 4TO0 (U)-U =0, UE(a,b) u x=0, T.€. ¢(Z)_Z¢O npu a<?<b.
XX X

JelicTBUTENBHO, eciu @y /x) = y/x, To muddepeHnuanpsHoe ypaBHeHue (4.13)
NPUHUMAET BUA dy/dx=y/x wm dy/y=dx/x, A €ro oOmuM pemeHreM OyIeT
¢ynkuusa y = Cx, rae C - Ipou3BoJibHAs MOCTOSTHHAS.

Ecorm xe mnpm xkakom-iuoo U =U, (U, =const,m=1,2,..) w3 (a,b)
BBINIOJIHAETCS paBeHCTBO ¢(U, )-U, =0, 10 y=U, K x Takke OyHeT pPEHICHHEM

ypaBHenus (4.17) (3HauuT, u ypaBuenus (4.13)), e cogepxaniumces B (4.19). IToatomy
BCE pelIeHus BuAa y=U, x HyXKHO NOOaBUTh K IOIY4YEHHBIM IO (opmyie (4.19)

pelieHusM UcXoiHoro nuddepeHnnanbHoro ypasuenus (4.13).

Hakownertr, 3ametnm, 9T0 QyHKIHS x = 0 TaKKe SBISICTCS PEIICHUEM YPAaBHCHHUSI
(4.17), ve copepxammumcs B (4.19). Ho x=0 He 6cec0a sABAsSeTCS peUICHUEM
ucxonHoro ypasHenus (4.13). Hampumep, mpu ¢y /x) =-1 ¢yHxuus x =0 He Oyner

pemenreM ypaBHeHHs (4.13), Tak kak OHa He yJOBIIETBOPSET YpPaBHEHUIO dy/dx = -1

Ecmu xe ¢(X) =-1- X, TO x =0 eCThb pEelIeHUE YPABHEHUS

X X

dx 1 X

dy @y/x)  x+y
3ameuanmne 4.4. Ha npaktuke oOmuii uaTerpan (4.19) unorga 6siBaet yao00HO
paccMaTpuBaTh B BUJIE

U

[ i+ (4.192)
U0§0(U) -U

rae Uy - HekoTopas ¢puxkcuposanuas TOUYKa U3 HHTEpBaja (a,b).

Ipumep 4.6. Pemuuts ypaBHEeHHE

2 2
% _ % (4.20)

PEIUEHUE. 3mecs f(x,y)=(y>+x>)/xy - omHopomHas (YHKIHUS HYJIEBOM
crenenu. Clen0BaTENbHO, MBI HMEEM OJHOPOJHOE OTHOCHTEIBHO MEPEMEHHBIX X U Y

ypaBHenue. [lepenuiiem ero tak:
d

YL 2 (4.21)
dc x y
Y _ dy dUu
[lonaras = = U, nony4um e U+x- — Torna ypaBuenue (4.21) npeobpa3zyercs K
X X X
BUTY
dx
U+x.d_U =U+l wm UdU =—.
dx U X

WuTerpupys o0e 4acTH NOCIEAHETO YPABHEHMUS, TIOJTYyUYUM
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2
UT =Inx|+C wm U?=Inx*+2C, (4.22)

riae C - npousBoiibHas nocrosinHasd. Tak kak U = y/x, T0 u3 (4.22) OyneM UMETs:

y? =x*Inx* + Cx?, (4.23)

rae C, (C, = 2C) — npou3BOJIbHASA IOCTOSIHHASA. DTO U €CTh 00wl UHmMe2pai JAHHOTO
ypaBHenus (4.20). OdveBuUgHO, 4TO 37ech (GYHKIUSA x=0 SBISIETCA PpEIICHUEM
X xy
«IIEPEBEPHYTOr0» yPABHEHUSA —— = ———
dy y +x

3aaBaeMbIM 110 hopmyie (4.23), HykKHO 100aBUTH U pelieHue x = 0.»

. [ToaTomy K perienusm ypaBuenus (4.20),

II. KOHTPOJIBHBIE BOITPOCBHI U 3AJJAHU A

1. Kakoe nuddepeHnuanbHoe ypaBHEHHE HA3bIBACTCS YPaBHEHHEM C
pa3ieIeHHbIMU IEPEMEHHBIMU?

2. KakoB 001miuii HHTErpai ypaBHEHUS C pa3eJeHHBIMU IEPEMEHHBIMU?

3. Kakoe nuddepeHnuanbHoe ypaBHEHHE HA3bIBACTCS YPaBHEHHEM C
pa3aeSIONIMMUCS IEPEMEHHBIMU?

4. KakoB 001IMI HHTErpall ypaBHEHHUS C pa3ACISIOMMUMUCS TEPEMEHHBIMU?

5. MoxeTr i ypaBHEHUE C Pa3ACIISIONIUMUCS MEPEMEHHBIMU UMETh 0cobObie
pewenua? 1louemy?

6. Korga ¢ynknus f(x,y) Ha3bIBaeTCss 0OHOPOOHOU (DYHKYuel cmeneHu n 6

o6racmu DC R*?

7. Kakoe  auddepeHimaibHoe  ypaBHEHHE  HA3bIBAE€TCA  OOHOPOOHBIM
OMHOCUMENbHO X U Y 7

8. KakoB o0mmit wmeton pemeHus AudQepeHIuaIbHOro  ypaBHEHUS,
OJHOPOJIHOTO OTHOCUTENIBHO X U Y ?

9. MoryTt 11 ypaBHEHUS, 0OHOPOOHbIE OMHOCUMENLHO X U J, UMETh 0cobble
peuterus?

I11. TIPUMEPHKI 1 3BAJJAUN JUISL AYIUTOPHOI PABOTEI
4.1. Haitaute oOuiee u ocodble penieHus nuddepeHnaibHOr0 ypaBHEHUS
2 +x)y'+x? = x? = 0.

4.2. HaiiiuTe 4aCTHOE PEIICHUE YPABHECHUS )'= 2\/; Inx, ynosieTBopsroniee

HAYaTbHOMY YCIOBHIO y|  =1.
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4.3. Pemure ypaBHEHHE )'=sin(x — y), UCIIONb3Ys 3aMEHY IIEPEMEHHOM.
4.4. Pemnte nuddepeHinanbHble ypaBHEHUS:
a) ydx+(2\/g—x)dy =0; 0) (y+m)dx—xdy =0.
4.5. Haitnute mHTErpasibHble KpUBBIE, MPOXOaAIIne yepe3 Touky M (1;1), mis

CIIEAYIONIMX YPABHEHUN: a) y'=£+2; 6) xy'= xsin? + V.
y X X

dy _y+x’-y"
X

X

4.6. Pemnte nuddepeHimaibHoe ypaBHEHNE

4.7. Haitnute KpuBylO, Mg KOTOpoi momanb ( ¢urypbsl, orpaHUYEHHOMN
WCKOMOW KpUBOM, Oocbt0 OX W AByMs NOpsMbIMHM, NapamwiedbHbIMH ocu OY wu
nepecekarIuMu ock adciucc B Toukax 0 u x, sBiasercs (yHKUHMEH OT y BHAA:

Q=azlnx, a>0.
a

IV. 3AJAHUS JJII CAMOCTOSTEJIBHOM PABOTEI

4.8. Haiinute oOuiee u ocoObie penieHus: qudpepeHnanbHbIX ypaBHEHUMN:

a) yedx - (1+e*)dy =0; 0) yy’=1_2x.
y

4.9. Haiinure yactHoe penieHue U PpepeHInanbHOro ypaBHeHUs y'tgx — y =1

YIOBJIETBOPSIOIIEE HAYAIIbHOMY YCIOBHUIO y\xi =1.
2

4.10. Pemute nuddepeHnnanbHbie ypaBHEHUS:

a) xy’cosZ=ycosZ—x; 0) y'=Zan.
x x X X

2
4.11. HaiiauTe MHTErpaIbHYIO KPUBYIO YPaBHEHUS xydy — y dx = (x + y)’e *dv,

POXOAAILYyI0 uepe3 Touky M (1;1).

X X

4.12. Haliure MHTErpaibHy0 KpuBYyt0 ypaBaernus (1+e” )dx +e” (1- £)aly =0,
Y
IPOXOAAIyI0 uepe3 Touky M (0;2).

4.13. Haiimure KpUBYIO, NPOXOMSIIYIO 4epe3 TOUKy M (-1;1), ecnu yrioBou

KOd(pdULIMEHT KacaTeNbHOU K HEl B JIFOOOU TOYKE paBeH KBaJpaTy OpJAMHATHI TOUKU
KAacaHMsl.
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SAHATHUE Ne 5

Tema: Indgdepenuunaibubie ypaBHeHUus 1-ro nopsijika, He pa3pelieHHbIe
OTHOCHUTEJIbHO MPOU3BOIHOM

I. OCHOBHLIE TEOPETUYECKUE CBEJAEHUA

5.1. updepenuuanbubie ypaBHeHuss 1-ro mopsiika, He pa3pelleHHbIE
OTHOCHUTEJIbLHO MPOU3BOAHOM. PaccMoTpuM ypaBHeHuHE 1-ro mopsiaka

F(x,y,y")=0, (5.1)
HE Pa3pelIeHHOE OTHOCUTEIBHO MMPOU3BOIHOM.

Huxe  OynyT  ykazaHbl  HEKOTOPbIE  OTJIMYHUTENbHBIE  OCOOCHHOCTH
muddepeHuanbHbpIXx  ypaBHeHH Buaa (5.1) mo CpaBHEHUI0O C ypaBHEHHSIMHU,
pa3pelIeHHBIMU OTHOCUTENIBHO MPOU3BOIHOM.

Bo-niepBbix, ypaBHeHus Buna (5.1) MoryT BoBce HE UMETh (JI€MCTBUTENbHBIX)
pemenuii. Hanpumep, TakuM siBisieTCs ypaBHEHUE P2 +5=0.

Bo-BTophix, ypaBHeHue (5.1), Tak e Kak M ypaBHEHUE, pPa3pEHICHHOE
OTHOCHUTEJILHO MPOU3BOIHOM, OMpPEAEISIET HEKOTOpoe noie HanpasneHuti. Ho 371ech,
KaK IpaBuIIO, B 3aJJaHHOM Touke P, (x,,y,) ypaBHenue (5.1) ompenenser He onHO, a

HECKOJIbKO HAIIPaBJIEHUW MOJIsI, TAK KaK pa3pelias ypaBHEHUE
F(x9,¥,,) =0, (5.2)
o vll
OTHOCHUTCIIBHO y', MOKCM IIOJIYUYUTb HECKOJILKO (I[CHCTBI/ITGJII)HI)IX) peuicHun .

Hanpumep, mis auddepeHmaibHOro ypaBHEHHS y?=1 uHmezpaIbHuIMU
Kpueblmu CIIyKaT npsimele y =x+C U y =-x+C,11e C - IPOU3BOJIbHAS IIOCTOSHHAS.
CrnenoBarenbHO, Yepe3 KakIyl TOYKy Fy(x,,y,) miockocty XOY mpoxomar nse
B3aMMHO MEPHEHANKYJIIPHbIE MHTETPAJIbHBIE KPUBBIE JaHHOTO AU((HEPEHINATIBLHOTO
ypaBHEHHS, NpUYEM IOJ¢ HANpaBIeHHil I ypaBHemms V'° =1 mnomydaercs
HAJIOKEHUEM II0JIEU ypaBHEHUU y'=14 y'=-1.

Kak u B citydae ypaBHEHUs, pa3peUIEHHOTO0 OTHOCUTEIBHO MPOU3BOIHOM, OJHOM
13 BaXXHEUIUX 3a/1a4 Jyis ypaBHeHus (5.1) sBasiercs 3agava Komu.

OINPEAEJIEHUE 5.1. 3aodaueii Kowu ona ougghepenyuanvrnozo ypasheHus
(5.1) nasvisaemcsa 3adaua, cocmoawas 8 HAXOHCOEHUU PEUeHUll IM020 YPAGHEeHUsl,
V00871emEoPAIOUUX HAYATLHOM) VCIO8UI0 UOA

Y X=X =y0 (53)

(llmO, 0’166140H0, coomeemcneyem HAXO0HCOCHUIO uHmezpailbHblx KpuebolXx,

' Boob11ie roBOPS, UMCIIO PeleHHit ypaBHEHHS (5.2) MOKET ObITh U GECKOHEUHBIM.
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npoxXooswux 4epes 3a0annyio mouxy Fy(x,,v,)). Ilpu amom, eciu uucno pewenui,

VO08I1emBoOpAIOWUX NOCMABIEHHOMY HauyanbHomy ycaoguto (5.3), ne Oonvuie, yem
YUCII0 HanpaeneHuil nojis, onpeoensemozo ypasienuem (5.1) 6 mouxe Fy(x,,y,) (m.e.

yucna pewenutl ypasuenusi (5.2)), mo 6yoem cogopums, umo 3adaya Kowu (5.1), (5.3)
umMeem eOUHCMBEHHOe peuleHue. B npomusHom crayuae Oydem 2080pums, UMO
paccmampusaemas 3adaya Kowu umeem ne eouncmeennoe peuierue.

B cooTBeTcTBHM C TPUHATHIM ONpEIeIeHHEM, KaKoe-Tu00 KOHKPETHOE
pemenue y = @(x) suddepeHnnanbHoro ypapHeHus (5.1) OyaeM Ha3bIBaTh YacmHblM
peuteruem, eCli B KaXI0H TOUKE W300pakarolieil ero MHTerpabHON KPUBOH umeem
Mecmo eouHcmeenHHocmy pemeHus 3agaun Komm. Ecnmu ke B KakIoW ToYke
HEKOTOPOM MHTETpaabHOM KpHUBOH y =1(x) auddepennmanbaoro ypapaeHus (5.1)
HapylLIaeTcsl €QUHCTBEHHOCTD pelleHus 3anaun Ko, To Takoe pemeHue y =(x)

OyJlileM Ha3bIBATh 0COOBIM.

CrpaBeyIMBO CIIEYIONIEe BAXKHOE yTBEpPKIAEHUE (CM. Takxke, Hanpumep, [16],
c. 105), ykaspiBaromiee HEKOTOPBIE O00CMAMOUYHble YCl06Us CYIICCTBOBAHUS H
€IMHCTBEHHOCTH pemtenus 3agauu Komm (5.1), (5.3).

Teopema 5.1. Ilycmov Oano ougpepenyuanvroe ypasuenue suoa (5.1), 2oe
Qyuxyus F(x,y,y'") obradaem credyrouumu mpems c60UCmMEamu:

1) F(x,y,)') nenpepviena 6 nexomopoi 3aMKHYMOU U 02PAHUYEHHOU 001acmu

GCR*:

2) ona Hexkomopou mouku P,(x naockocmu  XOY YUCIO pa3IuyHbIX
0Xg>)0

pewenuii ypasnenus (5.2) Koneuno u pagno m (nycmo dSmMmumu peueHUusMU sA81AI0MCS
yucna by, b,,...,b,);

3) kaxcoasn us mouex M, (x,,y,,b;) (i=1,2,...,m) nexcum enympu oonacmu G,

U 8 HeKOmopou okpecmuocmu V, Kaxcoou uz smux moyex Qyuxkyusa F(x,y,y") umeem

oF  OF

HenpepvieHble YACHbLE NPOU3EOOHbIE —— U ——, NPUYEM |—

dy 9y 0y'

Tozoa cywecmeyem oxpecmuocmv U mouku Py(x,,y,) Ha niockocmu XOY ,

=£>0.

yepes Kaxicoylo MOUYKY KOMOPOU NpOXoOum pOBHO M UHMESPAIbHbIX KDPUBLIX
ypasHerus (5.1).

SIcHO, YTO TpU BBIMOTHEHUH YCIOBUU Teopembl 5.1 Bce pemieHus, rpaguku
KOTOPBIX JIEKAT 6 okpecmuocmu U mouxu By(x,,y,), OyAyT vacmuvimu peuenusmu

muddepennuanbaoro ypapuenus (5.1).

Jns Toro 4YToOBI TOBOPUTH 00 obwem peuwenuu (0dwem unmezpane)
muddepeHmanbHoro ypaBHenus Buga (5.1), orpaHuuuMcs Jlanee paccMOTpEeHUEM
cirydasi, Korja, pasperias ypaBHeHue (5.1) OTHOCUTENBHO )', MBI TIOJTy9aeM KOHETHOE
YUCJIO 8euyeCmE8eHHbIX PEIICHUI:
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y'=fi(x,»),
y'=f2(x’y)9 (54)

V'= Su (%),
rae Gyskumm  f, (x,y) (k=1,2,..,m) ONPEIEIEHBl M HENPEPBIBHEI B HEKOTOPOH
obnactu D miockoctu XOY .

ITycTs BO Besikol ToUke M (x, y) obnacti D HampaBiieHHs MO, ONPEACIEMBIE
KaXJIbIM U3 YPaBHEHHUUN COBOKYMHOCTHU (5.4), pa3iuyHbl, T.€. HHTErPAJIbHbIE KPUBbHIE
Pa3IMUHBIX YpaBHEHUM COBOKYMHOCTH (5.4) He MOTyT KacaThes Apyr apyra. Kpome
TOro, MPEANOJIOKUM, YTO IJIA KaXJAOr0 U3 ypaBHEHHU cOoBOKymHOCTH (5.4) 3amaua
Komu B o61actu D uMeeT eIMHCTBEHHOE pellieHne (AJ1sl 3TOTO 10CTaTOYHO, YTOOBI BCE
bynxkuun £, (x,y) (k=1,2,..,m) ObUIM HENPEPHIBHEI BMECTE CO CBOMMH YAaCTHBIMH

IOPOM3BOAHBIMUA 1O y B obnactu D), m mycteb @ (x,y,C)=0, P,(x,y,C)=0,...,
® (x,y,C)=0 - oOmme MHTErpaibl COOTBETCTBYIOUIMX YPABHEHUH COBOKYIIHOCTH

(5.4) B obmactu D.
OIIPEAEJIEHUE 5.2. CoBOKYIHOCTb OOIIMX UHTETPATIOB

(D, (x,y,C) =0,
(I)Z(xayac)=09 (5 5)
P, (x,y,C)=0

OyneM Ha3pIBaTh OOIMIMM uHTerpajgoMm auddepeHuranbHoro ypaBHeHus (5.1) B
obnactu D.
YacTo BMECTO COBOKYIMHOCTH YpaBHEHUH (5.5) MUIIYT paBHOCUIILHOE €l OJIHO
ypaBHEHHE BUJIA
D (x,,C) D, (x,,C) ... @ (x,y,C)=0. (5.6)

BaxxHO 3aMeTUTBh, UTO MPH CACTAHHBIX BBIIIE MPEINOI0KEHUAX B KAXKI0M TOUKE
M(x,y) obnactu D umeem mecmo eouncmeéeHHocmsb pewenus 3adayu Kowwu o0n4

ypasHerus (5.1).

IIpumep 5.1. Haittu oOuuii unrerpan audepeHimaibHOro ypaBHeHHs
2

(y’—l) ~X_o, (5.7)
X 4
PEIIEHUE. Paspemass OTHOCUTENBHO )' JaHHOE YpPaBHEHHE, IOIYy4YaeM

COBOKYITHOCTbB JIBYX ypaBHCHI/Iﬁ BHUAA

&
2

.8
& 69
2



MpaBble YACTU KOTOPBIX SIBISIOTCS HEMPEPHIBHBIMU (QYHKIIUSIMU (BMECTE CO CBOMMU
YaCTHBIMU MPOU3BOHBIMH 10 ) B MOJTYIIOCKOCTH X > 0.

OGumiee pemieHue nepsBoro u3 ypasHeHuil (5.8) mmeer Bum y=Crx++x’, a
BTOPOTO - y = Cx —x° , rae C — pou3BojbHas nocTosHHas. O6a 3TH pelIeHns MOKHO
3a/1aBaTh OJHUM COOTHOIIIEHUEM BHUAA

(y-Cx)* -x" =0, (5.9)

T.€. ypaBHeHue (5.9) ectb o6muit uaTerpan auddepeniuaibuoro ypasaenus (5.7) B
MOJIYIUIOCKOCTH x > 0.

3aMeTuM, 4YTO Yepe3 KAKAYK TOUYKY MOJYIUIOCKOCTH x>0 MIpOXOIAT JIBE
UHTETpaibHble KpuBble ypaBHeHus (5.7). Tak, Hampumep, HauyalbHOMY YCIOBUIO

. [ 3 [.3
y|x=1 = 2 YJOBJETBOPSIOT J1Ba YACTHBIX PEIIEHUS: y =X +VXx~ U y=3x-+vx .

Ocobvie pewenuss s nuddepeHIHANIbHBIX YypaBHeHUM Buaa (5.1), kak
MIPaBUJIO, UTITYTCS CPEIN KPUBBIX, TMOTYYAIONTUXCS HCKITIOYEHUEM )' U3 CHCTEMBI

F(X,y,y') = Oa
r (5.10)
' '

Takue KPHUBBIC HaA3bIBAKOTCA auCKpUMMHCleHblMM Kpuebimu

ougppepenyuanvroeo ypasnenus (5.1).

Opnnako He BCsiKas TUCKPUMUHAHTHAs KpuUBas sBIsETCS (0COOBIM) pelieHreM
nanHoro aud@epeHnuanbHoro ypaBHeHus. [losToMy, Haiias IUCKPUMUHAHTHYIO
KpUBYI0, 00s13aT€IbHO HYKHO MPOBEPUTH, SIBISETCA JU OHA MHTErPAIbHOW KPHUBOM
JaHHOro MudQepeHInanIbHOr0 YpaBHEHUSI U HapyIIaeTcs JIM B KaXJAOW ee TOYKe
€MHCTBEHHOCTH perieHus 3aaaun Komm (0onee moapoOHO ¢ 0COOBIMU PEMICHUSIMU U
UX CBOMCTBaMU MOXHO TTO3HAKOMUThCS, Hanpumep, B §4 r.Ill kuuru [21]).

B 3akiitoueHue 3Toro nyHKTa pacCMOTPUM HEKOTOPbIE KJIacChl ypaBHEHHM BUIA
(5.1), npu UHTErPUPOBAHUU KOTOPHIX YAOOHO UCIIOIB30BATh TaK HA3bIBAEMBIN Memoo
86edeHUs napamempa. ITOT METOJI MO3BOJISET cBeCTU AudhepeHIInanbHOE YpaBHEHUE
(5.1) Kk ypaBHEHHIO, pa3pPEHICHHOMY OTHOCUTEIBHO  MPOU3BOAHOU  (ist
00CTOATENILHOTO 3HAKOMCTBA C METOJIOM BBEICHHSI MapaMeTpa aBTOpP PEKOMEHIYET
yuTaTeNno, HanpuMmep, kauru [20], [21]).

5.2. YpaBHeHus1, pa3peminMbie SBHO OTHOCUTEJIbHO Y, T.€. YDaBHEHUS BHUA

y=1(x)"). (5.11)
Beoxaa B ypasHenue (5.11) napamemp p =y', nonydaem y = f(x,p). Hanee,
B3s1B MOJHBIN AudepeHIman or 00eux yacTeil mocieHero paBeHCTBa, OyAeM UMETh:

dy = of(x,p) . I (xp)
ox op

dp . HakoHel, B TOJly4EeHHOM PaBEHCTBE C YIE€TOM dy = )'dx
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3aMeHsieM dy Ha pdx (4roObl HMckmounTh y ). Torma mnomywaem ciemyromee

o) d
nudepeHnraIbHoe ypaBHEHUE: pdx = A ((;c,p )dx+ A (ax,p ) dp wnn
X P
d d d
pe f(x.p)  f(x.p)dp 5.12)
ox op dx

OueBuniHO, uTO NocaeAHee AuddepeHInanbHOe YpaBHEHUE JETKO Pa3peliumo

OTHOCHTEIBHO Mpom3BoHON %P . [IpeimonoxuM, dTo d(x, p,C)=0 - oOmui

dx
uHrterpan nuddepennnanbHoro ypasuenus (5.12). Torna cuctema ypaBHEHUM
D(x,p,C)=0
y=f(xp),

A€ p- TapaMmeTp, ONPEAENsieT CEMEWCTBO HMHTErPAJbHBIX KPHUBBIX HCXOIHOIO

muddepennuanbaoro ypapaenus (5.11).
I[Ipumep 5.2. Pemnte nuddepenimanbHoe ypaBHEHNE

y=2x"-(y')’. (5.13)
PEIIEHUE. TIlonmaras p=y)' OyxeM wuMeTb: J=2xp-— p3. Orcrona,

mudepeHuupys 1o x, moaIyIum

p=2p+(2x-3p2)j—’;. (5.14)

d,
[Ipenmnosoxus, 4TO p—p = 0, a 3aTeM, pa3aenauB o0e yacTu ypaBHeHus (5.14) Ha

dx
dp .
p——, Oynem uMeth: — +—x =3p. Ho mociennee ypaBHEHUE SBISICTCS JIMHCHHBIM
dx dp p
HEOJHOPOJHBIM (D PEepeHINATBHBIM YPaBHEHHEM OTHOCHUTEIBHO X, U €ro o0Iee
pEIIeHEe MOXKHO 3a7]aBaTh TaK:

X + 3 2
=—5t-P,
p- 4
rae C - MNpou3BOJbHAas NOCTOsiHHAsA. (ClienoBaTENbHO, WHTETPAIIBHBIE KPUBBIC

ypaBHenus (5.13) onpenensitorcs cieayromieil CucTeMon ypaBHEHHUI:

3 5,
x=—2+—p ,
P’ 4 (5.16)
y=2xp—p3.

BaxxHo emie 3aMeTuTh, YTO MOCKOJIBKY IpH Tepexonae oT ypaBHeHus (5.14) k

dp
ypaBHeHUIo (5.15) ObLUIO cAenaHo NPEaNoNI0KEeHHE pd— # (0, TO HY>)KHO ITPOBEPUTH, HE
x

TEPSAIOTCSA JIU MPU ITOM pelieHus: ypaBHeHUs: (5.14), yAOBIETBOPSIONIUE YCIOBUIO

d,
p—p=0. Tak Kak U3 IOCIETHETO DPAaBEHCTBA CleAyeT p=0 WId p=p,, T
X
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D, = const = 0, IPUYEM U3 HUX JINIIG p = (0 ABIAETCA peHIeHueM ypaBHenus (5.14), To

OYEBUJHO, YTO B CEMEHUCTBO HMHTErPalbHbIX KPUBBIX (5.16) HE BXOIUT JUIIL TO
pelIeHre UCXOJHOT0 ypaBHEHUS (5.13), KOTOpOE COOTBETCTBYET 3HAUEHUIO ITapaMeTpa
p =0, T.e. pemieHue Buaa y = (0. 3HAUUT, K PELICHUSIM, 3a1aBaeMbIM cuctemoi (5.16),

HY>KHO JJOOAaBUTb U penieHue suga y =0.»
5.3. YpaBHeHus1, paspemiuMbie SBHO OTHOCUTEJIBHO X, T.€. YDaBHEHUsI BHUAA

x=f(my). (5.17)
B sTom ciydae takxxe BBeneM napamemp p = y'. Toraa us (5.17) Oyaem umeTs:

x=f(y,p) n dx=af(ay’p)dy+af(;’p)dp. (5.18)

ITockoneky dy = y'dx, To ¢ yaeroMm (5.18) nmoryunm

dy = p{af(y,p) PRLACLY) dp} -
dy ap

_Y».p) I.p)dp

1
— . (5.19)
p dy op dy

ITycte ®(x,p,C)=0 - obmui uHTerpan aupQGepeHIUaIbHOTO ypaBHEHHS
(5.19). Torma cucrteMa ypaBHeHUI
D(x, p,C)=0
{x = f(».p),
rie p - mapaMmerp, OMNpEeAeNsieT CEeMEWCTBO HMHTErPalibHBbIX KPUBBIX HCXOIHOTO

muddepennuanbuoro ypapaenus (5.17).
IIpumep 5.3. Pemnte nuddepenimanbHoe ypaBHEHNE

4(y') -9x =0. (5.20)
PEHIEHUE. /lanHo€ ypaBHEHHE MOXKHO IIEPENUCATH B BUAE: X = g( y")’. Beens

4
B IIOCIEOHEM YpPaBHCHUM IIapaMeTp p =)', TOJIy4aeM: x=§ p>. Orcrona,

muddepeHuupys, HaXOauM: dx = g pdp wm (c ydetoM dy=y'dx) dy= g pldp.
HakoHer, ¢ mOMOIbI0 UHTETPUPOBAHUS, U3 TIOCIEIHETO YPAaBHEHHS OyJIeM HWMETh:

8 .
y= 57 p’ +C, e C - Npou3BOIbHAs MOCTOsSHHAs. MTak, CEMENCTBO MHTETPABHBIX

KpUBBIX ypaBHeHHUs (5.20) MOKHO 3a/1aBaTh TaK:

x=2p?
9P )
(5.21)
=£ +C
y=57P



3nech, MCKIIOYMB W3 cucTeMbl (5.21) mapamerp p, HUCKOMOE CEMEHUCTBO

MHTETpaIbHbIX KPUBBIX YpaBHeHUs (5.20) MOXKHO 3a/1aBaTh IBHBIM YPAaBHEHUEM BHUA

y= xx+C ,
rae C - Ipou3BOJIbHAS MOCTOSAHHAs. P>

5.4. CocraBienue qudpdepeHunaIbLHOr0 ypaBHeHus: 1-ro nmopsijaka mo ero
o0memMy mHTerpasay. Msl ye OTMEUalau, 4TO OJAHOM M3 OCHOBHBIX 3aJay TECOPUU
mudpepeHnanbHbIX YpaBHEHUN 1-TO MOpsIKA SIBIASETCS CIIETyIOIast.

Hano ouggpepenyuanvroe ypasnenue F(x,y,y")=0. Hyaxcno navimu e2o obwuii
unmezpal.

Opnnako B Teopun audepeHImaibHbIX YpaBHEHUHN U B IPUIIOKEHUSIX HE MEHEe
BAXKHOE 3HAUCHHE MMEET OOpaTHas 3ajava: Haumu oughgepenyuanrvuoe ypasHeHue
1-20 nopsioka, obwuil unmezpan KOMopo2o 3a0aH.

Huxe ykaxkem cioco0 penieHust nocyieHen 3a1auu.

[IycTte oOwmuii wHTErpal UCKOMOro aud@epeHuanbHOro ypaBHEHUs 1-ro
nopsizaka (5.1) 3amaercs B BUIe

D(x,y,C) =0, (5.22)
rae C - mpou3BOJIbHASI MOCTOSTHHAS.

VYpaBuenue (5.22) ompenensier i Kaxaoro 3HaueHuss C Ty WM HHYIO
UHTETPalbHyl0 KpHUBYIO V= y(x). IlogcraBuB B (5.22) BMECTO NEPEMEHHOU Y
(GYHKIHIO y(x), TOTYYHMM HEKOTOPOE TOXKIAECTBO (OTHOCUTEIBHO IEPEMEHHOH X ).

Hudbdepenuupyss moiydyeHHOE TOXACCTBO MO x (mpu 3amaHHoM 3HaueHun C ),
HaXOJIUM COOTHOILEHHE MEXAY KOOpAMHATAMHU TOUYKU M YTIOBBIM KO3()PHUIIMEHTOM
UHTErpajabHOM KPUBOH y = y(x) B OTOU TOYKE:

P (x,5,C)+ P (x,»,C -Zx—y=o_ (5.23)
Ecoiu ypaBHenue (5.23) ©He comepxur C, TO OHO YyXKE€ SBIAETCS
mudepeHnanbHbIM YPABHEHUEM CEMEICTBA KPUBBIX, ONpPEETAEMbIX YPaBHEHUEM
(5.22). Ecnim xe B ypaBHenue (5.23) Bxoautr C, TO sl TOro, 4TOObI HAWTH
COOTHOIIIEHHE MEXAY X, ¥ U )', IPUTOJIHOE JUIsl BCEX TOUEK 000N MHTErpaibHOM
KPUBOW, HAJ10 UCKIIFOUUTH C U3 CUCTEMBI ypaBHeHI/Iﬁ12
®(x,»,C)=0,

' b 5.24
D, +D, -y =0. ( )

IIpumep 5.4. Haiitu nuddepeHunanibHoe ypaBHEHUE, OOIIUNA HHTETpai
KOTOPOTO 3a/1a€TCs ypaBHEHUEM

(x-C)* +y* =1. (5.25)

Plpyrumu croamu, Haiias 3Hauenne C M3 OJHOTO YPAaBHEHHS IaHHOM CHCTEMbI, MOJACTABUTH €ro (T.e.
HailineHHoe 3HaueHue C) B Ipyroe ypaBHEHHE ITOI CUCTEMBI.
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PEIIEHUE. quddepenunpys 0be yactu (5.25) no x, Horydyum
2(x-C)+2y-y'=0.
2 2 _
Hanee, uckmrodas napamerp C U3 CUCTEMBI ypaBHEHWMH (x=C)+y" =1,
2x=C)+2y-y'=0,

OyJileM UMETh: y%y'? + y* =1. D10 1 ecTb HeKOMOE AU DEpeHINATBHOE ypaBHEHHE. P>

II. KOHTPOJIBHBIE BOITPOCHI U 3AJJAHU A

1. Yro Ha3pIBaeTCA pelieHueM ypaBaenus F(x,y,y')=0?

2. Copmynmupyiite 3anauy Komm i ypasaenus F(x,y,y') =0.

3.Yr0 HamoO NOHUMATh MNOJ YacmHuiM peuienuem (0cobbim peuleHuem)
muddepennnanbHOro ypapuenus F(x,y,y") =0 ?

4. Kak MOHO HaiTu ob1iee pemienue (00muit uaterpan) nuddepeHnnaibHOro
ypaBHenus F(x,y,y')=0, ecnm B HEKOTOpoW obOmacth D OHO pacmajaercs Ha
KOHEYHOE YUCIIO YPABHEHUH, PA3PEUIEHHBIX OTHOCUTEIBHO MTPOU3BOJHOM?

5. B 4em cocTouT CyTh Memooda 6sedeHusi napamempa TPU UHTETPUPOBAHUU
middepeHnnanbHbIX ypaBHEeHUH BUaa F(x,y,)') =07 Kakoli mapaMeTp Hy>KHO BBECTH

IPY PEeNIeHUU ypaBHeHus Buaa y = f(x,)") (x=f(1,"))?
6. Kak BoccranoButh auddepeHnnanbHoe ypaBHeHue F(x,y,)')=0 1o ero
oO1iemMy UHTErpany?
II1. TIPUMEPEI 11 3BAJIAUN JUISI AYIUTOPHOM PABOTHI
5.1. IlpounterpupoBats cienyromue nuddepeHnaibHble YpaBHEHUS:
a)y=y2e; 6) x = y?-2y'+2.
5.2. HalinguTe 00111ue 1 0coOble pelieHHs CIeAYIOIINX YPAaBHEHUN:
a)y” (2-3y)? =4(l-y);  ©6) yZ-ypy'+e’ =0.

5.3. CocraBbTe audpepeHuanbHble ypaBHEHUS] CEMEUCTB JIMHUM:

/a

a) y=0Cx; 6) x*-y*=Cx; B) y=ae"", a=const.

IV. 3BAJTAHUA JJII CAMOCTOSTEJIBHOM PABOTHI
5.4. IlpounterpupoBats cienyromue nuddepeHnnaibHbie YpaBHEHUS:
a) y=y)'lny'; 0) x=y'+siny'.
5.5. Haiinute ob11ee 1 0ocoOble pelieHus: ypaBHEHUS ' =2yp'+4x =0.

5.6. CocraBbTe audpepeHuanbHble ypaBHEHUS] CEMEUCTB JIMHUM:

: 1
a) y=sinax; 0) y2+—=2+Ce‘y2/2.
X
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SAHATHUE Ne 6

Tema: lu¢pepeHnuanbHble ypaBHeHHsI BHICIIUX NOPSAAKOB. 3ajaua
Kouu. YpaBHeHHsI BLICHIUX NOPSIIKOB, 10IyCKAKOIIHAE MOHUKEHHUE MOPAAKA

I. OCHOBHBLIE TEOPETUYECKUE CBEJAEHUA

6.1. InddepeHunajbubie ypaBHEeHHUs BBICIIUX MOPAAKOB. 3axaya Koum.
IHonsaTusi o0mero u 4yactHoro pemenuil. Ilyctbe n€EN,n>1. B 3TOM nyHKTE

paccmoTpuM 3agauy Ko u TeopeMy CylIeCTBOBaHUS U €AMHCTBEHHOCTH PEIICHUS
ATOM 3a7a4u JJIsl YPAaBHEHUN BBICIIUX MOPSAIKOB BUIA

Y = fx 3,1 YY), (6.1)

Hanomuuwm, uto pemennem auddepennuansuoro ypapaenus (6.1) HazpiBaercs
BCsAKasg (QYHKIHA y=@(x), ONpelcleHHas Ha HEKOTOPOM IPOMEXyTKe £ = <a,b>
BMECTE CO CBOUMH TMPOU3BOAHBIMU JI0 7-TO TMOPSJIKA BKJIIOUUTENIBHO, KOTOpas
oOparraer 3To ypaBHEHHE B TOXKJIECTBO: ga(") (x) = f(x,90(x), ¢'(x), ..., qn("_l) (x)) Ha E.
ITpu 5ToM rpaduk GyHKIMH y = ¢(x) HA3BIBAETCA UHMESPATbHOU KPUBOU YPAaBHEHHS
(6.1).

Boo6ie rosops, eciu nuddepenunanbHoe ypaBHeHue (6.1) uMeer perieHus, To
ATUX pelieHui OyaeT Geckoneuno muozo. IlorTomy ajist TOro 4ToOBl U3 MHOXKECTBA

BCEX pCHICHI/Iﬁ BBIACIIUTD KaKoe-JImoo KOHKPCTHOC, HAAO 3a4aTb TaK HA3bIBACMLIC

HavdajibHole YCl06UA.

/ -1
= Vs e y(” )

X=X(

=y, (6.2)

X=X0

y‘ =)o y/

X=X(

TIae X,, Vo y(/), e y(()”‘l) - HEKOTOPbIE YHUCIIA.

3agaua Komm aiist nuddepennmanbaoro ypaBuenus (6.1) ctaButcs Tak: Hatimu
pewenue y=y(x) Oouggepenyuanvrozo ypasnenus (6.1), yooseremeopsrowee

3A0AHHbIM HAYAbHBIM Ycaosusim (6.2).
Chopmynupyem Tenepb TeOpeMy CYIIECTBOBAHUS U €IUHCTBEHHOCTH PEIICHUS
3amaun Ko nins ypaBuenus (6.1) (cm. Takxke, Hanpumep, [21], c. 140).

Teopema Komm. Eciu 6 ypasnenuu (6.1) qbyum;uﬂf(x,y,y',...,y(”_l)) u ee

(n-1)

yacmuvle NPou38o0Hvle 1-20 nopsoka no y,y', ..., y Henpepvl8Hvl 8 HeKOMOopou

obnacmu GC R™, mo ons mo6oii mouxu Py(Xg,Vgs Vo s VS YEG na nexomopom
npomedxcymke x,-h=x=x,+h (h>0) cywecmseyem eouncmeennoe peuieHue

vy = y(x) ypasuenus (6.1), yooeremsopsrowee navanvruvim ycrosuim (6.2).

57



BBenem Temepb HEKOTOPHIE OCHOBHBIC TTOHSTHS.

OIPEIEJIEHUE 6.1. HauanbHbie yciaoBus (6.2) Ha3bIBaAIOTCS 00bIKHOBEHHbLMU
HauyanbHulMu  yceaoguamu 0as ypaeuenus (6.1), ecimm B (n+1)-MepHOH TOUKe
By(Xy, Vo Vs os y(()”'l)) U B HEKOTOPOW ee OoKpecTHOCTH (QyHKIHSA f(x,),)',... yr )y
HenpepviéHa BMECTE CO CBOMMHU YaCTHBIMH TMPOW3BOJHBIMHU TIEPBOTO TMOPSIAKA IO

-1
Py
OIPEAEJIEHUE 6.2. Hauanbasie ycioBus (6.2) Ha3bIBAIOTCA 0COObLIMU IS

ypaBHeHus (6.1), ecu B Touke Fy(xy, Vo, y(/), v y(()”'l)) TEPIUT pa3pbIB XOTs ObI OJIHA U3
o Y /
(byHKI—H/H/I f9 fy > fy/ 5 cees fy(n—l) .

B nanbHeiimeM, roBOpst 0 HAYAIBHBIX YCJIOBHSX 3afaun Komm it ypaBHEHUS
(6.1), MBI OyZIeM UMETH B BUITY JIUULb OObIKHOBEHHbLE HAUANbHbIE YCI0BUSL.

ITycts G - 06macts u3 R™', B KOTOPOU BBINOIHAIOTCS YCI0BHS TeopeMbl Komm
1uist ypaBHeHus (6.1).

OINPEAEJIEHUE 6.3. Ob6wum pewenuem nuddepeHINATbHOTO ypaBHEHHS
n-ro nopsiaka (6.1) B obmactu G HazbiBaeTCs PyHKIUS

y=¢(x,C1,C2,...,Cn), (63)

3aBUCAIIAs OT 71 TPOM3BOIBHBIX MOCTOSHHBIX C,,C,,..,C ~n oOnanaromas

n

CIEIYIOLIUMU CBOWCTBAMU:
1) mpu M00BIX 1Oy CTUMBIX 3HaYEHUAX NOCTOSAHHBIX C|, C,, ..., C, OHa ABIIAETCS

pemenuemM nuddepennuranbHoro ypasuenus (6.1), T.e.
" (x,C,,Cs, .., C) = f(x,0(x,C1,Cay ey €y @V (x,C, Cs s ..o, C))

Ha HEKOTOpoM uHTepBane (X, - h, x, +h), h>0;
2) 1t 110601i TOUKH Py(Xy, Vos Vo -oos y(()”'l))EG MOXHO TaK Mogo0paTh 3HAYEHUs
noctosunbx C; = C},C, =Cy,...,C, = C", aro6ms1 pemenue Buma y = ¢(x,C,Cy,...,C)

YIOBJIETBOPSIO HAUYAbHBIM YCIOBUAM (6.2).
OIIPEIEJIEHUE 6.4. Pemenue, nomydaemoe u3 obdiero pemieHus (6.3) npu

KOHKDETHBIX 3HadeHHMsX moctosHEbX C, =C),C,=Cy,..,C, =C’, Ha3pBaeTcs
yacmuelm peuieHueM auddepeHnuanbHoro ypaBHenus (6.1), T.e. QyHKuuMs Buaa
v =¢(x, ClO ,Cg . C,? ) - 4HaCTHOE pEIICHHUE.

OIIPEJAEJIEHUE 6.5. YpaBHeHue Buaa

®(x,,C,,Cy, .., C,) =0, (6.4)

HESIBHO ompejessoniee obmee pemeHue (6.3), HA3BIBAIOT 00WuUM UHMESPAIOM

muddepennmanbHoro ypapuenus (6.1).
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Yacmnoim unmeepanrom nuddepeHuuanbHoro ypaBHeHus (6.1) Ha3bpIBaloOT

cooTHomeHne P(x, y,Cl0 ,Cg ,...,C,?)=O, MOJIyYEHHOE U3 OOIIEero MHTerpaia MmyTeM

duxcupopanus snavennii C, =C.,C, =C5,...,C, = C) MpOM3BOMBHBIX TTOCTOAHHBIX.

Ipumep 6.1. Tokazats, urto dyskuus ¥ =C;snx+C, cosx spngercs oOMM
pellleHIeM ypaBHEHHs )''+y = 0 Ha eBKIIH0BOI IIIOCKOCTH R

PEILIEHUE. Bo-niepBbIX, HETPYAHO TPOBEPUTH, UTO MPHU JTt0ObIX 3HaUeHUSIX C}
u C; (u3 R) »Ta pyHKIMS YIOBIECTBOPSAET NaHHOMY TudPepeHInaTbHOMY YPaBHEHHUIO
Ha IPOMEKYTKE (—co, + o).

Bo-BTOpBIX, A5 100011 Touku Fy (X, vy, y(/))ER HaiiayTcs Takue 3HaueHus C
0 0 0
u C,, uro pyukmus y = C; sinx + C, COSX yIOBIETBOPSIET HAYATHLHBIM YCIOBUSIM

=y (6.5)

X=X0

Womg =00 ¥

HelictBuTenpHO, paBeHcTBa (6.5) A QyHkuuum  y =C, sinx+C, cosx
MIPUHUMAIOT BU:

: , 6.6
Pemas cuctemy (5.6) ornocurensno napamerpos Cj, C,, 6yneM nMets:
C? = y, sinx, + v, coSx,,
1 =Xo 0*tVo 0 6.7)

0 I o3
C, =y,c08Xx, — y,SInXx,.

Urax, ¢yrxuus y=Csinx+Cycosx, rae ¢, u () ONpemelsiOTCsS IO
dbopmynam (6.7), y1oBIETBOPSAET HaYaIbHBIM yCIOBUsAM (6.5). P>
3ameuanne 6.1. BaxxHO 3aMeTUTB, YTO QYHKIIUU ) =Sinx U J = COSX SABISAIOTCS

yacmHuuimMu pewienuamu AUQPGepeHInaIbHOro ypaBHeHus y''+y = 0.

6.2. Hexoropsie auddepeHnuaibHbie YPABHEHHSI BBICHINX MOPSIKOB,
JOMYCKAONIHEe TOHUXKeHHe mopsiaika. B HeEKoTopblx  ciaydasx  oOiee
muddepeHnmanbHoe ypaBHEHHE n-To nopsaka (n > 1)

F(x,v,y', ..., y(")) =0 (6.8)

MOYET OBITh MPHUBEACHO C TMTOMOIIBI0 KaKOT0-JIM00 mpueMa (HarmpuMep, ¢ MOMOIIIBIO
HEKOTOpPOM 3aMEHbl MEPEMEHHOH) K PEeIIeHUuI0 HOBOTo auddepeHnnanbHOro
ypaBHEHHs Oojiee HU3KOro mopsiaka. B aToMm ciyuae roBopst, uto ypaBHeHue (6.8)
oonyckaem NOHUdNCeHUe NOPsOKA.

Hanpumep, nycts 1aHo ypaBHeHHe y''+y'=(0. BBoas HOBYIO QYyHKUHIO u =)',
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JAHHOE YPAaBHEHUE MOYKHO MPUBECTHU K YPaBHEHHIO 1-r0 mopsiaka u'+u =0.

[Ipexne yeM paccMOTpETh HEKOTOpbIE BUABI TU(PdepeHIIMATbHBIX YPaBHEHUI
BBICIIUX TOPSIAKOB, JOMYCKAIOMIMX MOHMKEHUE TOpsiiKa, HaleM oOIiee pelieHue
MPOCTEUIIIETO YPABHEHHS BUIA

Y= 1), (6.9)
rae f(x) - pyHKIus, HEIpPephIBHASA HA HEKOTOPOM IPOMEXKYTKE F = <a,b> .
dy(n—l)
VuuteBas, uto y\ = o nepenuiieM ypaBHeHue (6.9) B TakoMm BHJE:
X

dy" ™ = f(x)dx. WNuTerpupyst 00e 9acTH 3TOr0 ypaBHEHUS, OyJIeM UMETh:

YO = [ £+ C,

T.€. IOJy4YaeM ypaBHEHUE TOTO K€ BUJA, uTO U (6.9).
C mOMOIIbIO MHTETPUPOBAHUS U3 TIOCIEIHEr0 YPAaBHEHUS TOTyJaeM:

=2 _ f(f f(x)dx +C b+ C, = [ex[f(x)dx + G+ C,

Kak MBI BUIUM, ¢ KaxcObiM wWa2om uHmezpupo8arus TOPSIOK ypaBHEHHS
MOHIDKACTCSI Ha eauHUIly. Uepe3 n IIaroB WHTETPUPOBAHUS MBI TOIYIUM oOujee
peuienue oughghepenyuanvrozo ypasuenus (6.9):

xn—l xn—2

(n—l)!+C2 (n-2)!

+..+C,_x+C,, (6.10)

y=faf>cfdx...ff(x)dx+C1

n pas

rae Cy, C;, ..., C,— IpOU3BOJIbHBIE TOCTOSTHHBIE.
OtMeTuM, 4TO 3/1€Ch MpaBas 4yacThb ypaBHeHus (6.9), T.e. pyHkuus f(x), He
1
3aBHCHUT OT y, J/,..., "". TTo3TOMY N1E06bIe HAUANbHbIE YCIOBHS BHIA

=Yo> y/ =y(/)7""y(n_1)

X=X0 xX=Xxq

=y (6.11)

y‘ X=X
(pu xyEF) ABIAIOTCA 00blKHOGeHHbIMU sl TuddepeHtnanbHoro ypasuenus (6.9).
CrnenoBarenbHO, KAaKOBBI Obl HM OBUIM HadalibHbIE yciioBus (6.11), ypaBHeHue (6.9)
UMEeT eIMHCTBEHHOE PEIICHIE, YAOBICTBOPSIONIEE ITHM YCIOBHAM (UTO BHITEKACT U3
teopeMbl Korn).

"m

Mpumep 6.2. Pemnts ypasuenune »'''sin® x = 2cosx.

2cosx

sin® x

'

PEIIIEHUE. IlepenuiiemM gaHHOE YpaBHEHHE B TaKOM Buie )''=

9T10

yxe ypaBHeHue Buja (6.9). [locnenoBarenbHbIM HHTETPUPOBAHUEM HANIEM:

2¢c0sx d(sinx) 1
"= dx+C, =2[——+C, =- +C
Y fsin3x : fsin3x : sin®x
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y'=f(_ '12 +Cl)dx+cz=_f cbzc +Cx+C, =ctgx+Cix+C,,
sin” x sin” x

B C, » _ cosx C » _
y—f(ctgx)dx+7x +Cyx + Cy _fsinxdx-'-?x +Cox+C; =
=IM+Q)¢2 +C,x+C, =1n|sinx|+gx2 +C,x +C;.

sin x 2 2

: C
Omeem: y = ln‘smx‘ +?1x2 +C,x+Cy. 0

6.2.1. JInddepennuajbHble yYpaBHEHUS] BBICIIMX TMOPHAIAKOB, SIBHO He
coJeprkaiiue Heu3BeCTHON PyHKUMH, T.€. ypPaBHEHUS BUJIA

F(x,y', ", ... y™)=0. (6.12)
C nomomIbI0 3aMEHBI TIEPEMEHHOU
V'=z (6.13)

(3mech z = z(x) - HOBas Hem3BecTHas QpyHk1Ys!) ypaBHeHue (6.12) npuBOIUTCS K BULY
F(x,z,2',..,2" ) =0. (6.14)

O10 yxe ypaBHeHue (n-1)-ro nopsaka.
JonycTtum, uto ob1iee penienre ypaBHeHus (6.14) umeer Bua:

z=¢(x,C,...,C, ).

Orcrona, B cuily y'=z, npuxoauM K ypasaenuio )'=@(x,C,,...,C,_|). Ho
pellIeHue MOCIEHETO YPABHEHH 3a1a€TCS B BULE ) = f ¢(x,C,,...,C, )dx+C, ,rne Ci,

C,, .., C, — TpoU3BOJbHBIE MOCTOSIHHBIE. OTO W OyAeT OOUUM pelieHueM
muddepeHnuanbHoro ypapuenus (6.12).
Ipumep 6.3. Pemute ypaBHEHHE

Y+’ +1=0. (6.15)

PEHIEHUE. Ilonaras z = y' 1 y4uTsIBas, 4r0 )''= %, IIEPEIHUIIEM YPaBHEHUE
x

(6.15) B BHIE %+zz+1=0. Jlanee, pasnmensss mnepeMeHHble, OyJIeM HMETh:
X
dz

z2 +1

= —dx. OTcroa, UHTETPUPYs, MONYYUM: arctgz = —x + C, Wi z = tg(-x + C,). Ho

d
TaK Kak z = ', TO OpPEeAbIAYyIIee YpaBHEHUE MOXKHO 3alHCcaTh TaK: d_y =tg(-x+C)).
X
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Pemas nociaennee YPaBHCHHUC, OKOHYATCIIbHO ITOJIy4acM

y =ftg(—x+C1)a’x+C2 =1'de+C2 = In|cos(-x + C))| + C,.

cos(-x + C))
Omeem: y = lnlcos(—x +C, )‘ +C,, rae C;, C; — IpOU3BOJIbHBIE IOCTOSIHHBIE. P>

3ameuanue 6.2. Eciiu uMeeM ypaBHEHHE BUIA
F(x,y®,y®&D My =0,

k
TO C IOMOINBIO 3aMCHBI IICPEMCHHOI'O Z = y( ) OHO CBOJHUTCA K YPABHCHHIO

F(x,z,z',..,z2" ") =0,

4yell opsII0K HUXKE MOPSAKAa UCXOJHOTO YpaBHEHUS Ha k € UHULL.

6.2.2 [IuddepenunanbHble YpaBHEHUS BBICHIMX MOPSAAKOB, SIBHO He
coJeprkaiiue He3aBUCUMOT0 MePEMEHHOr0, T.€. YPaBHEHUS BUIa

F(3,y', ..., y™)=0. (6.16)

JInst TOHMXKEHUsT NOopsAJlKa TaKOro YypaBHEHHUs CIENyeT CHeNaTh 3aMeHy
NEPEMEHHON y'= u , CUUTAS PU 3TOM % HOBOM HEM3BECTHOU (DYHKIIMEH, 3aBUCSIIEH OT
VY, U paccMarpuBas, TaKUM 00pa3oM, y KaK HOBOE HE3aBHCHMOE MEPEMEHHOE, T.€.
u=u().

[Tocne Takoit 3amennl mnonayunMm auddepeHmanbHoe ypaBHeHue (n-1)-ro
NOpsiJiKa, CBSI3bIBAIOLLEE ), U U IPOU3BOJIHBIE OT U 10 ). He ocranaBnuBasich Ha 001IeM
cinydyae ypaBHeHus (6.16) n-ro nopsiaka, yoenumcst B ClipaBeIIMBOCTH BHICKA3aHHOTO
YTBEPKIAEHHUs I YPAaBHEHUH 2-T0 TIOPsAIKA BUIA

F(y,y',»'")=0. (6.17)

Ionoxum y'=u, rae u=u(y). Torna Oynem umers:

(3mecp MBI yunu, 4T0 u =u(y(x)) - caoxkHag QyHKUMA OT x). Mrak, umeeM y'=u,

du
y'= ud— [Toncrapisist mostydeHHbIE BhIpaxeHus s V' 1 y" B (6.17), monyuum

Ly
F(y,u,u@)=0. (6.18)
dy

VYpasuenue (6.18) ects nuddepenimanbHoe ypaBHeHue 1-ro nopsaka.
IIpeanonoxumM, dYro ¢yHKuUs wu=¢@(y,C,) SBIgeTCA OOIIUM pELICHUEM
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ypaBHeHus (6.18). Tornma, 3amensist u Ha Z—y, IIOJIyYM YpPaBHEHHUE Z—y =¢(y,C,), B
x

X
KOTOPOM MEpEMEHHbIE pa3nensatoTcs (pu ycnosuu @(y, Cy) = 0):

dy

¢(».C)

OTtcroa, UHTETPUPYSI, HAXOAUM OOIIUIA UHTETpan ypaBHeHus (6.17) B Buze:
f v _ x+C,,
(tp(ya Cl )
rae Cy, C; — IpOU3BOJIbHBIE TOCTOSTHHBIE.

IIpumep 6.4. Pemiute ypaBHEHHE

w'+(»")? =0. (6.19)

PEILIEHUE. Vpasuenune (6.19) sBHO HE COAEPXKHUT HE3aBUCHUMOTO
IIEPEMEHHOTO, T.€. OTHOCHUTCS K ypaBHeHUAM Buza (6.16). I[Tonoxum y'=u(y). Toraa

W du
V'=u - CrnenoBarenbHO, JaHHOE ypaBHeHue (6.19) npuHuMaeT BU/I;
y

u 2
u—+u- =0,
Yy &y

d
PaznenuB o0e wactu Ha u (ripu u = (), MOTy4UM yd—u +u =0, D10 ypaBHCHHE
'y

*

1-ro mopsiIKa ¢ pa3AeAIoNUMUCS TIepeMeHHbIME. Pemas ero, HaxoauMm: u = —-, TJ1e
Y

*
*

C
C, - nponsBosbHast TocTosiHHASA. [locKONBKY )'= 1, TO OyeM umeth: 3'= —-. O1croaa
Y
2

* * 2
uMeeM y7 =Cix+C, umm y° =Cx+C,, rne C;, C; — MpOU3BOJIbHBIE IOCTOSHHEIE.

. 2
Wtak, oOmmit mHTETpan JaHHoro ypaBuenus umeet Bun: - =Cx+C,, rae C,

C, — IPOU3BOJIbHBIEC IOCTOSIHHBIC. P>

II. KOHTPOJIBHBIE BOITPOCBHI U 3AJJAHU A

1. Cdopmynupyiite 3amauy Komm g guddepeHunanbHOro ypaBHEHHS
BBLICIIETO MTOPSIKA BHIA y(”) = f(x,y,y', Y,y )
2. Cdhopmynupyiite T€OpEMYy O CYIIECTBOBAHUU U €AMHCTBEHHOCTH PEIICHUS

sanasm Komm surs ypasserus ") = f (x,y,y', Py yU )
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3. Jlaiitte ompenenenue  obweco  peutenus — (obweco  unmezpanq)
nudHepeHIMaIbHOro ypaBHEHUS y(") =f (x, »y, ', .., y("_l)).

4. Yrto Ha3BIBaE€TCA uAcmHbIM  pewenuem  (YACMHbIM  UHME2PATIOM)
nudHepeHIMaIbHOro ypaBHEHUS y(") =f (x, »y, ', .., y("_l)) ?

5. KakoBo o0miee pemenne audGepeHInanbHOro ypaBHEHHUS y(") = Q(x), rue

O(x) - 3agaHHasl HA HEKOTOPOM HHTEpBaJIe (a, b) HENpepbIBHAs QYHKIMS ?

6. Kak JOCTUTAETCS MMOHKECHUE MopsiIKa YpaBHEHHUS
k k+1 n

F(x,y( ),y( ),...,y( ))=0?
7. Kaxkon IIOJICTAHOBKOM JIOCTUTAaETCs MMOHMKCHHE MopsaKa

mudepeHuanbHOro ypaBHeHus: F (y, Ve y(”))= 0?

I1I. [IPUMEPHI U 3AJIAUM JIJIST AY IUTOPHOM PABOTHI

6.1. Pemure nuddepeHunanbabie ypaBHEHUS:

!

) [+22 ) +y2+1=0;  6) p'-y2=)Iny; ) 0=y,
X

6.2. Haitgute wyactHoe pemeHne AudPepeHIMATBLHOIO  YpaBHEHUS

1+y'* =2yy" IpH HaYaNBHBIX YCIOBHSX: oy =y, =1

6.3. Haiinure dyacTHOoe  pemieHMe — ypaBHeHHMA — )''+)'tgx =2sin2ux,

YIOBJIETBOPSIONIEE HAYANBHBIM ycoBuam: y| _ =—1, y| _ =0.

IV. 3AJAHUS )11 CAMOCTOSTEJIBHOM PABOTBI

6.4. Pemute nuddepeHnnanbHbie ypaBHEHUS:

a) y"'(l+y'2 )—3y'y”2 =0; 6) x"=1+x", B) y' )" =2e7".

6.5. Haiigute wyactHoe pemenne AUdPEepeHIIMATBLHOIO  YpaBHEHUS

2 3
"+ =y, ynosnerBopsoniee HavabHBIM ycosuam: y| _ =-1, y| _ =0.

. 2
6.6. Haiigure 4acTHOE pellleHne ypaBHeHus xy''—y'= x“e", yI0BIeTBOPSIOLIEE

Ha4YaJIbHbIM yCJIOBHUSM: y|x=l = -1, y'|x=l =0.
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SAHATHUE Ne 7

Tema: JIuneitnbie Tu(PpepeHHaIbHbIC YPABHEHUS 2-T0 MOPSAKA.
dyHaaMeHTaAJIbHAS cucTeMa pemieHuid. CTPyKTypa 0011ero peieHms.
MeToa Bapuanuu NPOU3BOJIbHBIX MOCTOAHHBIX

I. OCHOBHBLIE TEOPETUYECKHUE CBEJAEHUA

7.1. Teopema cylmiecTBOBAaHUSA M €IJUHCTBEHHOCTH pellieHUs ISl JIMHEHHBIX
aupPepeHINATBHBIX YPABHEHHH BBICIIMX NOPSAAKOB. Cpeau BCEBO3MOXKHBIX
TUnoB AudPepeHnanbHbIX YPABHEHUM BBICIIUX MOPSIAKOB CaMbIMU MPOCTHIMU IS
HCCIIeIOBAaHUS SABJISIIOTCS TaK Ha3bIBaeMble JIMHEHHBIE ypaBHeHUs. BMecTe ¢ Tem Kiacc
JUHEUHBIX YPaBHEHUI SBJISIETCS CaMbiM BaXKHBIM B CBSI3M CO CIEAYIOIIUMU
00CTOATENIbCTBAMHU: BO-TIEPBBIX, OHU IIUPOKO HCHOJIB3YIOTCS B (DU3UKE, MEXaHUKE U
TEXHUKE; BO-BTOPBIX, KOIJla Ta WM HHAs MpaKTHYecKas 3ajada MPUBOJIUT K
HenuHeHoMy (Oonee crnokHoMy) nuddepeHInaibHOMYy YpaBHEHHUIO, OY€Hb 4YacTo
OKa3bIBA€TCAd BO3MOXHBIM HAUTH npubIudCeHHoe peuieHue 3alaud, 3aMeHss
MOJIy4Y€HHOE HEJIMHEUHOE YpaBHEHUE «OJIU3KUMY €My JIMHEHHBIM (T.€. TMHEeapu30BaTh
3a/1a4y).

OIPEAEJIEHUE 7.1. IuddepeHnuansuoe ypaBHEHHUE 1-TO MOPSIKA

F, 0,90y ™) =0
HA3bIBAECTCS JIUHEUHbIM, €CIU BBIPAKEHUE, CTOSIIEEC B JIEBOM YaCTH, SBIISIETCA
nuHeWHoU QyHKuueu ot y, y’, ..., y("), T.€. €CJIY OTO YPABHEHUE UMEET BUJL

A" + 4" 44 4,4 (0)y'+4,(x)y = B), (7.1)

rae A, (x), 4,(x),..., A,(x), B(x)- 3amaHHBIC Ha HEKOTOPOM IpOMexyTke E ={a,b)
(GyHKIIMU OT X (B YaCTHOCTHU, HEKOTOpPbIE M3 HUX WU JaXe BCE, MOTYT OBIThH
MMOCTOSTHHBIMH ).

ITonaras, urto A,(x) =0 Ha E, n neng o6e gactu (7.1) Ha A,(x), momydaem

Dy +a,  (X)y'+a,(x)y =b(x). (7.2)

VpaBuenne (7.2) Ha3bIBACTCA JUHEUHbIM YPABHEHUEM N-20 NOPAOKA
HOPMAIbHO2O0 8UOA.

Y +a,(x)y

B nanpHeiimem, ToBops o JuHEHHOM mudQepeHNHaIbHOM ypaBHEHUH 71-TO
nopsiika, Mbl OylneM wuMeTb B Buay ypaBHeHue (7.2). OOb4HO GYHKIUU
a,(x), a,(x),...,a,(x) HasbIBAIOTCA Ko3(ppuyuenmamu ypaBHenus (7.2), a b(x) —
npaeoll 4acmuio Ui c60000HbIM YIE€HOM 3TOTO YPABHEHHUS.

IIpeanonoxum teneps, 4To K0d3punuenTs! «,(x), a,(x), ..., a,(x) 1 CBOOOIHBIN
uneH b(x) ypaBHeHHA (7.2) HeNpepbIBHBI Ha MpPOMEXyTKe E =(a,b). Ilepenumem

ypaBHeHue (7.2) B CIeAYIOIIEM BUJIE
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Y ==y (x)y" T = a, (0)y'-a, (x)y +b(x). (7.3)

[IpaBas yactb ypaBHenus (7.3), eciau e€ paccMaTpuBaTh Kak GyHKIHIO OT n+1

MePpEMEHHBIX X, V, ', ..., y("), HEMpephIBHA MPH BceX XEE U JIOOBIX 3HAYCHUSIX

v, V', .., y("), IpUYEM YacCTHBIE POU3BOJHBIC OT MMpaBor yactu (7.3) mo y, ), ..., y(”)
HENPEPBIBHBI (OHM DPaBHBI COOTBETCTBEHHO —a,(x),—a, (x),...,—a,(x). Taxum
oOpaszom, s ypaBHenus (7.3) (wim 1o xe camoe (7.2)) ycnoBus Teopembl Komu
BRIONHAIOTCS. B J000H  Touke (X, , V', ...., V" )ER™? Ttakoit, uro xEE.

CnenoBarenbHo, corinacHo Teopeme Komm st audpepeHnmanbHbIX ypaBHEHUM 1-T0
IopsiAKa IOJy4YaeM, 4YTO CYIIECTBYET €IMHCTBEHHOE pEIIeHHE  y = y(X),

OIIpCACICHHOC Ha En YAOBJICTBOPAIOMICC HAYAJIbHBIM YCJIOBUAM!

- y09 y/‘x=xo - yé’ b y(n_l) = y(()n_l) > (7'4)

X=X(

"

X=X(

rae x,€E, -o< y(()k) <+ (k=0,1,..,n-1).
Chopmynupyem NMOITyYEHHBINA PE3yabTaT B BUIE CIEAYIONIEH TEOPEMBI.
Teopema Komu (a1 JMHEHHBIX YpPaBHEHMH n-10 MNOpsiAKa). FEcau
Ko3¢ppuyuenmol  a,(x), a,(x),...,a,(x) u ceoboonviti unen b(x) ypasnenus (7.2)

HenpepvleHbl Ha npomedxcymke E, mo, kakosvl 661 Hu Oviiu Hayanwbhsie ycaosus (7.4),
cywecmeyem eourcmeennoe peuienue y = y(x) ypasnenus (7.2), onpeoenennoe na E
U yoosenemeopsiowee SMumM Ha4aibHbIM YCI08UIM.

N3 31Ol TeopemMbl BUHO, YTO JJisl JIMHEWHOTO ypaBHEHHS JIOObIE HayaJabHbIE
ycioBus Buja (7.4) sSBASIOTCS 00bIKHOGeHHbIMY HAaYaTbHBIMU ycrnoBUuaMU. OTcroa, B
YaCTHOCTH, BBITEKAET, YTO JUHEWHOe auddepeHInanbHoe ypaBHEHUE He umeem
ocobvix pewenuti. IlodToMy o0b6wee peuienue nuHeHOro UdPEpPEeHIIUATBEHOTO
ypaBHeHUs (7.2) MOMAKHO COAEpXKaTh BCE PEUIEHHUS, COOTBETCTBYIOIIME JIOOBIM
HayaJdbHbIM ycioBusM Bujpa (7.4). Kpome Toro, BCAKOE peElIEHUE JIUHEUHOTO
muddepenmanbHoro ypaBHeHus (7.2) omnpeaeneHo Ha MNpoMexyTke £E, rae
HENPEPBIBHEI a,(X), a,(x),...,a, (x) 1 b(x).

OINPEAEJIEHUE 7.2. Ecnu b(x) # 0, To nuddepenuunansuoe ypapaenue (7.2)
Ha3bIBACTCA JUHEUHbLIM HEO0OHOpOoOHwviM YypaBHeHueM. Ecmu xe b(x) =0, T.e.

YPaBHCHHUC BHUd

(n=1)

y(”) +a, (x)y +...+a, (X)y'+an (x)y =0 >

Ha3bIBACTCA JUHEUHbIM OOHOPOOHBIM YPABHEHUEM KN-TO TIOPSJIKA.
PaccmoTpuM HEKOTOPBIE MPUMEPHI:

COS x

1) y"+2sinx-y'=e“®" — HeogHOPOMHOE TMHEHHOE YPABHEHHUE 3-TO HOPSIKA;

2) y'"—sin y = 0 —He ABJIAETCS JIUHEINHBIM, TaK KaK B 3TO ypaBHEHUE HCKOMas
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(GyHKLHS Y BXOAUT HEIMHEWHO.

B nanpHenmeM paay KpaTKOCTH Mbl OTPAHUYMMCS JIMIIb CIy4aeM JUHEHHBIX
ypaBHeHUH 2-ro nopsaka. [lomydeHHbIE B 3TOM ciydyae pe3yJbTaThl JETKO MOTYT OBITh
pacnpoCTpaHEHbl U Ha JIMHEIHbIE ypaBHEHUS 00Jie€ BBICOKUX MOPSIIKOB.

7.2. JluHeiiHble OJHOpPOAHBbIe AU(PPepeHIHATBHbIC YPABHEHHUS 2-T0
nopsinka. Iloctpoenue odmero pemenus. CorracHO CKa3aHHOMY B MPEABITYIIEM
MYHKTE, JUHEUHbIM OOHOPOOHbIM OUppepeHyuaivHuiM ypasHeHuem 2-20 nopsoka
HA3bIBACTCS YPaBHEHUE BUJIA

Y+ p(x0)y'+q(x)y =0, (7.5)
rae y = y(x) — uckomas QyHKuus, a p(x) u g(x) — 3anaHHble QYHKIHUH OT X, KOTOPBIE
OyJlleM CUUTATh HenpepblHbIMU Ha HEKOTOPOM MIpoMexyTke E = (a, b).

OTMeTMM CHayajga HEKOTOPhIE OCHOBHBIE CBOWCTBA PELICHUW JIMHEHHOIO

OJTHOPOAHOTO ypaBHeHus (7.5).
Teopema 7.1. Eciu ¢yuxyus y =@, (x) Aeniemcsa peulenuem JIUHEUHO20

00Hopoonozo ypaenenus (7.5), mo @yukyua y=Cg,(x), c0oe C — npousgonvhas

NOCMOSAHHAA, MAKHCE ACNIACMCSL peuleHuem 3mo20 YPAeHeHUs.
Teopema 7.2. Eciu ¢ynxkyuu y, = @, (x) u y, = @,(x) a6naiomesa peuwteHuamu

JUHeUH020 00HOpoOHo20 ypaenenus (7.5), mo ¢yukyus y, = @, (x)+@,(x) maxoice
ANIAEMC peulenueM dmo20 YPaGHe HUs.

N3 teopem 7.1 u 7.2 BbITEKaeT Takoe
Caencrue 7.1. Eciu @pynxyuu y, = @, (x) u y, = @,(x) A61410mcs peuteHuamu

00HopooHoeo ypasuenus (1.5), mo ecaxas ¢ynkyus euoa y = Cig(x) + C,@, (x) maxoice
ABNAEMCS peulenuem d9mo2o ypasHeHus, kakoswl ovi Hu oviau yucia Cy u C,.
PaccmoTpum Temeps BONMPOC O HAXOXKIACHUH 00ujeco peuieHuss TUHEHHOTO
OJIHOPOJHOTO ypaBHEHUs 2-ro nopsaka suaa (7.5).
W3 cnenctBus 7.1 BuaHO, 4To ecnu ¢ (x) U @,(x) — Kakue-nTHMOO YacCTHBIE

peuenus ypaBHeHus (7.5), To 1 pyHKIMS BUa

y=Cg(x)+ G, (x), (7.6)

rie C;, C, — TNpPOU3BOJbHBIE IOCTOSHHBIE, TAKXKE SBISIETCS PELIEHUEM HTOTrO
YpaBHEHUS.

EcTtecTBEHHO 05kHM1aTh, YTO ceMENCTBO (hyHKIMIM Buaa (7.6), 3aBHCSIIEE OT IBYX
NpOU3BOJIBHBIX mocTOosiHHBIX C; m (C;, u Oyger oOWKMM  pelIeHHeM
muddepennmanbHoro ypaHenust 2-ro nopsiaka (7.5). OgHako 3TO He Bcerja Tak.
Hampumep, ypaBHeHUIO

y' =5y +6y=0 (7.7)
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2 2
YIOBJIETBOPSIOT QYHKIUK YV, =€~ U Y, =5, ABIAIONMECs €ro 4YacTHBIMU

. . 2 2
pemrenusamu. Oxnako cemeiictBo (yukuuit y=Ce™ +5C,e™, tne C;, C, —

IIPOM3BOJIbHBIC ITIOCTOAHHBIC, He A6J14enc: €ro O6IJ_II/IM PCUOICHUCM, TaK KaK OHO 3a1acT

He Bce penieHus ypasHeHus (7.7). B camom nene, HapuMep, pelieHue BUIa ), = e

. . 2 2
He moydaercs u3 cemeiictBa Gynkiui y =Ce” +5C,e™ HU NpH KaKux 3HAYEHHUSX

MPOU3BOJILHBIX MOCTOAHHBIX C; u C,.
B cBsI3M CcO CKa3aHHBIM BBIIIE BO3HHKAET E€CTECTBEHHBIM BOIPOC: KAKUM
YCIIOBUSIM JIOJDKHBI yAOBJIETBOPATH BA YACTHBIX PEIIEHUA y, =@ (x) U y, = @,(x)

ypaBHenus (7.5), utoObl u3 HUX (1o Gopmyse (7.6)) MOKHO OBLIO MOCTPOUTH 0OIIIEe
peleHne 3Toro ypaBHeHus? J[as oTBeTa Ha 3TOT BOIIPOC HAM MOHAI0OUTCS MOHSATHE
@pyHOaMeHManbHOU  CUCmeMbl  YACMHBLIX — peuwleHull JIMHEWHOrOo  OJHOPOJHOIO
muddepennmanbHoro ypapuenus (7.5).

OIIPEJEJIEHME 7.3. Ilapy 4YacTHBIX pelleHUH y, =@, (x) U y, =@,(X)

JUHEUHOTO OJJHOPOJIHOTO ypaBHEHHUS (7.5) HAa3bIBAOT (YHOAMEHMANbHOU CUCTEMOU
peuwienuti Ha npomexcymke E, ecmn HM B OJHOM TOYKE 5TOTO MPOMEKYTKa
OTIPEICTUTEITh

Ayy,) = 2 (7.8)

i 2
He 00pallaercs B HyJb.
OO6bryHo ompenenutenas (7.8) Ha3BIBAIOT OMpEACTUTEIECM BpOHc1<oro13 158105
8POHCKUAHOM CUCTEMBI (DYHKIIUN V1 U ;.

IIpumep 7.1. [Tokazars, yTo cucrema GyHKIUN ) = e’ u Yy = e o0Opazyet
byHIaMeHTaIbHYI0 cUCTeEMY pelieHuit auddepennuansuoro ypaBHenus (7.7) Ha
MPOMEKYTKE (—o0, + o).

2x 3x

PEILIEHUME. Bo-nepBbiX, 3aMeTHUM, 4TO 00€ (QyHKIUMU Yy, =€~ u y, =e
ABJISIFOTCS. YACTHBIMM PELIECHUSIMU ypaBHEHUA (7.7) Ha MPOMEXKYTKE (—co,+ o). Bo-

BTOPBIX, BPOHCKHAH ATOM CUCTEMbI (DYHKIUN
2x 3x

2x 3 e e 5
A(e x’ex)=2 2 g3 =" =0 mpu BeeX XE (oo, + o).
e e

CrnenoBaTeNnbHO, JTaHHAS CHCTEMa SIBISCTCA (PYHOAMEHMANbHOU CUCMEMOL
peuwenu ougpepenyuanvroeo ypasnuenus (7.7) na npomedxcymre (—co, + ).

BaxxHo oTMeTUTh, YTO TMOHATHE (PYHIAAMEHTATbHOW CHUCTEMbl pEIICHUIN
ypaBHeHHs (7.5) TECHO CBSI3aHO C TOHATHEM JMHEWHOW 3aBUCHUMOCTH CHUCTEMBbI

13 103ed Bponckuit (1778-1853) — nmonbckuii MaTeMaTHK.
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(1)YHKHHﬁ14. A MMEHHO, CIIpaBe/IJIvBa

Teopema 7.3. Ilapa pewenuii y, =@ (x) u y, =@,(x) ypasuenus (7.5) na E
obpazyem Ha 2MOM NPOMeNHCYmKe QYHOAMEHMATbHYIO CUCTNEM) YACHHBIX peuleHuil
9MO20 YPABHEeHUsl Mo20d U MOJIbKO mo20d, Ko20a dmu QYHKYUU TUHEUHO He3A8UCUMb]
Ha L.

HokazarenbcTBo. Ilycte QyHKIMEH y, =@ (x) B y, =@,(X) — JIHHEHHO
He3aBUCHUMBIE perieHus ypaBHeHus (7.5) Ha npoMexyTke E. Jlokaxkem, 4TO BpOHCKHAH
3TuX QYHKIUN HE oOpalllaeTcsi B HyJib HU B OJIHOM TOYKe X u3 E.

bynem paccyxaaTe METOJOM OT MPOTUBHOrO. J[OMyCTUM, YTO B Kakou-I1u0OO
TOUKe XoEFE onpeaenutesnb BpoHckoro ajis 3Tux (yHKIUN paBeH HYJIO, T.€.

1(x0)  @x(x)
A(yl’y21x=x0 =1 ' =0
1(x0)  @r(x)
CocraBuM cucTeMy ypaBHEHUI

¢y (x) + a9, (xy) =0

' ) (7.9)
@ (xy) + Ay, (xy) =0,

B KOTOPOM O] M O, — HEU3BECTHBIC YUCIA. DTO OJHOPOJHAS CUCTEMA JIBYX JIMHEUHBIX
anreOpanyecKuX ypaBHEHUN C ABYMS HEU3BECTHBIMHU O] U Op. Tak Kak ONMpeaeIUTeNb

=0, TO, KaKk U3BECTHO U3 Kypca JIMHEHHON aireOphl, OHa

X=X

STOH cHCTEMBI Ay, y, )

MMEEeT HeHYJIEBOE PEeIIeHUE, T.€. CYIIECTBYET Mapa Yucell ol U O, TAKUX, YTO XOTS ObI
OJTHO M3 HUX OTJIMYHO OT HYJISI 1 OHU yIOBIETBOPSIOT cucteme (7.9). Iy HaliIeHHBIX
3HAYEHUHN Ol| U Oy COCTAaBUM (PYHKIIHIO

U(x) = o9 (x) + o, ().
B cuny cneactBus 7.1 nannas pyHkuus ectob penienue ypasuenus (7.5), a B cuny (7.9),
OHO yJIOBJIETBOPSIET CICAYIOIINM HAYaJIbHBIM YCIOBHUSIM:

U(x,)=0 1 U'(x,) =0. (7.10)

C npyroit cTOpOHBI, OUEBUHO, YTO PYHKIIMS, TOXKIECCTBEHHO paBHAs HYJIO (T.€.
V(x) = 0), Takxe sIBAsETCS penieHueM ypaBHeHus (7.5) U yI0BIETBOPSET HaYaIbHBIM

ycaoBusiM (7.10). Ho Torna B cuity Teopemsl Koty 17ist TMHEHHBIX YpaBHEHUH 3TH J1Ba
pELICHUS JOKHBI TOXKJAECTBEHHO PABHATHCS APYT IPYTY, T.€.

@ (x)+a,p,(x)=0 Ha E. (7.11)

4 .
Hanomunwm, uro e gyHkuun @ (x), @,(x), ONpEIeICHHbIC HA NPOMEXYTKe E, HAa3bIBAIOTCS JUHEUHO

3a6UCUMbIMU HA DITOM IIPOMEIKYTKE E, €CJIM CYHICCTBYIOT TAKUEC MOCTOSIHHBIC Ol U Olp, N3 KOTOPBIX XOTs OBl OJHa OTJIM4YHa

OT HyJIsl, YTO Ha £ MMEeT MeCTO TOXACCTBO: &, @, (x) + &, @, (x) = 0. Eciu ke 970 TOXeCTBO MMEET MECTO TOJIBKO HPH

a, =a, =0 1o pyskuun @ (x) 1 @, (x) Ha3bIBAIOTCS IUHEUHO He3asucuMbiMu Ha E.
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Ho nocnennee ToKIECTBO 03HAYAET, YTO PYHKIUU @, (X) U @, (x) TUMHEHHO 3aBUCUMBI
Ha MPOMEXYTKE E. A 3TO IPOTUBOPEUUT YCIOBUIO TEOPEMBI.

OOpatHO, mycTh Kakasg-HMOyIb Iapa pemeHud y, =@ (x) Uy, =@, (x)
ypaBHenus (7.5) oOpasyer Ha £ hyHIaMeHTaIbHYIO0 cUcTeMY perieHuid. [lokaxkem, 4To
cucreMa QyHKIUN y, = @, (x) U y, = @,(x) OyIeT JINHEIHO HE3aBUCUMOM Ha E.

IIpenmnonoxuM mNPOTHBHOE, T.€. IyCTb CUCTeMa (QYHKIMH y, =@, (x) H
¥, = @,(x) nMHENHO 3aBucuMa Ha E. Torna HaliyTcs 4yucia o U Oy TAKUE, YTO XOTS

OBl OZIHO M3 HUX OTJIMYHO OT HYJI, U JJIsl KOTOPBIX BBIMOJHAETCS ToxkaecTBo (7.11).
Ortcroaa cienyer, YTo OJHOPOJIHASI CUCTEMa alredpandeckux ypaBHeHuut Buaa (7.9)
MMEeT HeHyseBoe pemnieHue. Ho moclienHee BO3MOXKHO JIMIb B cliydae, Korja
OCHOBHOHM  OmpenenuTeab CUCTeMbl YypaBHeHud (7.9) paBeH Hymwo, T.e.
Aly,, v, )|x=x0 = 0. A 3TO IPOTUBOPEUHUT TOMY, YTO JaHHAS CUCTEMA PEIICHUI 00pa3yeT

Ha F (¢yHIaMeHTalbHYI0 cucteMy peunieHuid ypaBHenus (7.5). Ilomyuennoe
MIPOTUBOPEYHE 3aBEPIIAET JOKA3aTENIbCTBO TEOPEMBI. P>

3ameuanue 7.1. 13 nokaszarenbcTBa TEOPEMBI 7.3 BUAHO, YTO €CJIM BPOHCKHAH
IJI Tapbl peleHul ¢, (x) 1 @,(x) ypaBHeHus (7.5) paBeH HYIIO XOTS Obl B OJHOU

TOUYKE NMPOMEKYTKA £, TO OH TOXKJIECTBEHHO PaBEH HYJIIO HA E.

OtmeTuM, 9TO B CHITy Teopembl 7.3 omnpeneneHue QPyHIaMEHTaTILHON CHCTEMBI
pemenuii nuddepeHnnanbHOro ypasHeHus (7.5) MOXHO AaBaTh U B Takou (opme.

OITPEAEJIEHUME 7.4. JIro0as mapa ¢,(x), @,(x) IJMHEHHO HE3aBUCHMBIX Ha £
YaCTHBIX pelleHui ypaBHeHusl (7.5) Ha3bIBaeTCs (QYHOAMEHMANbHOU CUCMEMOlU
peuieHuli STOT0 yPaBHEHHS.

Bo3HMKaeT ecTeCTBEHHBIM BOMPOC: BCSAKOE JIM JIMHEHHOE OJHOPOJHOE
muddepennmanbHoe ypaBHenue Buaa (7.5) uMeer (QpyHAAMEHTAIbHYIO CHUCTEMY
YaCTHBIX pemeHuii? OTBET Ha 3TOT BOMPOC JAET CIECAYIOIas

Teopema 7.4. V kaowcooeo nunelinHoco 00HOPOOHO20 Oup@epenyuaibHo2o
ypasHnenus (7.5) ¢ nenpepvignvimu na E xoapdpuyuenmamu p(x) u q(x) cywecmseyem
xoms 661 00HA PYHOAMEHMAIbHASL CUCTEMA YACMHBIX PeuleHUl.

Jloka3zaTeabcTBO. PaccMoTpuM /1Ba 4aCTHBIX pelieHus ypaBHeHus (7.5): ¢ (x),

YIOBIETBOpAIOLIEE HAdaldbHbIM yclIoBUAM @ (x)) =1, ¢',(x,)=0, u ¢,(x),
YIOBIETBOPSIONIEE HavaubHBIM ycrnoBusM @, (x,) =0, ¢',(x,) =1, rne x(€E. Taxue

pELIeHHs CYLIECTBYIOT B cuily TeopeMbl Komm nist ypasaenus (7.5). Kpome toro, 3t
pemenus @, (x) 1 @, (x) 00pa3yroT GyHJaMEHTAIBHYIO CUCTEMY PEIIEHUH ypaBHEHHS

(7.5). B camom niene, BpOHCKHMAH 3TUX PEIICHUI B TOUKE XoEF OTIMYEH OT HYJI, T.€.

@ (xg)  @y(xp) _ 10 _
€01,(x0) @ (x) |01
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CnenoBarenbHO, B CHIy 3aMe4yaHus 7.1 BpOHCKHAH cucTeMbl PyHKIUHA ¢, (x) U @, (xX)

HE paBeH HYJII0 HA B OJHOM TOYKE U3 E, T.€. 3Ta cuctemMa pyHaaMeHTaIbHA. P>

3ameuanue 7.2. VI3 qokazarenbpcTBa TeOpeMbl 7.4 BUIHO, YTO, BOOOIIIE TOBOPA,
BCSIKO€ JIMHEHHOE OJTHOPOTHOE YPAaBHEHUE UMEET HE OJIHY, a 0ECKOHEYHOE MHOYKECTBO
pasTUYHBIX QYyHIAMEHTATBHBIX CHCTEM PEIICHUH.

OOpatuMcs Temepb K BONPOCY O HAXOXKICHUH 00We2o peuleHuss TAHEHHOTO
onHopoaHoro ypaBHeHusi (7.5). OxasbiBaeTcs, oOiee pemieHue ypaBHeHus (7.5)
MOJKET OBITH JIETKO MOJIYYSHO, €CJIM U3BECTHA KaKas-Tn0o (yHIaMEHTaIbHAS CHCTEMA
YJACTHBIX PENICHUH 3TOTO YpaBHEHHS. A UMEHHO, CIIPaBEeJINBA CIIEIYIONas Teopema,
onpenensonas cmpykmypy oowezo peutenus ypasnerus (7.5).

Teopema 7.5. Ecau pynxyuu y, = ¢, (x) u y, =@,(x) obpasyrom na npomesicymxe
E ¢ynoamenmanvuyro cucmemy uacmuvix pewenuil ypaeuenus (7.5), mo odbwee
peuieHue 2mo2o ypasHeHus. 0aemcs hopmynou

y=Cq(x)+ Gy (x), (7.12)

20e Cy, C, — npoussonvHvle NOCMOsIHHbLE.

Joka3zareJbcTBO. B cuuty onpesenenus o01iero pemenus AJist 10Ka3aTelbCcTBa
TEOPEMBI JOCTATOYHO MOKa3aTh, YTO, BO-NMIEPBBIX, BCsikast pyHKus Buaa (7.12) ectb
peuienue ypaBHeHus (7.5); BO-BTOPBIX, HaJ0 YOEIUTHCS, YTO CEeMENCTBO (DYHKIUU
(7.12) saBnsietcst ob6wum pewienuem ypaBuenus (7.5), T.e. OHO COACPKUT Gce YacmHuble
peuieHuss TAaHHOTO YPaBHEHUS.

[lepBas yacTh JOKA3aTEIbCTBA BBITEKAET U3 caeacTBus 7.1.

UtoObl I0Ka3aTh BTOPYIO YaCTh, JOCTATOYHO YCTAHOBUThH, UTO .JH00OblE
HavyaJbHbIE YCIOBUS BUJA

=0, V| =, (7.13)

X=X(

b

X=X(
rne  x,E€(a,b), -®<y,<+0,-0< yé < +00, ONPENEIAIOT YAaCTHOE pPEIICHHUE,
coaepxaieecst B popmyine (7.12), T.e. momydaromeecst u3 (7.12) npu Hajexaiiem
noaoope mocTossHHBIX C u C,.

[Tockonbky aist ceMeiicTBa pynkuumii (7.12) ycnoBus (7.13) MOXKHO 3anucath B

BUJIE CJICIYIOIIEH CUCTEMbI YpaBHEHUN
Cip1(x9) + Coy(x0) =y
SO (7.14)
Ci1(x) + Cr0,(x0) = ¥y,

TO JJIsl 3aBEPIICHUS J0KA3aTeIbCTBA TEOPEMBI IOCTATOYHO 3aMETUTh, uTo (7.14) ecThb
HEOJHOPOJHAS CUCTEMa JIBYX JIMHEHHBIX alreOpandyecKux YpaBHEHUU C JABYMS
HeuzBecTHbIMU C; U (C,, OCHOBHOM ONpPEICIUTEIb KOTOPOW PABEH 3HAYECHUIO
BPOHCKMAHA CHUCTEMBbI pemeHud ¢ (x) U @,(x) B Touke Xxo. Ho B cuy

(yHIaMEHTAIBHOCTH 3TOM CUCTEMBI PEIIEHUN OH OTIWYeH OT HyJs. CiaeqoBaTeabHO,
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cucrema ypaBHeHuil (7.14) MMeeT W IPUTOM emMHCTBeHHOE pemenue C, =C. u

C, = Cg. A 5TO 3HAYMT, YTO MMEHHO YacTHOE pemeHue Buga y=C g (x)+Cop,(x)

OyZeT yJIOBIETBOPATh HaYaJIbHBIM ycaoBusaM (7.13).

I[Ipumep 7.2. Pemuts nuddepennmansuoe ypapaenue (7.7).

PEILIIEHUME. Bepliie yxe ObUIO YCTaHOBJIEHO, YTO (PYHKLIUU | = e u Yy = e

o0pazyroT (yHIaMeHTaldbHyI0 cucTeMy penieHuid ypaBHenusi (7.7). Ilostomy,
COTJIaCHO Teopeme 7.5, o01iiee pellieHre 3TOro ypaBHEHUsI UMEET BU/L:

2 3
y=Ce™" +Che™,
rae C, u C,- IpOU3BOJILHEIC ITIOCTOSHHEIE.

3ameuanue 7.3. 13 Teopemsl 7.5 BUAHO, YTO JUISI TOTO YTOOBI HalTHU oOIIee
pelieHre JUHEHHOr0 OJJHOPOIHOTO ypaBHEeHUs Buja (7.5), 10CTaTOYHO HANUTH KaKyIO-
HUOYAb (PYyHIAMEHTAIbHYIO CHUCTEMY €ro YacTHBIX pelieHuil. B cBs3u ¢ 3Tum
BO3HUKAET BOMPOC: KaK MPAKTUYECKH HAUTH XOTA Obl OJHY (GyHIaMEHTAJIbHYIO
CUCTEMY YacTHBIX perieHul ypaBHeHus (7.5). B o0uieM ciiyuae, K COXKaJICHUIO, 10 CUX
MIOP HE CYIIECTBYET TAKOT'0 METO/a, KOTOPBIN MO3BOJIsL Obl HANTH (QyHIaMEHTAIBHYIO
CUCTEMY pEIIeHUN IJs JI0O0OT0 JIMHEHMHOTO OJHOPOAHOro auddepeHnanTbHOro
ypaBHenus Buja (7.5). OnHako, kak OyaeT MoKa3aHo Jiajnee, A JOCTATOYHO IHUPOKUX
KJIACCOB JIMHEUHBIX OJJHOPOJIHBIX YpaBHEHUM (HAIpuMep, JIJIsl TIMHEHHBIX OTHOPOHBIX
ypaBHEHUH ¢ TOCTOSTHHBIMU KO3 PUIIMEHTaMU) CYIIECTBYIOT OUYEHb yA00HbBIE METObI
HaxO0XJIeHUs1 PyHIaMEHTaIbHBIX CUCTEM YaCTHBIX PEHICHUM.

7.3. JIuHeiiHbIe HEOJAHOPOAHbIe IU(PepeHUUAIbHbIC YPAaBHEHHSI 2-T0
nopsaaka. Ctpykrypa oOmiero pemenusi. Merox BapuanuM HNPOU3BOJBHBIX
NOCTOAHHBIX. B »3ToM mnyHkTe OyneM wu3ydaTh JuHeliHble HEeOOHOPOOHble
ougpepenyuanvrvle ypagHenus 2-20 nopsioka, T.€. ypaBHEHUs BUAA

V'+p(x0)y'+q(x)y = f(x), (7.15)

rae y=y(x) — uckomas QyHknus, a p(x), g(x) u f(x) — 3amaHHbIe QYHKIHUH OT X,
HenpepvleHble HA HEKOTOPOM NPOMEXYTKE E = (a, b).

YpaBHEeHUE BUA

V4 p(x)y'+q(x)y =0, (7.16)

KoTopoe nosydaercss u3 (7.15) 3ameHON f(x) HyjleMm, OyJeM Ha3blBaTbh JINHEHHBIM
OJTHOPOTHBIM muddepeHIaITbHBIM ypaBHEHHEM, COOMBEeMCmMEYIOUUM
HEOJHOPOJHOMY ypaBHEHUIO (7.15).

W3 pe3ynbTaToB MPeabIAYIIEeTO MyHKTa BUTHO, UTO CTPYKTYpa OOIIETO PEIICHUS
JUHEUHOT0 OJIHOpOoAHOTrO YpaBHeHus (7.16) onpenensercs dopmyinoi (7.12).

BreisicHUM Temeps CTPYKTYpy OOIIEro penieHuss HEOJTHOPOIHOTO ypaBHEHUS

(7.15). CnpaBenmuBO cleayrolee BaXKHOE YTBEPKICHHE.
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Teopema 7.6. Ilycmv dano nunetinoe neoonopoonoe ypasnerue (7.15). Ecau
Y =@ (x) u y, =@, (x) - kKakaa-1bo GyHoameHmanbHas CUCmemMa Yacmublx peulenull

coomeemcmayioujeco 00HOpoono2o ypasHenus (7.16), a F(x) - kaxoe-Hu0yOb

yacmuoe peuteHue 0aHHO20 HeoOHOpoOHo20 ypasHeHus (7.15), mo obwee peuienue
HeoOHopooHozo ypasuenus (7.15) daemcs popmynotii

¥ =Ga () + Gy (x) + F(x), (7.17)

20e Cy, C, — npoussonvHvle NOCMOsIHHbLE.
Jpyrumu cioBaMu, cmpykmypa oouje2o peuieHust TUHeuH020 HeoOHOPOOHO20

YpaeHeHu: (715) makoea: Yo, =Yoo ¥ Vun.-

Joka3zareabcTBO. B TOM, uTo Beskas ¢yHkius Buaa (7.17) Oyner pemieHueM
ypaBHenus (7.15), nerko MoxHO yOeIUThCsl HEMOCPEACTBEHHOM MPOBEPKOIA.

[Tokaxxem nanee, uto dhopmynoit (7.17) 3amaercs obwee peuienue ypaBHEHUS
(7.15), 1.e. myrem momdOopa mpou3BOJbHBIX NMOCTOSHHBIX C; U C; B (7.17) MOXHO
YIOBJIETBOPUTH J1100ObLM HaYaIbHBIM yciioBUsM Buaa (7.13).

HelictBuTenbHo, oTpeOoBaB, 4ToObl penieHue Buaa (7.17) ynoBieTBOPSIO
HayaJdbHbIM ycloBUsM (7.13), mpuXoauM K CUCTEME JIUHEHWHBIX alreOpandecKux
ypaBHeHUM otHOCUTENBbHO C 1 C; :

Ci(x0) + Co5(x) = yo — F(xy)

' ' ' ' (718)
Gy (xg) + Coy (x) = yo = F'(xp),

Tak kak OCHOBHOU ompenenutensb cuctembl (7.18) coBmagaeT ¢ ompeaenuTeseMm
BpoHckoro cucrembl QyHKmud y, =@ (x) © y,=@,(x) B TO4KE x=x, W,

CJIeIoBaTeIbHO, HE PaBEH HYJIIO, TO CUCTEMA JIBYX ajredpanueckux ypaBHeHuu (7.18)
JIONYCKaeT  eduncmeennoe pewenue (C),Cy). TlodToMy YacTHOE pelIeHUE

y= Cl0 @ (x) + Cg @,(x)+ F(x) ypaBHenus (7.15) OynmeT ymOBICTBOPSATH HaYaJIbHBIM
ycaoBusam (7.13). »

3ameuanne 7.4. I3 Teopembl 7.6 cieayeT, 4yTO 3ajadya HAXOXKIEHUS OOIIETO
pelieHrs JUHEHHOro HEOJAHOPOAHOTO ypaBHEeHUs (7.15) cBOAMTCS K OTHICKAHUIO
KaKoro-a10o €ro 4acTHOro pemleHus F(x) ¥ oOIIero pemeHus: COOTBETCTBYIOIIErO
OJIHOPOAHOTO ypaBHeHus (7.16).

[TockonbKy 17151 MOJy4eHUsl OOIIET0 peleHus] OJHOPOIHOrO ypaBHeHus (7.16)
JIOCTATOYHO HAUTH KaKyI0-Tu00 (yHIAMEHTAIbHYIO CUCTEMY €0 YACTHBIX PEIICHUH,
TO BO3HUKAET BAXKHBIN BOMPOC: MOXKHO JIM HAWTH XOTSI Obl OHO YacCTHOE peElICHUE
HeoHOpoHOTO ypaBHeHus (7.15), ecnmu HaM u3BecTHA (yHAaAMEHTalbHAs CHCTEMa
YaCTHBIX PEIICHUN COOTBETCTBYIOIIETO OJJHOPOAHOTO ypaBHeHus (7.16)?

OTBeT Ha 3TOT BONPOC AAECTCS CAEAYIOUIEH TeOPEMOil, B CAMOM JIOKa3aTEIbCTBE
KOTOPOM COAEP>KUTCSI OYEHb IOJE3HBIA METOJ OTHICKAHUS YaCTHOTO pEIIeHUs
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JUHEWHOTO HEOJHOpPOAHOro YypaBHeHus (7.15) mo 3amaHHON QyHAaAMEHTaIbHOU
CHUCTEME YAaCTHBIX PEIICHWA COOTBETCTBYIOMIETO OAHOPOAHOTO ypaBHeHus (7.16).
DTOT MeTOJ OOBIYHO HA3bIBACTCS MEMmOoOOM 8aAPUAYUU NPOU3BONbHBIX NOCMOSAHHBIX
wi memodom Jlazpamoca”.

Teopema 7.7. Ecau uzsecmua xaxas-HubyOb ¢HyHOAMEHMANbHAS CUCmeMd
YACMHBIX peuleHUuti 00HOpooHo20 ypasHeHus (7.16), mo uacmunoe peuieHue
HeoOHOopoOHo2o ypashenus (7.15) moscem 6vimb HALIOEHO ¢ NOMOWBIO K8AOPAMYP.

HokaszareabcrBo. Ilycte  y, =¢(x) u y,=¢,(x) — Kakai-HHOyZ b
(dbyHIaMeHTallbHasi CUCTeMa YacCTHBIX pelIeHUM oJHOpoaHOro ypaBHeHus (7.16).
Bynem nckath yacTHOE pelieHrne HeoJHOPOoIHOTO ypaBHeHus (7.15) B Buze

y=C ()@ (x) + G (), (%), (7.19)

rae C,(x) 1 C,(x) - HOKa HEU3BECTHBIE (PYHKIUU OT X.
ScHo, yto mna HaxoxaeHus C (x) U C,(x) HEOOXOOUMBI 1Ba HE3aBUCHMBIX

ypaBHeHHUs, coepxkamue 3TH QyHkuuu. OZHO U3 ITUX YpaBHEHUU MOJYUUTCS W3
ycaoBus, uro ¢yHkiusa (7.19) yaosnerBopsieT nuddepeHnnaibHOMY YpaBHEHHIO
(7.15). Apyroe ypaBHeHue ans onpenenenus C,(x) u C,(x), cnenys Jlarpanxky, Oyaem

3a/1aBaTh B BUJIC.
C' ()@ () +C,' (V)@ (x) =0 s Beex x E (a, b). (7.20)

C yuerom ycnoBus (7.20) nns npousBoanbix GyHkiuu Buaa (7.19) 6ynem umers:
¥'=C ()@ (x) + Cy (X)) (x), (7.21)
V'=C0)@" () +C ()¢, (x) + C' ()i (1) + G, ()@ () = f(x). (7.22)

Haxkonen, mojacraBisis 3HaueHus y, )', y'', 3aJaBaeMble COOTBETCTBEHHO

paBerctBamu (7.19), (7.21), (7.22), B n1eBy10 yacth UCXOAHOTO AU PEepeHITnaTLHOTO
ypaBHenus (7.15), noayuum:

') (x) + G (D)) (x) = f(x).

Takum oOpazom, ¢yHkuus Buma (7.19) Oymer penieHueM HEOIHOPOIHOTO
ypaBHenus (7.15), ecim mpu Bcex xE(a,b) ¢ykumum C,(x) u C,(x) Oynmyt

16
YIOBIIETBOPSITH CUCTEME

Gi'(0)¢1 () +C,' ()¢, (x) = 0
23
{Cl‘m%’ () + Cy' ()@ (x) = f (%), (7.23)

" ¥Kozed JTyu Jlarpamx (1736-1813) — paniy3ckuii MaTeMaTHK.
B nanpneitmem cuctemy (7.23) Oynem Ha3bIBaTh cucmemou Jlacpansca nns ypasuenus (7.15).
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OcHoBHOII ~ompenenurens cucteMbl (7.23) ectb BpoOHCKHAH  A(g,,@,)
(yHIAMEHTaIbHOM CHCT€MBI pemeHud y, =@ (x) U y, =@,(Xx) OIZHOPOIHOTO

ypaBHeHust (7.16) u, ciaemoBarenbHO, OTJIIMYEH OT HYJsI Ha IPOMEXYTKE (a,b).
Iostomy u3 cucremst (7.23) dyrxiun C, (x), Cy(X) ONpeaensiorcs 0aHO3HAYHO, T.¢.
C/(x)=7,(x), C(x)=r,(x), rae 1, (x) u 1, (x) - BoMHE ONpeeneHHbIe GYHKIMN OT X,
HemnpepbiBHbIe HA (a,b). Otcioma camu ¢dynkimuun C(x) u C,(x) momydarorcst ¢

MOMOIIBIO KBAIpaTyp (MHTETrPUPOBAHMUS):
C (%) =f’”1 (dx+a,,  Cy(x) =fr2 (dx +a,, (7.24)

rne o, =0 1 a, =0 - TpOU3BOJIbHBIE OCTOSTHHEIE. HO ITOCKOJIEKY HaM HY»KHO HaWTH

KaKoe-JI1M00 YacTHOE pellleHre HeOJHOPOAHOTO ypaBHeHus (7.15), To B (7.24) MOXKHO
cuntath a, =0 u «, =0. CiegoBaTeIbHO, UCKOMOE YaCTHOE PELICHUE YpPaBHEHUS

(7.15) Oyzmet umeth Bua: ¥ =@ (x): f r(x)dx + @, (x) f 1, (x)dx. Teopema nokazana. »

N3 Teopem 7.6 u 7.7 BBITEKAET CIEAYIOLIEE BaXKHOE

CaencrBue 7.2. Eciu uzgecmua kaxas-uu6yob (yHOAMEHMAIbHAS CUCmeMd
YACMHBLIX  peuteHuti 00HOpooHozo ypashenus (7.16), mo obwee pewenue
He0oOHOopoOHo2o ypashenus (7.15) moscem 6vimb HALIOEHO ¢ NOMOWBIO KEAOPAMYP.

I[Ipumep 7.3. Pemnts nuddepenimanbHoe ypaBHEHNE
Y =5y +6y=e*". (7.25)
PEIIEHUE. 3ametum, uto (7.25) — nuHEeliHOE HEOJHOPOJAHOE ypaBHEHUE 2-TO

nopska. Kak yxe ObLIO yCTaHOBIEHO paHee, PyHKLIUH )| = e™ u V, = e>* obpasyroT

(yHIaMEHTAIBHYIO CHUCTEMY YAaCTHBIX PEUIEHUM COOTBETCTBYIOIIETO OJIHOPOJIHOTO
ypaBHenus (7.7). [loaToMy gaHHOE ypaBHEHHE MOKHO PEIIUTh METOJOM BapHaluu
MPOM3BOJIBHBIX MOCTOSHHBIX. JlJII 3TOro cHavana HaWAEeM YacTHOE pPELICHUE
ypaBHenus (7.25) B Buze:

yq.H. = Cl (x)ezx + C2 (x)e3x ’ (726)

rae C,(x) u C,(x) - noKa HemsBecTHbIE QyHKIMH. Jlanee cocTaBuM cucteMy Jlarpanxka
st ypaBHeHus (7.25):

C!(x)e* +Cy(x)e’™ =0

2C] (x)e™ +3C)(x)e™ =e™.
Pemmas o1y cucremy otHocurensHo C) (x), Cy(x), momyuaem: C| (x) = —e™, Cy(x)=¢".

2x
e
Otcroma ¢ TOMOIIBI0 HHTErpupoBaHus Haxomum: C| (x)=—7 u C,(x)=e".
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4x
CnenoBarenbHo, cornacHo ¢opmynie (7.26) noaydum: y,, = %. Torna nmo gopmyne

(7.17) naitnem oOiiiee penieHre TaHHOTO HEOJHOPOAHOTO YpaBHEHUS:
4x

e
y= Clezx + C2€3x + 7

2
rae Cy, C; — IpOU3BOJBHBIE TOCTOSTHHBIE.

7.4. UnTerpupoBanue JUHeHHbIX AuPdepeHUNATBLHBIX YPaBHEHUH IPH
NoMoIuM psaoB. 3 pe3ynbTatoB npeablIyliero NyHKTa BUIHO (CM. ciaeAcTBue 7.2),
YTO TPU pelIeHUH (MHTETPUPOBAHUU) JIMHEHHBIX AUdPepeHInaIbHbIX YpaBHEHUN
CYLLIECTBEHHYIO POJIb HUIPAET QYHOAMEHMANbHASL CUCMeMAd YACMHbIX peuleHull
00HOopoOHo2o ypasneHus (7.16). Ho kak yxe ObLIO paHee OTMEUEHO (CM. 3aMedaHue
7.3), B o0mieM ciydae HE CYUIECTBYET METOJ/la, KOTOPBINA MO3BOJISLUT Obl HaWTH
(GyHIAMEHTAIBHYI0 CHUCTEMY pPEIICHH sl JII00OT0 JUHEWHOr0 OJHOPOJHOTO
muddepennmanbaoro ypaBHenuss Buga (7.16). IlosTomy mnpu UHTErpupOBaHUU
TUHEUHBIX JIU((dEepeHINaNIbHBIX YpaBHEHUW OUYE€Hb 4YACTO HCHOJB3YEeTCs Tak
Ha3bIBAEMBI «MemoO cmeneHHulx psoosy. lIpexae 4emM HU3JI0XKUTh CYyTh METOoja
CTEIMEHHBIX PSIJ0B, HATOMHUM HEKOTOPbHIE MOHSITHS.

OIIPEAEJIEHUE 7.5. ®ynkuus F(x) Has3bplBaCTCA  aHAIUMUYECKOU

(eonomopghuoti) B TOUKE X,, €CIU OHA Pa3jI0KUMa B HEKOTOPOH OKPECTHOCTH 3TOU

TOYKH B CTENEHHOM PsAJI 10 cTenensM (X —X,), T.e.

oo

F(x)=a0+2ak(x—xo)k, YE(X, -0, X, + ), (7.27)

=1

. F® (x
rac © - HCKOTOPOEC HOJOXKUTCIIBHOC ACUCTBUTCIIBHOC YUCIIO, a4 a; = J .
9 k k'

ITpo ¢ynkuuro F(x), npeacraBumyro B Buzae (7.27), HHOrga roBOpsT, 4TO OHA

JOITYCKAacT B obiacTu ‘x—xo‘ < P aralumuuyeckoe npedcmaeﬂeﬂue 8 8UOe CMEeNneHH020

paoa no cmenenam (X —X,).

1
Hanpumep, dbyukius g(x) = T JIOTyCKaeT B 00JacTu ‘x‘ <1 ananutHueckoe

npeacTaBjJaCHUC B BUJAC CTCIICHHOI'O psiada I10 CTCIICHAM X, TaK KakK

1 o &
— =1+ Hx", (7.28)

1-x

mprYeM psia B paBoit yactu (7.28) cxonutes npu [x| <1.

Paccmotpum crepyrontyro 3agauy Komm st auHelHbIx qud@epeHuanbHbIX
YPaBHEHMH  BTOPOro  MOpANKa:  mpeOyemcs  Haumu  peweHue  y=@(x)

ougpepenyuanbHo2o ypasHeHus
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V'+p(x)y'+q(x)y = f(%), (7.29)
yoosnemeaopsaiouee ciedyiouum Ha4yaibHblM YCI08USM:

@(xo) =Yy, @(Xo) =0, (7.30)
20e p(x), q(x)u f(x) —3a0anuvie hynxkyuu om x, 2010MOpg@HblIE 8 HEKOMOPOUL 0OIACTIU
‘x - xo‘ <0, a Yo, Vo - N00ble 3a0annbie OelicmeumensHble Yucd.

CrpaBeyiMBO ClEAyrolee BaXXHOE YTBEpXkKIeHUE (CM., Hampumep, [9], c. 166
unu [13], c. 208).

Teopema 7.7. (Komm). Eciu ¢hynxyuu p(x), q(x) u f(x) conomopmui 6 obracmu
‘x - xo‘ < p, mo 3a0aya Kowu (7.29)-(7.30) umeem eouncmeennoe pewienue y =(x),

, 20JloMOpHOe 8 obracmu ‘x - xo‘ < p,m.e.

1/J(x)=y0+y(')(x—x0)+2bk(x—x0)k, (7.31)
=

npuuem pso 6 npasoti wacmu (7.31) cxooumces 6 ooracmu ‘x - xo‘ <p.
3ameuanue 7.5. U3 Tteopembl 7.7 BUAHO, UTO JUISl HOIHO20 PEUICHUS 3aJa4yu
Komw (7.29)-(7.30) HyxHO TonbKo Haiith ko>dumuentsl b,, k=23, .., B mpasoii

gactu (7.31). Ho 310 MOXHO chenaTh, Hampumep, NPUACPKUBASCH CIEAYIOIIETO
npasua:

1) mpencraButs Qyskimm p(x), ¢(x), f(x) 1y =y (x), y'=¢'(x), y"=y" (x)
B BHJIE CTENEHHBIX PANOB 1o crenensm (X —x,): p(x) = p, + Z p,(x=x,)",
=1
q(x) =g, + qu(x‘xo)k , J()=a,+ Zak(x_xo)k ;
-1 -

=1

Y(x) = yo + v (x—x,) + ibk(x—xo)" Y@=, +§k-bk<x—xo>“,

" (x) = b, + ik(k—l)-bm—xo)k'z;

2) nmoxacrtaBuTh B ypaBHeHue (7.29) Bmecto p(x), q(x), f(x), v =9 (x),
V'=y'(x), y'"'=1'"" (x) COOTBETCTBYIOLIUE UM CTEIICHHBIE PSIbI,

3) npUpaBHATH B TOJYYEHHOM TOXISCTBE KOI(PPHUIIMCHTHI MPU OJUHAKOBBIX
crenensax (X —X,), B pe3yabTaTe 4ero NpuaeM K alreOpandeckoil CuCTeMe ypaBHEHUN
oTHOCHMTENEHO b,, k=2,3,..., koTopas Bceraa paspemmnma.

4) pelluB NOJIy4YEHHYIO CUCTEMY alreOpanueckux ypaBHEHUN, HAUTH 3HAUYCHUS
xo>dppunuentos b,, k=23, .. .

Ipumep 7.4. PemuTh METOAOM CTENIEHHBIX PSAAOB CIECAYIONTYIO 3a1a4y Komm:
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y'+y=0, y(0)=0,'(0)=1. (7.32)

PEHIEHME. Tak xak 3aeck kodpduuuenTs! p(x)=0, ¢(x)=1 1 cBOOOIHBIN YJICH
f(x)=0 SBIAIOTCA HOCTOSAHHBIMU, TO OHM SIBJISIOTCS TOJIOMOPGHBIMH B 001acTH
(-, + ). CrnenoBatenbHO, cornacHo Teopeme 7.7 3amada Komm (7.32) mmeer

€MHCTBEHHOE peIlIeHHe ) = 1/ (x), roioMopdHOe B 001acTu (-, + ), T.€.

Y (x)=b, + Zbkxk , (7.33)
=1
npudeM psa B nmpaBoil yactu (7.33) cXOIUTCs Ha IPOMEKYTKE (—oo, + o0).
Huddepenuupys, us (7.33) umeem:
W'(x)=b, +2b,x+ .. +nb x"" + .., " (x)=2b, +6b,x + ..+ n(n-1)b x" +... . (7.34)
[Toacrasmsiss B muddepennuanbaoe ypaBHenue (7.32) BMecto y =3 (x) #
y"'=y'" (x) ux 3Hauenus u3 (7.33) u (7.34), nonyyaem
2b, +6b,x + ... +n(n-1)b,x"" + ..} +{b, + bx +b,x* +bx* + .. +bx" +..} =0,

[IpupaBHUBas B MOJTYUYEHHOM TOXKJECTBE KOA(DPUIIUEHTHI MPU OJJUHAKOBBIX CTEIEHIX
¥ (c yueToM HayaldbHBIX YCIOBUMU 3afaun!), Oy1eM UMETh:

(b, =0,

b =1,

2b, +b, =0,

< 6b, + b, =0, (7:39)
12b, + b, =0, '

(n+2)n-b,,,+b, =0,

Haxkomnen, pemiast anre6pandeckyto cucteMy ypaBHeHui (7.35), HaxoquM 3HAUYECHUS
Bcex kodpuuuentos b, k=012,..:

1 1 (-1*
- =, b4 =O,..., b2k =0, b2k+1 T T e e
6 3 2k +1)!

Taxum 00pa3om, oAcTaBsAs Halinenusle 3Hadenus b,, k=0,1,2,... B npasymo

by=0,b =1, b, =0, b, =

qacTh (7.33), OKOHYATENHHO MOTy4aeM
x3 5 7 x2k+1
1/}(x)=x——+———+...+(—1)k +. . =sinx P
I s 7 2k +1)!

3ameuyanue 7.6. BaXkKHO OTMETUTD, YTO METOJIOM CTEIICHHBIX PSJI0B OY€Hb YaCTO

yA0OOHO HAXOIUTh (PYHIAMEHTAIBHYIO CHCTEMY YaCTHBIX PEIICHWA OHOPOIHOTO
mudepeHnanbHOro ypaBHEHUS

Y'+p(x)y'+g(x)y =0, (7.36)
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KO3(phULIMEHTBI KOTOPOTrOo - TrojoMopdHbie QYHKIMM B HEKOTOPOM obnactu
JlefcTBUTENBHO, NJI1 3TOTO JOCTATOYHO HAWTH METOJIOM CTENEHHBIX PSI0B
pewenue y, =k (x) 3agaun Komm

Y'+p(0)y'+q(x)y =0, h(x,)=1, h1‘ (x9)=0, (7.37)

U pelienue y, = h,(x) 3anauu Komm

V'+p(x)y'+q(x)y =0, hy(xy) =0, hy(x,) =1. (7.38)

OueBngHO, dYro TOrga cucrema QyHKUMA y, =h(x), y,=h,(x) Oyzaer
(byHIaMEHTAIBHOM ~ CHUCTEMOM  4YacTHBIX  pemieHuil  ypaBHenus  (7.36),
YAOBJIETBOPSIOIIEN CIETYIOINM HAYaJIbHBIM YCIOBHSIM:

h(xo)=1,h(xy) =0 u hy(x,) =0, 1y (x,) = 1. (7.39)

OIIPEJEJIEHHUE 7.6. ®yHnamenranpHas cucreMa y, =h(x), y, =h,(x)

YJaCTHBIX pemieHud ypaBHeHHs (7.36), yAOBIETBOPSIONIAS HAYAIBHBIM YCIOBUSIM
(7.39), naspIBaeTCA HOPMUPOBAHHOU 8 MOYKE X,,.

SlcHo, 4TO ecnu yxe HalJleHa HOpPMUPOBaHHAsl B TOUKe X, (hyHIaMeHTalIbHas
cucrema y, =h(x), y, =h,(x) 4acTHbIX pemeHui ypaBHeHusa (7.36), To oOmiee
pEILIeHNEe 3TOr0 ypaBHEHUS B 00JIaCTH

D={(6y, ER|[x-x)| < p,

y‘ < +00, y" < 400}
MOKHO NOIy4uTh 1o Gopmyne y = Ch (x)+C,h,(x), tae C;, C, — IPOU3BOJIBHBIE
MOCTOSIHHBIE.

I[Ipumep 7.5. Pemnts nuddepenimanbHoe ypaBHEHNE
y'-y=0. (7.40)

PEHIEHME. ITockonbky 3aech k03 dunuentsl p(x) =0, g(x)=-1 ABIAIOTCA
roioMOpGHBIMA B O0OJIACTH (—%, + %), TO CHayajga MOCTPOUM (YyHIAMEHTAIbHYIO

cucremy y, =h,(x), y, = h,(x) 4aCTHBIX pelmeHni ypaBHeHus (7.40), HOpMUPOBaHHYIO

o0

B Touke X, =0, T.e. A (x) =1+;akxk u h2(x)=x+;bkxk.

[ToncraBmnss nepByto U3 3TUX PyHKUMM B ypaBHeHue (7.40), moinyqum
(2a, +6a,x + .. +n(n-Da,x"> +..)-(1+a,x* +..+a,x" +..)=0. (7.41)
U3 toxmecta (7.41) (¢ yderom HauambHbx ycmoBumii 4,(0)=a, =1, 4,(0)=a, =0)

OyJleM UMETh:
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2a,—a, =0
6a, —a, =0
124, —a, =0, (7.42)

1
Pemiast cucremy (7.42) Haxonum: a,, = m, ay,, =0, k=0,12,.. CaegoBaTeasHo,
h(x)=1+ E (2 = chx. COBEpIIEHHO aHAJOTUYHBIMU PACCYXKIACHUSIMH HAXOIUM
hy(x) = x + 2(2k 1)' ! —shx. Torma obmee pemenue ypaBHenus (7.40) MOKHO

3agaBath B Buze y = C,chx + C,shx, rae C;, C; — IpOU3BOJIbHBIE IIOCTOSHHBIC. P>

II. KOHTPOJIBHBIE BOITPOCBI U 3AJJAHU A

KakoB o6muit Buja nuneitHoro auddepeHmaibHoro ypaBHeHHs 2-10 nopsiaka’?
Cdopmynupyiite 3agauy Komm nis TMHEHHBIX YpaBHEHHM 2-T0 OpAJIKa.
MoryT 11 y TMHEWHBIX YpaBHEHUI ObITh 0c0ObIe pemenus ? [louemy ?

AW N =

Ha kakoM MHOXeCTBe OMpeAeieHbl pEeHIeHUus OAHOPOJHOTO JIMHEHHOIO

mudpepeHnanbHOro ypaBHeHuUs 2-T0 nopsaka ?

5. Uro Ha3bIBaeTcs pyHAAMEHTAIBHONU CUCTEMOU pelIEHU TUHEUHOTO OJTHOPOITHOTO
YpaBHEHHUS 2-T0 MOpsIKa ?

6. Yto HazpIBaeTCs onpeaenuresneM BpoHckoro cucteMbl GyHKIUN ?

7. Kakas cucrema (GyHKIIMN Ha3bIBAaETCA JUHEWHO HE3aBUCUMOM (3aBUCUMOM) Ha
POMEXYTKE (a, b)?

8. Kakxosa CTPYKTypa oO1ero peleHus OJHOPOJIHOTO JIMHENHOTO
mudpepeHnanbHOro ypaBHeHuUs 2-T0 nopsiaka ?

9. KakoBa  cTpykTypa  0OIIero  peleHuss  HEOJHOPOJHOrO0  JMHEWHOIO
mudepeHuanbHOro ypaBHeHus ?

10.B 4éM cocTtouT MeToJ BapualMi MPOU3BOJBHBIX MOCTOSIHHBIX MHTETPUPOBAHMS
HEOHOPOIHOTO JTUHEUHOTO AU((HEPEeHIINATBLHOTO YPaBHEHHUS ?

11.]{aifTe onpeneneHue aHATUTHIECKOHN (TOTOMOP(PHOIT) GYHKIIMHU B TOUKE.

12.Chopmynupyiite Teopemy Ko st nuHelHbIX qudPepeHnanbHbIX ypaBHEHUM
¢ ronoMoppHbIMU KO3 dulieHTaMu?

13.B 4yeMm cyTh MEeTO/Ia UHTETPUPOBAHUSA JIUHEHHBIX U PEepeHIIMaTbHBIX YPaBHEHUIM

MIPU TTOMOIIIN CTENEHHBIX PSIIOB?
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7.1.

7.2.

7.3.

7.4.

7.5.

7.6.
7.7.

7.8.
7.9.

7.10.

7.11.
7.12.

I1I. [IPUMEPHI U 3AJIAYM JIJISI AYAUTOPHOM PABOTHI

Hcxona w3 omnpeneneHus, AOKAKHUTE, YTO CIEAyromas cucteMa (QyHKIM

o 2x _: 2
JIMHENHO HE3aBUCUMA HA (—w; + ) ¥, =€ sin3x; y, =e™" cos3x.

Uccnenyiite, ABISIOTCS JIU JaHHBIE TPU (YHKIIUU TUHEHHO 3aBUCUMBIMU WU

. ) 2
HET: V) =X, Y, =2X; y; =Xx".

JIMHEWHO

0,0<x=<l x*,0<x=1

HE3aBUCHMBI, & COOTBETCTBYIOIIMM ompenenurenb BpOHCKOro TOXIECTBEHHO
paBeH HyJ10. [locTpoiite rpaduku ATUX QyHKIIHIA.

x*,-1=x<0, 0,-1=x=<0,
[Tokaxkute, 4To QyHKUUH Y, = u y, =

CocraBpTe JnuHeliHOe nuddepeHIraIbHOE  YpaBHEHUE 10  3aJlaHHOM

(GyHIaMEHTANBEHON CHCTEME PEIEHuit: e, Xe .

) -3 o
[Tokaxwure, 4T0 cucreMa (GpyHKUMHA €, e sBusercsa (pyHIAMEHTAIBHOM IJIs

n !
ypaBHeHuss )Y +) —6y=0, u 3anMmmTe COOTBETCTBYIONIEE OOIIEE PEILCHUE

3TOr0 YpaBHEHHS.
Pewmnte ypauenus: a) 4" +4y' +y=0;  6) y"+4y' +4y=eInx.
MeToI0M CTENEHHBIX PAI0B peruTe 3a1auy Komu:

" 1 '
y +Ey=x, »(0)=1,'(0)=0,

IV. 3AJAHUS JIJISI CAMOCTOSTEJIBHOM PABOTHI

1

Haiinure onpenenurtens BpoHnckoro st cucteMbl GyHKIUN: —, e*.
X
[Tokaxkute, uTo QyHKIUU
1 2
0, Osxsz, x—l ,Osxsl,
2
Yo =

Y = 2
X l l<x<1 !
D) =L 0, §<xsl,

JMHEWHO HE3aBUCUMBI, 4 COOTBETCTBYIOIIUM orpeaeauTens Bpouckoro
TOXJAECTBEHHO paBeH HyJ0. [locTpolite rpaduku >Tux GyHKIIUH.

CocTtaBbTe OJHOPOJHOE JHMHEIHOEe Au(QdepeHIanbHOE YpaBHEHHE, E€CIH

3aJaHa ero (pyHJaMeHTAIbHAs CUCTEMA PEICHU: V), =€ ', V, =€,
" ' " ’ 2x X
Pemute ypaBHenus: a) y -2y +y=0; 0) y —y =e" cose.
MeTo/10M CTeNEeHHbIX PAI0B HaliguTe obliee pelieHue ypapHeHus y' + xp = 0.
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SAHATUE Ne 8

Tema: JIuneiHble 1M depeHUNAIbHbIC YPABHEHUS 2-I'0 MOPSAIKA €
NOCTOAHHBIMU KO3 puuuenramu. Meroa HeonpeaeaeHHbIX KOAGPUUHEHTOB

I. OCHOBHBLIE TEOPETUYECKUE CBEJEHMA

8.1. JluneiiHble oaHOpPOAHBbIC AuU(pPepeHIHATBHbIC YPABHEHHUS 2-T0
NMOPAIKA € IOCTOSAHHBIMH KOI(pPuuuenramu. M3 pe3ynbTaToB NpEabIAYIIETO
3aHATHS BUJHO, YTO €CIM M3BECTHA Kakas-HUOYyIb (yHAaMEHTaJIbHAas CHCTEMA
pelenun y, = @, (x) 1 y, = @,(x) JIMHEHHOT0 OAHOPOJHOIO YPAaBHEHH 2-T0 MOPsJKa,

TO ero ob1iee penieHue 3aaaercs Gopmyion

y=Cg(x)+Cp,(x),
rie C, u C, — IPOM3BOJIbHBIE TIOCTOSIHHBIE. TaK KaK He cywecmeyent 06UIero MeToa

OThICKaHUS (PYHIaMEHTAIbHON CHUCTEMBbI YACTHBIX PEHICHUMN AJIs JIIOOOr0 JUHEHHOTrO
OJTHOPOJHOTO YpAaBHEHUS BTOPOr0O IMOPSAKA, TO BO3HUKAEm HeoOX00UMOCHb
BBISBJICHUSI OTIAEJbHBIX KJACCOB JIMHEUHBIX OJHOPOAHBIX IU(depeHInaTbHBIX
ypaBHEHUH, JJIs1 KOTOPBIX 3aja4ya pa3bicKaHusl PyHAaMEHTaIbHONW CUCTEMBI PEIICHUN
neeko pewaemcsi. OTHAM U3 TAKUX KJACCOB JIMHEMHBIX YPABHEHHU SABJISETCS KJIACC
YpaBHEHHI C MOCTOSIHHBIMU KO3 pulineHTamu, T.€. ypaBHEHUN BUIa

y'+py'+qy =0, (8.1)

IJI€ p U g — HEKOTOPBIE OeticmeumenbHble YUCA.
Paszpemus ypaBHenue (8.1) oTHOcuTenbHO y'', momyuuMm )= f(x,y,)'), TO€
f(x,y,V")=-py'-qy. 3amerum, 410 31ech PyHKIUA f(x,),)') HENPEPHIBHA BMECTE CO
CBOMMH YaCTHBIMHU MPOU3BOIHBIMK 110 ) M ' BO BCEX TOUKaX MPOCTPaHCTBA R°, T.€.

nns ypasaenus (8.1) ycmosus teopembl Komu Bemonnsiorcs B R’. Orcrona, 6o-
nepevix, BITEKAET, YTO JI00bIe HauaJbHbIE YCIOBUS BUJIA

! !
y|x=x0 =DYo> y |x=x0 =Yo>

THe — % < X; <+0; —00< Y, <+0; =0 < Y <+, SBISIOTCS 0ObIKHOGEHHBIMIU, 8 6O~
6mopuix, penieHneM ypaBHeHH (8.1) MoxkeT ObITh PyHKIUA y = y(x), onpeoenennas
Ha eceul yucaogou npamou (-%; + o). Kpome Toro, kak BUIHO U3 ypaBHeHus (8.1), ero

pelieHreM J0JKHa ObITh (PYHKIIMS, TPOU3BOJIHBIE KOTOPOH OTJIMYHBI OT HEE CaMOM
JWIIb HA TOCTOSIHHBIA MHOXWTENb. SICHO, YTO CpPeau OCHOBHBIX 3JIEMEHTAPHBIX

o . k
(GyHKIMI Takol SBISETC MOKa3aTeabHas PyHKIUSA ) = e" .

Jlemma 8.1. Ecau uucno k, aensemcs kopnem ypasnenus

k* + pk+q =0, (8.2)

82



mo QyHkyus y = " 6yoem pewenuem ougpepenyuanvrozo ypasnenus (8.1).
Joka3arTeabcTBo. [lycTh k, — KOpeHb KBagpaTHOro ypaBHenus (8.2). Halinem
pom3BOHEIE 1-T0 1 2-T0 MOpANKOB hyHKIHH y = " ' = ke, " =kle™".

[ToxcraBisst 3HaUCHUE y, y' U )" B JIEBYIO 4acTh ypaBHeHus (8.1), moayuaem

kgekox + pkoekox + qekox — ekox(kg + pko + Q) = Oa

-0

T.e. yHKIHS y = " sBnseTcs peurenneM ypasuenns (8.1). JTemma doxazana. W

Takum 00pa3oM, B cuiy 1eMMBI 8.1 HaX0XKI€HUE YACTHOTO PEIICHUS TUHEUHOTO
OJTHOPOAHOTO MU PEpPeHIINAaTBLHOTO0 YPAaBHEHUS C MOCTOSIHHBIMU KO3 UIIMEHTaMU
(8.1) cBOAUTCS K pEIICHUIO aeebpauyeckoeo ypasHeHus (8.2).

OIIPEJEJIEHUE 8.1. YpaBuenue (8.2) Ha3bIBACTCS XAPAKMEPUCMUYECKUM
ypasHenuem nuHerHoro nuddepenunanbHoro ypasueHus (8.1), a neBas yactsb (8.2),
1.e. Q(k) = k* + pk + ¢, Ha3bIBACTCA XAPAKMEPUCIMULECKUM MHO204TEHOM YPABHEHHUS
(8.1).

Ipumep 8.1. HaiiTu KOpHM XapaKTEPUCTUUECKOTO YPABHEHHS CIEAYIOIIETO
nuddepennmanbHoro ypapaenus y' -2y +2y = 0.

PEIIEHUE. XapaktepucTuueckoe ypaBHEHUE NaHHOTO IU(depeHIHnaIbHOTO

ypaBHeHHs uMeeT BHI: k- -2k +2 =0. Jlasee HAXOAUM AUCKPUMHHAHT MOTyYEHHOTO
KBaJpaTHOTO ypaBHeHus: D = -4 . Tak kak D < 0, TO JaHHOE KBaJAPaTHOE YPAaBHECHUE
UMEET 06a KOMNIIEKCHO CONPANCEHHbIX KOPHA: ky =1+i,k, =1-i.p>

Oxka3bIBaeTcsi, €CIM U3BECTHBI KOPHU XapaKTEPUCTUUYECKOro ypaBHeHUs (8.2),
TO OYEHB JIETKO MOYKHO ITOCTPOUTH 00wyee peuterue TG GHEepeHITNaTLHOTO YPaBHCHUS
(8.1). ITockonbky (8.2) sIBISIETCS K8AOPAMHBIM YpagHeHueM, TO OHO, BOOOIIE TOBOPS,
UMEET JIBa KOpHS k, U k,, IPUYEM 37€Ch CIEAYET pa3iudaTh mpu Ciyudsi.

1) xapaktepucTUdyeckoe ypaBHeHHE (8.2) uMeeT [Ba  pPaA3IUUHbIX
Oeticmeumenvuvlx Kopua k, U k, (B 3TOM cilydae TUCKPUMHUHAHT D = p’> -4g>0 u

k =§(—p+ﬁ>, k, =%<—p—ﬁ)>;

2) XapakTepUCTUUYECKOe ypaBHEHUE (8.2) UMEET ABa pasHbIX OelCmMBUMENbHbIX
KopHs k, = k,, T.€. 00uH 08yKpammubwiii KOPEHb k, (B 3TOM Clly4ae AUCKPUMHUHAHT D = 0
Uk =k,=-pl/2);

3) xapakTepucTH4YecKoe YypaBHeHUE (8.2) HMEET [IBa CONPANCEHHbIX
KOMIUIEKCHBIX KOPHSA k, = +iff U k, = —if3 (B 3TOM Clly4ae JUCKPUMUHAHT D < 0

1, Lo
ik = (-p+iydg-p*) ky =2 (-p-ifdg-p).
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B xaxxmom u3 3THX CilydaeB HIDKE OyJEeT yKa3aH METOJ MOCTPOEHHUs OOIIEeTo
pelieHus JMHeMHOTro ofHOpoAHOTO Aud depeHimaisHoro ypasuenus (8.1).

Teopema 8.1. Eciu xapaxmepucmuueckoe ypagHnenue (8.2) numnetinoco
ougpepenyuanvroeo ypasuenus (8.1) umeem 06a paznuyunvix 0eucmeumenbHblxX KOPHs.
k, u k,, mo oowee pewenue oughgepenyuanvrozo ypasuenus (8.1) moorcno 3a0asameo

Gopmynoi
k k
y = Cle ¥ + C2€ zx, (8.3)
20e C, u C, — npou3eoibHbie NOCMOsAHHbIE.
JokazareabcrBo. Ilycte &k w®m  k, —  [EHCTBUTEIBHBIE KOpPHU

XapaKTepUCTUYECKOro ypaBHeHus (8.2). Torna B cumy nemmbl 8.1 pyHkuun y, = e

uy,= e®* OynyT yacmueimu pemeHusMu ypasuerus (8.1). DTH pelueHus auneiino

Y2 _ ek
bl
CnenoBarenbHo, QyHKIUHN y; U ), 00Pa3yIOT PYHOAMEHMANbHYIO CUCTEM) PelleHUl

He3asucumvl  Ha  npomedcymke  (—oo;+00), TaK  Kak # const

ypasnenus (8.1) u mosatoMmy oOmiee pemienre ypaBHeHus (8.1) MOXHO 3aaaBaTh
dbopmyinotii (8.3). Teopema doxazana. W

ITpumep 8.2. Haiitu oGiee perienue ypasuenus y' +5y" +6y =0.

PEIIEHUE. CoctaBuM XapaKTEpUCTHUYECKOE ypaBHEHUE JUISI JAHHOTO
nuddepeHInanbHOr0 ypaBHEHHs: k2 +5k +6=0. HaliteM KOPHH 3TOro ypaBHEHHUS:
k, = -2 n k, =-3. CnenoBarenbHo, B CHIIy TeopeMbl 8.1 o0liee peleHue 1aHHOrO
nuddepeHINanbHOr0 YpaBHEHU UMEET BUI: ) = Cle_zx + Cze_3", rne C, nu C, —
MIPOU3BOJILHBIC TTOCTOSTHHBIC. P>

Teopema 8.2. Eciu xapaxmepucmuueckoe ypagHenue (8.2) nunetinoco
oughgepenyuanvrozo ypasnenus (8.1) umeem ooun 08ykpammuulil Kopens k,, mo obujee

peuierue oughgepenyuanvrozo ypasuenus (8.1) moorcno 3adasams opmynoii

k k
y=Ce" +Cyxe™, (8.4)
20e C, u C, — npouseovhvie NOCMOAHHbIE.
Joxa3zarenbcrBo. Ilycte & — IByKpaTHBI KOpEHb XapaKTEPUCTUYECKOIO
p p

ypaBHeHus (8.2) (T.€. k, = -5 ui k, + 5= 0). Torna B cuity nemmsl 8.1 dyHKIuUs

V= e"* aBnsercs uacmuviv pemenuem ypasHeHus (8.1). PaccMoTpuM Temeps
(GyHKIMIO BUOA Y, = xe"™ U mokaxeM, 4TO OHa TAKKE SBIACTCS YACHHbIM PELICHHEM

muddepennumanbaoro ypapaenus (8.1). st atoro Haiiaem y; u y;':
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k k k 2k
vy =e +kxe™™, yi =2ke™ + ki xe™".

! "
[Toncrasnss 3Hadenus y,, J, U ), B ypaBHeHue (8.1), momyuaem

2k e + klxe" + p(e" + k,xe") + gxe™ = " {(k] + pk, + q@)x + 2(k, + g)} =0

=0 e
=0

HA IPOMEXKYTKE (—00;+00).
Wrtak, B KaduecTBE BTOPOTO YacCTHOIro pelieHus ypaBHeHus (8.1) B maHHOM

Clly4ae MOYKHO B3AThb (DyHKIUIO ), = xe". Jlanee 3aMeTHM, UTO MONy4EHHAs mapa

kyx

peleHui  y, =" m Y, =xe'" o0pasyer ¢ynHoamenmanvHyro cucmemy peuieHul

Y2
34
(8.1) moxxno 3anaBath B Buje (7.4). Teopema ookazana. W

ypasHenus (8.1), Tak Kak —= = x # const . ClieioBaTeNbHO, 00IIIEE pellleHHe YPaBHEHUS

Ipumep 8.3. Haiitu o6iee penrenue ypasuenus y' +2y' +y =0.

PEILIEHME. 31ech XapakTepucTiHdecKkoe ypaBaenue k> + 2k +1 = 0 umeer oaun
IABYKpaTHbI  kopeHb  k =-1. Ilosromy  ofmee  pelieHue  JaHHOIO

mupdepenumnansuoro ypasaenus umeer Bun: y=Ce ™ +Coxe™, rne C, u C, -
MPOU3BOJIbHBIC TTIOCTOSTHHBIC. P>

HakoHer, ocTaeTcsi pacCMOTPETh BOMPOC O HAXOXKICHUU OOIIEro perieHus
muddepennmanbHoro ypasHenus (8.1) B ciiyuyae, Korjja KOpHH XapaKkTePUCTUUECKOTO
ypaBHeHHs (8.2) SABIAIOTCS CONPSDKEHHBIMH KOMIUIEKCHBIMH 4HCIaMU: k =a+if,
k,=a-ip.

CHauasa yCTaHOBHUM OJHO BCTIOMOTATEIILHOE YTBEPKICHUE.

Jlemma 8.2. Eciu xomnaexcnosnaunan gyuxyus z(X)=u(x)+iv(x) sersemes
peuienuem ougpgepenyuanvroco ypasnenus (8.1), mo xasxcoas uz oeucmeumenbHbix
Gynxyuii u(x) u v(x) 6 omoenvrocmu maxoce aensiemcs peuwteHuem ypaenenus (8.1).

JokaszareancrBo. Haiinem mpowmssomnbie z'(x) m z'(x): z'(x)=u'(x)+iv'(x),
z"(x)=u"(x)+iv"(x). HoncraBum Temeps 3Hauenus z(x), z'(x) u z"'(x) B ypaBHeHHUE

! "
(8.1) BMecTO ), Y M J COOTBETCTBEHHO:

)+ iv(0)] -+ plue) + iv(0)] + gluee) + iv(0)]= [ () + pu'(x) + qui) 4+
+ i[v”(x) + pv'(x) + qv(x)] =0, xE(-o0;+0).

Tak Kak KOMIUIEKCHOE HYHCJIO PAaBHO HYJIO TOTJA M TOJNBKO TOTJA, KOTAA €ro
NEWCTBUTENbHAS M MHHMMAas 4YacTH DPaBHBI HYJIO, TO U3 IIOCIEIHETO TOXKIECTBA
nomyuaeM: u" + pu' +qu=0u v+ pv'+qv=0, 1.e. u(x) u v(x) — pemenus ypaBHeHus
(7.1). Jlemma ooxazana. W
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Hakonen, yctanoBum dopmyny mng oOmiero pemieHus: nuddepeHnnanbHOro
ypaBHeHuss (8.1) ¢ mocTOsHHBIMM KO3 PuUIMEHTaMu B  ciyyae, Korja
XapaKTepuCcTHIECKoe ypaBHeHHE (8.2) nMeeT JBa KOMITJIEKCHO COMPSIKEHHBIX KOPHSI.

Teopema 8.3. Ecmu xapaxmepucmuueckoe ypagHnenue (8.2) umeem 08a
CONPSAICEHHBIX KOMNAEKCHbIX KOPHA ky =a+iff u k,=a-iff, 20e =0, mo obwee

peuierue ougpgepenyuanvrozo ypasuenus (7.1) moorcrno 3adasamv popmynoii
y =e“(C, cos fx + C, sin fx), (8.5)

20e C, u C, —npouseoibHbie NOCMOSAHHBbIE.

Jloka3aTeabcTBO. [lycTh TUCKPUMUHAHT XapaKTEPUCTUYECKOTO ypaBHEHUS
(8.2) D= p* —4q <0 ¥ OHO MMeeT KOMIUIEKCHbIE CONPSIKEHHBIE KOPHH k, = a +iff u
ky =a-if. Torna B cuy nemmbl 8.1 Gpynkuun z, = e u z, = & gpngrores

. 1
perrenreM ypasuenns (8.1). Otcrona (B cuy popmyi Ditnepa’’) nmeem:
z, = e™ cos fx +ie™ sin fix,

z, =e” cos fx —ie™ sin fx.
Torna cornacuo jgemme 8.2 mosrydaeM, 9to GyHKIOHK ), = e cos fx U y, = e™ sin fx

TaK)Xe ABJISIIOTCS YaCTHBIMU pelieHusiMu ypaBHeHus (8.1). Tak kak Y2 tgfx # const
M

TO QYHKIMH )| U J, TUHEHHO HE3aBUCUMBI, T.€. J| U ), 00pa3yoT (yHAaMEHTAIbHYIO
cuctemy peuieHuil nuddepennunansHoro ypaBuenus (8.1). CrnenoarenbHo, ob1iee
petenue ypaBHenus (8.1) moxkHo 3agaBath popmyoit (8.5). Teopema ookazana. W
Ilpumep 8.4. Haiitu oOmiee pemenne ypasaenus y' =2y +2y =0,
PEIIEHME. XapakTepucTHueckoe ypaBHEHHE 31eCh UMeeT BUI k> — 2k +2 =0,
U OHO MMEET KOMIUIEKCHO CONPSIKEHHBIE KOpHU k, =1+i U k, =1-i , Te. a=1 nu
S =1. lloaTomy cormacHo Teopeme 8.3 mosrydaem, 4To oOLIee penieHUue JAaHHOTO

mudpepeHnanbHOr0 YpaBHEHUSI UMEET BU/L;
y=e¢e" (C,cosx+C,sinx),
rae C, u C; — mpou3BOJIbHBIE TTIOCTOSTHHEIE. P>

8.2. JIuHeiiHbIe HEOJAHOpPOAHbIe IU((PepeHUUAIbHbIC YPAaBHEHHSI 2-T0
NOPSAAKA C MOCTOSAHHBIMHU KO3 Puunenramu. MeToa Bapuauuu nNpou3BoOJIbHBIX
NOCTOAHHBIX. Paccmorpum  nuHelHOEe  HeoJHOpoAHOe  auddepeHIranIbHOe
ypaBHEHHE 2-T0 MOpsJIKa C TOCTOSIHHBIMU KO3 duliieHTaMu

Y'+py'+qy = f(x), (8.6)

17 ~ it .. —it ..
31ech peub uaeT o popmynax Diliepa BUJa: e = coSt +isint, e = CcoSt—isint. .
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r7ie p, ¢ — HEKOTOphIE MOCTOSIHHBIC YKCIIA, a f (X) — 3a/laHHast PYyHKIHS IePEMEHHOTO
X, HenpepwvléHasi Ha HEKOTOPOM ITPOMEXYTKe (a, b).

N3 pe3ynbTaToB MpeAblIylIero 3aHsATUS Mbl 3HAEM, YTO CTPYKTypa OOIIEro
pelieHrs HeoIHOpoAHOTro Au(depeHInanbLHOTO ypaBHeHus (7.6) TakoBa:

yO.H. = y0.0. + yO.'-l.’ (87)

rae ),, . — oOlllee pelieHue COOTBETCTBYIOIIETO OJTHOPOJHOr0 ypaBHeHus (8.1), a

Vou — Kakoe-mubO YacTHOE pelleHHe HEOJAHOpPOAHOro ypaBHeHus (8.6). B cuiy
dbopmyinbl (8.7) METON OTHICKaHUSI OOIIETO pEeUIeHUs JIMHEHHOTO HEOHOPOJHOIO
ypaBHeHHUS (8.6) CBOAUTCS K CIECIYIOIIUM 08YM 3A0AYAM:

1) HaliTn kaKyro-1100 (QyHIaMEHTAIbHYIO CHCTEMY YaCTHBIX pemieHui (¢, (x)
U @,(x)) COOTBETCTBYIOLIETO JIMHEWHOIO OJHOPOAHOro ypaBHeHHA (8.1) (Torma
Voo = Ci(x) + Co0,(x), roe Cy, C; — IpOU3BOJIbHBIE TOCTOSIHHBIE);

2) HaWTH XOTA OBl OJIHO YaCTHOE PEIICHUE TAHHOTO HEOJHOPOIHOTO YPaBHEHUS
(8.6).

[lepBas u3 3TUX 3a7a4 pelIaeTCsa METOJI0OM, YKa3aHHBIM B MPEJIbIAYIIEM ITyHKTE.
Btopas 3amaua MoxeT ObITh pellieHa, HapUMeEp, MemoooM 8apuayul NPOU380IbHbLX
NOCMOSIHHBIX.

[IpommnocTpupyem 3TOT METO/]T Ha CIAEAYIOIIEM KOHKPETHOM MIpUMeEpe.

IIpumep 8.5. Haittu oOuiee pemenue quddepeHnnanbHOro ypaBHeHUs

V' =2y =4x’e" | (8.8)

PEIIIEHUE. XapakTepucTHYeCKOE ypaBHEHHE 3€Ch UMeeT BHA: k” —2=0.

KopHsiMU XapakTepUCTHYECKOTO YPaBHEHUS SIBISIOTCS 4Yucia k| = 2 u k, = V2.

V2 -J2
CnemoBarenbHo, y,, =Cie’ " +Ce™™ ",

Tenepp, 4TOOBI HAWUTH ), ,,, BOCHIOJIB3YEMCS METOJIOM BapHalliU MPOU3BOJIHHBIX
MOCTOSIHHBIX, T.€. V., OyJIeM UCKATh B BUJIC

Vo = CL )V + Cy (e 2",

rae Ci(x) u Cy(x) — moka Heu3BeCTHbIE QYHKITUU.
Jns otbickanust pynkuuii Ci(x) u Cy(x) cocraBuMm cuctemy Jlarpanxka

C/(x)e™ + Ci(x)e™V> =0

: 8.9
\/ECI/ (x)eﬁx - \/ECé (x)e'ﬁx =4x’e" . (8.9)

/ /
Pemras nmocnennror cucremy otnocurensro C (x), Cy(x) , Oynem umers
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C/(x) = J2x2e C)(x) = —JaxPe

Orcrona, ¢ MOMOIIBI0 HHTETPUPOBAHUS, MTOTYUUM

2

22

pazoenum Ha 2x — V2 u z‘ﬁx(2x—\/§)dx—

Cl(x)=x/§fx ey = \/_f

VYMHOMCUM HA HECO

‘}f le . ud(xz_ﬁx)éf[[xz Elzl)]+l

V2 2

xz"ﬁ"d(xz - \/Ex) =

L f(x+ L )exz-ﬁx N o B AR L SRS
s—L

7 V2

Ja

Jlanee, UHTErpUPYSI IO YACTSAM, HAXOIUM:

1

J, = U =X+E, p=et V= =L(x+i)e"z"ﬁx —%fexz'ﬁxdx,
du =dx 2

X
2 xz—\/ixd(XZ _ ) 1 fz \/5 Xz—ﬁxdx = Lf \/5 exz—\/zxdx -
1 220 1 V2l 1
f J2 J2
I R
= \/Efe dx.
CrnenoBaTebHO,

Ci(x) =

C (x)——\/—fx2ex +fxdx_ \/_f x2+\/§xd(x2+\/§x)=(_ix+%)ex2+\/§x .

2x+\/_ \/5

Takum 00pa3zoM, OJJHUM U3 YACTHBIX PEIIEHUN HEOTHOPOAHOTO ypaBHEHMUS (8.8)
2
aBisieTcs QyHKuMs y,  =e* . Torma cormacHo gopmyie (8.7) ero obmiee pemeHue

MOJKHO 33]1aBaTh B BUC
2
y= Cleﬁx +Ce ™ +e",

rae C, u C) — mpou3BOJIbHBIE TTIOCTOSTHHEIE. P>
3ameuanue 8.1. Kak BUIHO Jake W3 MPUBEACHHOTO MPOCTOr0 MPUMEPA, METO/T
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BapUaIMU TPOU3BOJIBLHBIX TOCTOSIHHBIX MAJIO YI00€H Ha MPAaKTUKE, TaK KaK MPUBOIUT
B OOJIBIIMHCTBE CIy4aeB K 'POMO3JKUM BBIKJIQJKaM M CJIOKHBIM HHTETPUPOBAHUSIM
(kBagparypam). [losToMy BO3HUKAaeT BOIPOC: Kak HAWTHU KakKoe-TuOO YacTHOE
pelieHre JaHHOTO JIMHEHHOTro HeOAHOPOIHOTO AudpepeHInanbHOr0 YpaBHEHUs, HE
npuberasi K METOJly Bapyallli IPOU3BOJIbHBIX MOCTOSHHBIX?

Hanee Oynet nmoka3zaHo, 4TO €CJiy MpaBasi 4acTh ypaBHEHUs (8.6) UMeeT BUJT

£(x)=e™(A(x)cos B x + Blx)sin B x), (8.10)

rae A(x), B(x) — HEKOTOpbIE MHOTOYJIEHBI, TO MOXHO HAWTH YaCTHBIC PEIICHUS
ypaBHeHus (7.6), He mpubOeras K METOAYy BapUallMH MPOU3BOJILHBIX MOCTOSIHHBIX, a
MPUMEHUB TaK Ha3bIBAEMBIH Memoo HeonpeoenreHHvlx Kod(hpuyuenmos, CyTh
KOTOPOT'O COCTOUT B BBITTOJTHEHHH HEKOTOPBIX alreOpandyeCcKuX BBIKIAIOK.

8.3. Pemennme HEKOTOPHIX KJIACCOB JIMHEHHBIX HEOJXHOPOIHBIX
nuddepeHINATBHBIX YPaBHEHH U 2-ro MOpHAAKA c NOCTOSIHHBIMH
KO3 (PUUHUEHTAMH METOI0M Heonpeae/IeHHbIX KO3(PPUIMEHTOB.

8.3.1. PaccMoTpuM nuHeliHoe nuddepeHinaibHOe YpaBHEHUE BUIA

y'+py'+qy=e“P, (x), (8.11)

-1 o
rae p, g ¥ Q@ — HekoTopele uncia, a P (x)=4 x" + A, x"" +..+ 4x+ A, — 3amanubIi

MHOT'OYJIEH M-1i CTEIICHH.
Bbynewm uckatp yactHoe pemienue ypaBHenus (8.11) B Buze

Yo =e"0(x), (8.12)

rae Q(x) - MoKa IpOM3BOJIbHBIA MHOTOYJICH.

Janee HalileM NpoOU3BOAHBIE IEPBOTO U BTOPOTO NOpsaAkoB hyHkIuu (8.12):
yy =0e“Q(x)+e“Q'(x), v, =a’e“0(x)+20e™Q'(x)+e“Q"(x).
Hakonen, moacraBuB B JeByw 4YacTb ypaBHeHus (8.11) Bmecto y,y', "

T
3HAYEHHUS ), Vy» Vo , IOIYUYUM

e“[(a” + pa+q)0(x) +(2a+ p)Q'(x)+0"(x)] = e“P,(x).
Pa3nenuB 06e yacTu mociieTHEro paBeHCTBa Ha ™, OyJ1IeM UMETh

A'(a)

Ma)Q(x) + A(a)Q'(x) + — 9'W=F0), (8.13)

roe A(k) =k’ + pk+q - xapaxrepucruueckuii MHOrowIeH ypasHeHus (8.11).
Takum 00pa3oM, Kak BUHO U3 paBeHCTBa (8.13), 11t TOro 4ToOBI QYyHKIIUS BUAA
(8.12) Obuta pemenuem auddepennuanbsHoro ypaBHenus (8.11), HeobxomumMo u
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JIOCTaTOYHO, YTOOBI MHOTOWIEH QO(x) oOpaman paBeHCTBO (8.13) B TOXIEeCTBO Ha
OPOMEKYTKE (—o0, + o).

BorsicHum Temnepb, BO3MOXKHO JIM 3TO, M €CJIM J1a, TO MPH KaKOM MHOTOWICHE
O(x)? s oTBeTa Ha 3TOT BOIIPOC HY’KHO PACCMOTPETH CIEAYIOIINE TPU CIIydast:

1) uyucao a He ABISETCS KOPHEM XapaKTEePUCTUUYECKOrO MHOTOYJIEHA, T.C.
Ma) =0;

2) 9YUCIIO ¢ SABIISIETCS MIPOCTHIM KOPHEM XapaKTEPUCTHIYECKOTO MHOTOUJICHA, T.€.
AMa)=0H0 A'(a)=0;

3) 4uCIO @ SABISIETCS ABYKPATHBIM KOPHEM XapaKTEPUCTUUECKOTO MHOTOUJICHA,
T.e. Ma)=0, A'(@)=0 ,H0 A () = 0.

B nepBoMm ciyuae, utoObI paBeHCTBO (8.13) oOpalanocs B TOXAECTBO, OUYEBUTHO,

4TO B KayecTBe (J(Xx) HY’KHO B3SThb MHOTOYJIEH /-1 CTEIEHH, T.€.

0,(x)=B x"+B,_ x""+..+Bx+B,, (8.14)

rae B, B, ,.., B, B, - KO3 PULUEHTEI, IOAIEKAIUE OIPENETIEHUIO.

IToncrasiss B neByro yacTsb (8.13) BMecTo Q(x) MHOrouseH (8.14), momyyaem

[B,x" +B, _x"" +..+Bx+B,JMa)+[mB x"" +(m-1)B, x"" +..+ B A (a) +
+[m(m-1)B, x" > +(m-1)(m-2)B, x" +..+2B,1A" (@) = A, x" + A, _x"" +..+ Ax+ 4.

(8.15)

Ortcrona, mpupaBHUBas KO3()PUIUEHTHI TPU OJUHAKOBBIX CTEIMEHSX MEPEMEHHOU X,
MoJlydyaeM CIHeayIollylo cucremy m+1 JUHENHBIX anreOpanuyeckux YypaBHEHUU

m’B "BUBO:
AMa)-B, =4,
AMa)-B, ,+mA'(a)-B, =4, _,,

OTHOCHUTEIBHO m+1 Hem3BeCTHBIX B

mel?

U3 mocnenHeii cucTeMbl OJHO3HAYHO ompenensieM kodddumuentst B,, B, ..., B, B,

muorounena 0, (X) u, ciemoBaTensHO, 4acTHOE pelneHue ypaBHenus (8.11).

Takum 00pa3om, cipaBeIMBO CIEAYIOIIEE YTBEPKICHUE.
Teopema 8.4. Eciu uucno o He sa811emcs KOpHeM XApaKmepucmuiecko2o

2
munozounena k™ + pk+q ., mo uacmnoe pewenue ypasuenus (8.11) cneoyem uckamo 6

guoe
yo=€"0,(x), (8.16)

20e 0, (X) - mnozounen cmenenu m.

COBepHIeHHO AHAJIOTUYHBIMHA PACCYKACHUAMU YCTAHABJIMUBAKOTCS CICAYIOIINC
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JIBA YTBEPKICHHUS.
Teopema 8.5. FEcmu yucro o  aseuiaemcsi  npocmviM — KOpHEM

2
xapakmepucmu4eckoco MHO204l1erRa k +pk+6] , MO HacmHoe peuleHue YypaeHeHUA

(8.11) cneoyem uckams 6 suoe
Yo =xe“0, (x), (8.17)

20e 0, (X) - mnozounen cmenenu m.

Teopema 8.6. FEcimu uucio «a  aeiaemcsi  08YKpAMHbIM — KOPHEM

2
xapakmepucmu4eckoco MHozcoujieHda k +pk+q, mo uyacmHoe peulerHue ypaeHeHu:sl

(8.11) cneoyem uckams 6 suoe
vy =x’e“Q, (x), (8.18)

20e 0, (X) - mnozounen cmenenu m.

3ameyanue 8.2. BaxHO OTMETHUTB, YTO BO BCEX TPEX CIIyyasX, YKa3aHHBIX B
Teopemax 8.4-8.6, nus ompeneneHus kodpduuuentos mMuorouwnena Q,(X) myxkHO
MOJCTAaBUTh 3HAYEHUSI ), U €€ MPOU3BOJHBIX B JIEBYIO HacTh ypaBHeHus (8.11) u,

npupaBHUBas KO3POUIIMEHTHI TP OJIMHAKOBBIX CTENEHSAX B MOJYYEHHOM TOXKJIECTBE,
HaWTH HEU3BECTHBIE KOA(DPUIIUEHTHI.
IIpumep 8.6. Haiitu yactHoe pemenue nuddhepeHnnaibHOr0 ypaBHEHUS

y'-5y+6y =xe". (8.19)

PEILIEHUE. B panHoM cnydae a=1 W m=2, Tak Kak Pm(x)=x2.

XapaKkTepuCcTUIEeCKOE YPaBHEHHUE 3/1eCh MMEET BUI: k> — S5k + 6 = 0. DTO ypaBHEHHE
MMEET JBA Pa3IUYHbIX KOpHA: Ak, = 2 u k, = 3. CaegoBarenbHO, YUCIO & =1 HE

SBJISIETCS KOPHEM XapaKTEepPUCTUYECKOro MHorowieHa. [loaTomy cormacHo teopeme
8.5 yacTtHoe peleHne OyJieM UCKaTh B BUJIE

Vo=€e0,(x)=¢" (Ax2 +Bx+C),

rae A, B, C - k03hPuineHTsl, ToAIeKaIie ONMPeIeICHUIO.

Jainee, noacTaBisis B JIEBYIO 4acTh ypaBHeHHs (8.19) BMecTo y, y', )" 3HaUeHHS

Yos y(/), y(/)/ , TIOCJIE OYEBUIHBIX YIIPOUIEHUMN, ITOIYyYUM
24x* +(-6A4+2B)x+(24-3B+2C)=x". (8.20)

[IpupaBuuBas B (8.20) k03P HULIMEHTHI TPU OJUHAKOBBIX CTETIEHSX MEPEMEHHOMN
X, OyJIeM UMETh
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24 =1

-64+2B=0
24-3B+2C=0.
. 1 3 7
Pemass mocinenHiol cUCTEMY YpaBHEHMM, Haxoaum: A = > B = > C= 1
1 5 3 7
CrnenoBaTellbHO, ICKOMOE YaCTHOE PEIIEHNE UMEET BUII: YV, = € Ex + Ex + 1 >
8.3.2. Ilycts Teneps AaHo JuHeitHOe nuddepeHInanbsHOe ypaBHEHNE BUIA
V'+ py'+qy=e” (P, (x)cos fx+T,(x)sin fx), (8.21)

Nl
e p, ¢ a " [ — Hekoropele umcna, a P (xX)=A4 x"+A4, _x"" +.+Ax+4, u

-1
T (x)=Bx"+B,_x"" +..+Bx+B, — 3amaHHblc MHOTOUICHBI, TIPHYEM 31€Ch M U N —

(UKCUpPOBaHHBIE HEOTPUIIATETHHBIC IIEJTBIC YHCTIA.

PaccMoTpum cremytonuii BOmpoc: B KaKOM BHJE CIEAYeT WCKaTh YacTHOE
pemenue quddepenunanbHoro ypapHenus (8.21)7?

[Ipexxe uem OTBETUTH Ha ATOT BOIIPOC, OTMETHM OJHO YTBEPK/ICHUE, TIOJIE3HOE
B JAJILHEUIIIEM.

Jlemma 8.3. Ilycmo V,(x) u V,(x) - 3a0annvle, nenpepuwiénvie Ha (a, b) pyuxyuu.

Ecnu pynkyus y, = p(x) aenaemca peuenuem ougpepenyuanvHo2o ypasHenus
V' 4y +qy=Vi(x),

a y, =y(x) aenaemcs peuienuem ougpepenyuanvro2o ypasHeHus
Y+ py gy =V (x),

mo ¢ynxyus Y, =y, +y, 6yoem pewenuem ouggepenyuanvrozo ypagrnenus 6uoa

V' py 4 qp=Vi(x)+ 7 (x).
Joxa3arenbceTBo. [10 ycnoBuio TeopeMbl UMEEM
wapy+ay V() w v+ + gy, =V, (x) wa (a,b).

ITounenHo CKIIaabIBasd 3TU TOXACCTBA, ITOJIydacM:

Lvl +y2:|” +pb1 "'yz], +QU1 +y2]EV](x)+V2(x) Ha (a,b).

» ¥4 s

Tem caMbIM, JIEeMMa 10Ka3aHa. P>

Janee mokaxkem, 4To npoodiiemMa OThICKAHUS YACTHBIX PEUICHUN N1 YpaBHEHUH
BHja (8.21) merko cBOAUTCS K YK€ PEIICHHON paHee MpoOiieMe OTHICKAHUS YaCTHBIX
pemenuii muddepeHunanbHoro ypapHenus suaa (8.11).
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B camowm gene, B cuity popmyn Diinepa

ei/)’x +e—i/)’x eiﬁx _e—i/)’x

cos fx = T u sinfx = T (8.22)

paBylo yacth AuddepeHimanbsHoro ypasuenus (8.21) MoxkHO nepenucaTh Tak:

e (P, (x)cos Bx +T,(x)sin fx) = C,(x)e" " + D (x)e'“ ™", (8.23)

rme C.(x)= %(Pm (x)=iT,(x)), D, (x)= %(Pm (x)+iT,(x)), TpHYEM 3HeCh F O3HAYACT
max{m, n}. Torna ypaBaenue (8.21) npumeT cienyroumi Bum:

V' +py' +qy=C.(x)e " + D (x)e" (8.24)
BBeneM B paccMOTpeHHE JIBa BCIIOMOTATENbHBIX MU (HepeHIIMATBLHBIX YPaBHEHUS:

V'+py'+qy=C (x)e! P (8.25)

y'+py'+qy=D. (x)e' P, (8.26)

B cuny pe3yapTaToB npeaplIyiero NonyHkra (cM. reopemsl 8.4-8.6) yacTHbIe
petenus ypaBHeHu (8.25) u (8.26) cneayeT UCKaTh COOTBETCTBEHHO B BUJIE

»=x"C,(x)e“"" u  y,=x'D,(x)e"“ ", (8.27)
IJie § — KPaTHOCTh KOpHA & + i3 (WIn « — i3 ) XapaKTepUCTHUICCKOTO MHOTOUYJICHA

2
Mk)=k" + pk + q , npuuem 31€ech MapaMeTp s MOKET IPUHUMATH JIMIIb 1B 3HAYECHUS:

mmb6o s = 0, mubo s= 1.
CrnenoBatenbHO, B CHIIy JeMMbl 8.3 yacTHOe penieHue auddepeHnanbHoro
ypaBHenus (8.24) (unu uto 10 ke camoe (8.21)) cnenyet uckath cpeau QyHKIUN BUA:

Y=y, +y, =x(C,(x)e"“""" + D (x)e"“ "), (8.28)
B cBoto ouepenb, BHOBb npuMeHsis popMysasl Ditepa (8.22), u3 (8.28) noayuum

y=x"e"(A4 (x)cos fx+ B, (x)sin fix), (8.29)
rae 4,(x)=(C,(x)+D,(x)) B,(x)=i(C,(x)-D,(v)).

Taxum 00pa3oM, MOTYUHITH CIEAYIOIIee YTBEPKIACHHE.
Teopema 8.7. Yacmmnoe peuwenue HeoOHOPOOHO20 Oup@epenyuaibHoco

ypasnenus euoa (8.21) ciedyem uckams 6 suoe (8.29), 20e 4, (x), B.(X) - mnocounenwi

cmeneHu r=max{m,n} ¢ HeonpeoereHHbIMU Kod(uyuenmamu, S — KpamHoCcmy

. 2
KopHsa o + i3 xapaxmepucmuyeckoz2o muozounena Mk) =k + pk +q (npuuem 30eco
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§s=0, ecmu & + i He a615€MCA KOPHEM XAPAKMEPUCTNUYECKO20 MHO2OUTIEHA).
IIpumep 8.7. Haiitu yactHoe pemienue nuddhepeHnnaibHOr0 ypaBHEHUS
V'"'+3y'+2y = 4sin3x + 2cos3x. (8.30)

PEIIIEHUME. B nannoMm cityyae o =0, =3 1 m=n=0. XapaKTepUCTUYECKOE

YpaBHEHHE 30€Ch UMEET BUI: k* +3k+2=0. Dt0 YpaBHEHHE UMEET IBA Pa3INYHBIX
KOpHS: k;, = -2 u k, = —1. CnegoBareibHO, YACIO o + iff = 3i HE ABISAETCS KOPHEM

XapaKTEepPUCTUYECKOr0 MHOrOwIeHa, T.€. 31ech s= (. Iloatomy cornacHo Teopeme 8.7
YacTHOE pellleHue 0yJiIeM UCKaTh B BUJIE

y = Acos3x + Bsin3x, (8.31)

rae A u B - HEKOTOpBIE YHCIA, TTOJIeKAIIUE ONPEACIICHUIO.
Huddepenuupys (8.31), nomyuum

y'=-3A4sin3x+3Bcos3x, y=-94cos3x-9Bsin3x.

[ToncraBnsst B jeByr0 4acTh ypaBHeHUs (8.30) HaiiieHHBbIE BBIpAXKEHUS IS
v, ', V", GymeMm uMeTh TOKIECTBO

(-94-7B)sin3x +(-7A4+9B)cos3x =4sin3x +2cos3x.

Ortcroza, B CBOKO O4epeab, UMEEM

-94-7B =4
-7TA+9B = 2.
Pemasg mocimenHo cucreMy, HaxoauM: A = —%, B = —i. CraenoBaTebHO,

5 1 .
HCKOMO€ YaCTHOE PELICHUE UMEET BUI: y = _BCOS 3x — —sin3x. P>

8.4. IlpumeHenust JuHeHHbIX AUPPepeHUNATBLHBIX YpPaBHEHMH 2-T0
NMOPSAAKA NPU U3YYEHHUH KO0JIe0aTeJIbHbIX SBJICHUI.

8.4.1. 3aga4a o cBO0OAHBIX KOJIeOaHUSAX B cpeae 0e3 conpoTuBJeHus. [lycTb
rpy3 Macchl m TOJABELICH Ha MPYXUHE, KOTOpas HEMOABUIKHO 3aKpeIieHa OJHUM
KoHIOM (cM. puc &.1). B momoxkeHMM paBHOBECHS BeC TIpy3a p=mg

YPAaBHOBEIIMBAETCS yOPYrol CHJIOW MNPYXKHHBI, KOTOpas IO 3akoHy ['yka
MPOMOPLUUOHAIBHA JUJIMHE OTpE3Ka §, Ha KOTOPBIM PACTAHYJACh MPYKUHA MOJ
JNEUCTBUEM Beca Ipysa, T. €.

mg =k’s, (8.32)

e k° - ko3 OHUIMEHT KeCTKOCTH NPy KHHEL.
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Ecnu BeIBENleM rpy3 U3 MOJOKEHUSI PaBHOBECHS, COOOIIMB €My MepeMeIleHUE
¥, B BEPTHKAIBHOM HAaIPaBJIEHUH, U 3aTEM OTIIyCTUM €T0, TO OH HA4YHET KOJIe0aThes

OKOJIO ITIOJIOKCHHA paBHOBCCH:A, COBCPIIAA TAK HA3bIBACMbIC Cc80000HbLE KONCOAHUS.

PaccmoTpum  Takyio 3amauy. TpeOyemcs Haumu ypagHenue KoieOaAHUs
(O8udICeHUsL) OAHHO20 2PY3a OKOI0 MOYKU PABHOBECUS, NPEeHeOpe2asi MACCOU NPYHCUHDBL
U conpomueieHuem 8030yxd.

PEIIEHUE. HanpaBuMm ock OY BHU3 MO BEPTUKAIBHOMN MPSAMOM, TPOXOIAIICH
4yepe3 TOUKY IoJIBeca rpy3a, KOTOPYIO IPUMEM 3a Hayallo KoopauHaT (cM. puc.8.1).

CocTtaBuM ypaBHEHHE JIBUKEHHS JAHHOIO I'Py3a, ONUPAsACh Ha BTOPOU 3aKOH

Hprorona:

F=ma, (8.33)
rae m - Macca Tpy3a, a - YCKOpEHHE ////////O///////
ABYDKEHUS, F - pe3yJIbTUPYIONIAsi BCEX CHII,

MPUT0KEHHBIX K TPY3Y. ks
O0o03Ha4YNM qepes y=y(t)
OTKJIOHEHHE  Tpy3a  OT  IOJOKEHHUS -
paBHOBeCHsI B MOMEHT BpeMenu . Torma B & S ¥
MOMEHT BpeMeHH [ Ha TIpy3 OyJer e
JCWCTBOBATDH JIBE CHIIBL: CHIIA TSKECTH mg, I e (t)
TAHyIIass TPy3 BHU3, M yIOpyras Ccuia
MPY>KUHEI, paBHas k(s +y) u Y
HampaBieHHass  BBepx.  ClemoBaTenbHO, Puc. 8.1

pesynpTHpyomas cuna 6yaer paBHa F = mg — k> (s + y) , wn (B ety (8.32) u (8.33))

2
ma=-k“y. (8.34)

Y4uThIBasl, 4TO YCKOPEHUE MPSIMOJIMHEWHOTO JBKEHUS PAaBHO BTOPOH
IPOU3BOAHON OT IPOHUJEHHOIO IMyTH IO BPEMEHH, T. €. a = }''(¢) , u3 (8.34) BeITeKaeT

paBeHCTBO my''= —k’y wim

V'+w’y =0, (8.35)

2

e @’ =—>0. O10 u ectb audPepeHIUATBHOE YpPaBHEHHUE JBUKEHHSI JTAHHOTO
m

rpy3a OKOJO TOYKHA paBHOBecHs. OHO SBIAETCS JHUHEUHBIM OJHOPOIHBIM
mudpepeHnanbHbIM YPaBHEHUEM 2-T0 TOPSIIKA C TOCTOSTHHBIMU KO3 (DUITMEHTAMH.
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Tak Kkak 31eCh KOPHSAMH XapaKTE€PUCTMYECKOTO YpPaBHEHUA k- + @’ =0
ABIAIIOTCA k, =iw U k, = —iw, TO 00ILee pelieHne ypaBHeHus (8.35) umeer BUA:

¥(t) = ¢, coswt + ¢, sinwt, (8.36)

rge €;, C, - IpON3BOJIBbHBIC IIOCTOSIHHEIC.

J{nst BbIACHEHUS (PU3MUECKOTO CMbICIA MOJIYUYEHHOTO PEIICHUs Mpeodpasyem
€ro TakK:

y=w/cl2 +022 cosw t + sinw t =A(sin¢cosa)t+cosgpsina)t),

a9 9
2, 2 2, 2
N +¢6 N +¢65
5 c, : 2
e A=./ci +c5, COSQ = =, SINP = ———.
\C +6 Ve +6)

Urak, pemienne (7.36) MOKHO 3amucaTh B BUJE
y=Asin(wt + @), (8.37)

rae A, @ - HOBBIE IPOU3BOJIBHBIE IOCTOAHHBIE. OOBIYHO BeIUYMHA 4 Ha3bIBACTCS
amnaumyoou Koniebanus, apryMeHT w t + ¢ - (pa3oil konebaHus, ¢ - Ha4aIbHON
(dazoii (ipu 1 =0), @ - 4acTOTOM KOJIEeOAHMS.

8.4.2. 3agaua 0 BBIHY:K/IEHHBIX KOJIeOaHUSAX B cpelae 0e3 CONPOTHBJICHUSA.
IlycTh Ha rpy3 KpoMe CHUJIbI TSKECTU W YIOPYTroM CUJIbI MPYXKHUHBI, JACHUCTBYET elie
Kakasi-HUOYJlb BHEILIHSIS CUJIa, BIMSIONIAS HA XapakTep JBMXKEeHUs rpysa. Eciu mpu
ATOM JBUXKEHHUE Tpy3a OCTaeTcs KoJjieOaTelbHbIM, TO TOBOPAT, YTO TIpy3 (Teyo)
COBEPIIIACT 8bIHYHCOCHHBLE KOJICOAHUL.

[lycTe BHemiHsIs (Bo3Mylaromasi) cunia f(t)=Dsinft, rne D u 8 - HEKOTOpbIe
noctosiHHblie. Toraa pe3yapTupyromas cuia I = —k? y+ Dsin B t (31€Ch COMPOTUBIICHUE
cpeabl He MpUHUMaeM BO BHUMaHue). Cle0BaTeIbHO, YpaBHEHUE IBUKEHUS IPy3a B

TOM ciydae GyseT umeTh Bun my''= —k>y + Dsin B t unn
Y'+@’y = Bsin t, (8.38)

rae B = 2. Takum o0pazom, MOoTYyUYUIIv JIMHEHOE HEOJHOPOIHOE Nud depeHITnanbHOe
m

ypaBHEHHE 2-T0 MOpPsAJIKA C TOCTOSIHHBIMU KO3 dUILIEHTaMHU.

Bbynem wuckate obmiee pemenue auddepeninuanbHoro ypasHenus (8.38) mo

bopmyne V,, =V,, +V,,. YuuTbiBasd, 4To oOIlEee pELIEHHE COOTBETCTBYIOIIETO
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OHOPOAHOTO ypaBHeHwus (8.35) 3amaercs B Bujge ),, = AS(wf+@), ocraeTcs HAlTH

KaKoe-JI1M00 YaCTHOE pelIeHue HeOJHOPOIHOTO ypaBHEeHUs (8.38).
Jlanee Hy»KHO pacCMOTPETh OTAENBHO ABa ciydasi: 1) w = £;2) w= .

Cayuau 1. 1lycth @ = B (4acTOTa BHEIIHEH CWJIBI HE COBMANAET C YaCTOTOM

coOCTBeHHBIX Koiebanuit). CoriacHo TeopeMe 8.7 4aCTHOE pellieHre HEOTHOPOAHOTO
ypaBHeHuUs (8.38) OyzeM uckaTh B BUE

z=Mcosft+Nsinft,
rie M u N — noka Heu3BeCTHbIE KOA(DPUIIUEHTHI, MOIeXKAIINE ONPEIETCHUIO.

Jns HaxoxkaeHus 3HaueHnit M u N HaiijieM IPOU3BOIHBIC
2'=-MBsin ft+ NBcosBt, z"=-MB*cosBt—- NS*sin fBt.
[MoxcTaBiss HalineHHble Beipaxkenus 1 Z v z'" B (8.38) BMecTo y u ), moaydum
— MpB* cos Bt — NB” sin St + Mw* cos St + New* sin Bt = Bsin St.

OTtcroaa nojiy4aeM CIEAYIOUIYI0 CUCTEMY allreOpanyecKuX ypaBHEHHUI:

M@ +°)=0
N(w® - B*)=B.
Pemas mocnennioro cucteMy otHocutenabHo M u N, OyaeM umetrs: M =0,
N = %,CHGI{OB&TCHBHO, YaCTHOE pelIeHrne HEOJHOPOJAHOro ypaBHeHuUs (8.38)

HMEET BUI: z =Lzsin [t. 3HauuT, obmee peumeHue (8.38) B JaHHOM ciyyae

a)z—/)’

MOJXHO 3a1aBaTh TaK:

y = Asin(wt + @) + %sin/ﬁt. (8.39)
w

B npasoit yactu dbopmyinsl (8.39) nepBoe ciaraeMoe omnpeaeisieT COOCTBEHHbIE
KoJeOaHus, OOYCIIOBJIEHHBIE KECTKOCTBIO MPYKUHBI M Maccoil rpys3a, a BTOpOE
cllaraeMoe - BBIHYKJI€HHbIE KOJIeOaHusl, BBI3BaHHBIC BHEIIHEH CHUIION.

Kax Bugno u3 popmy:si (8.39), ecniu @ u B OIU3KU MO BEIUYUHE, TO aMIUIUTYyAa
BBIHYXJIEHHBIX KOJeOaHui Besnrka. B 3ToM ciydae Teno UCHBITHIBAET MPU JBUKEHUU
OOJIbIIINE CMENICHUS. DTO SIBJICHUE UCIIONIB3YETCS B PAAUOTEXHUKE U MEXAHUKE.

Cayuau 2. Illycte w = £ (T. €. 4acCTOTa BHEIIHEW CHJIbI COBIAAAET C YaCTOTOM

coOCTBEHHBIX KoyieOanuii). B 3ToM cityuae yactHoe perieHue ypaBHeHus (8.38) Oyaem
WCKATh B BUJIC
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r=t(Mcosft+Nsinft),

rie M u N — HeusBecTHbIE Moka Ko puuuentsl. YtoOwl onpenenuts M u N,
HAaNJEM IIPOU3BOJAHBIE

r'=Mcosft+ Nsin St +t(-Mpsin St + Nfcos ft),
"= -2MPsin St + 2NBcos Bt +t(-MB* cos St — NS’ sin B1).

[ToxcTaBnss HaiineHHbIE BhIpaxkenus st r u r'' B (8.38) BMecto ¥y m V' (c

Y4ETOM @ = [3), HOIy4YUM
—2MpBsin Bt + 2NBcos Bt +1(-MB* cos ft — NB’sin B1) +
+ B*t(M cos Bt + Nsin Bt) = Bsin B1.

Hakonen, u3 nocienHero ToxaecTsa OyJeM UMETh:

~2Mp =B
2NB =0.
B B Bt
Orcroma HaxoguM: M =-—=-—_ N =0. Utak, r = ——cosw t. CiiegoBaTeILHO, B
26 2w 2w

JTAHHOM ciy4dae of1iee pernieHue ypaBsHenus (7.38) uMmeeT BU/:
. Bt
y = Asin(w t+<p)—2—cosa)t. (8.40)
0

N3 dopmynsr (8.40) BuAHO, YTO MpU [ —> +%, aMIUIUTyJa BBIHYKIECHHBIX
KoeOaHMii MOXKET OKa3aThCs OUYEHb OOJIBIIION, Ja)Ke €CJIM BEJIMYMHA B HEBEIUKa. ITO
SBJICHUE PE3KOT0 BO3PACTAHUS aMILTUTYbl KOJIEOAHUI MO BIUSIHUEM Oadice MAblX
BO3MYIIAIOMUX (BHEIIHUX) CHJI HA3bIBAIOT pe30HaHCcOM. SICHO, UTO 3TO SIBIICHUE HE
KeJIaTeIbHO B MEXAaHUYECKHX KOJIEOAHUSAX, TaK KaK TMpUBEAET K TOJIOMKE
COOPYKECHUH.

B 3akmtouenue ormetuM, 4Tto JuHEHHbIE AuddepeHIuaIbHble YpaBHEHUs C
MOCTOSTHHBIMU KO3 UIIEHTaMU HaXOASAT NPUIIOKEHUSI U BO MHOTUX JIPYTHUX 3a/1auax
MeXaHUKHU U pusuku (cMm., Harpumep, [18]).

II. KOHTPOJIBHBIE BOITPOCBHI U 3AJJAHU A

1. KakoB oOmuii Buj JTUHEHHBIX TU(depeHINATbHBIX YPaBHEHUM 2-TO MOpsIKa C
MOCTOSTHHBIMU KO3 duiiueHTamu ?

2. B kako#l o0sacTu BBINOJHAIOTCS yCIOBHs TeopeMbl Komu (0 cyniecTBOBaHUU U
€UHCTBEHHOCTH PEIICHHS) Il OJHOPOAHBIX JHUHEHHBIX Iu(depeHInaIbHbIX
ypaBHEHHH 2-r0 MopsJiKa C TOCTOSIHHBIMU Kod(pdunnentamu ?
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10.

8.1.

8.2.

8.3.

8.4.

. Ha kakoM MHOXECTBE ONpPEAECIEHbl PEMIEHUS OJHOPOIAHBIX JIMHEWHBIX

mudpepeHnanbHbIX YPaBHEHUN € MOCTOSHHBIMU KO3 puimenTamu ?

Kak BBIMISIINT XapakTepuCTHUYECKOE YypaBHeHHE Ui AuddepeHnanbHOro
ypasHeHust y” + py’ + gy = 0, rae p, q— GukcupoBaHHbIE YnCia ?

Kakos BH]I o011ero peleHus mudpepeHnanbHOro YpaBHEHUS
"+ py' +qy =0 C TIOCTOSHHBIMU KO3()(PUIMEHTAMH, €CIH IUCKPUMUHAHT

D = p* -4 XapaKTepHCTUIECKOrO ypaBHEHUS:

1) MONOXUTENBHOE YHCIIO;

2) paBeH HYIIIO;

3) oTpunaTeILHOE YUCIIO ?

B dem coctout umes memooa HeonpeoeneHHbIX KOIPuyuenmos Npu PEIICHUH
HEOJHOPOJIHBIX JUHEHHBIX Tud(PepeHInaTbHbIX YpaBHEHUNH C TIOCTOSHHBIMU
ko3 punrentamu ?

B kakux ciaydasx HEOTHOpPOIHBIC JHHEHHBIC AUdGdepeHIInaTIbHbIe ypaBHEHUS
yao0Hee peliaTh MemoooM HeonpedenreHHvlX Kodp@uyuenmos, 4eM Memooom
sapuayuy NPoU3B0abHbIX NOCMOAHHBIX !

. B kakom BHUAC MOXKHO HCKATb 4YaCTHOC PCHICHHUC HCOAHOPOAHOIO JIMHEHHOTO

mudpepeHInanbHOr0 YpaBHEHUS € MOCTOSSHHBIMU KO3 PUITMeHTaMu BU/A:
a) ¥+ py'+qy =P, (x), (*)
6) Y +py +qy= e“x[Pm (x)cos Bx + O, (x)sin /a’x] ? (**)

. KakoBa  crpykrypa  oOmiero  pemieHuss  HEOJHOPOJHOIO  JIMHEWHOIO

mudPepeHInanbHOr0 ypaBHEHUSI ¢ TOCTOSIHHBIMU K03 duimentamu Buaa (*)
(Buma (**)) ?

KakoBo auddepennuansuoe ypaBHeHHE CBOOOAHBIX (BBIHYXJICHHBIX) KOJeOaHUN
rpy3a B cpezie 6€3 COnpoTUBICHUS?

I1I. [IPUMEPHI U 3AJIAUM JIJIST AYIUTOPHOM PABOTHI

CocrtaBbTe NMHEHHOE OJHOpPOAHOE MUddepeHnalIbHOE YpaBHEHHUE, 3HAs €ro

XapaKTepPHCTUYECKOe ypaBHEHHE: k- +3k +2=0.

3Has KOPHH XapaKTepHCTHYeCKOro ypaBHeHust k, =3-2i,k, =3+2i, waiinure

oO11iee pelieHrne OJHOPOTHOTO YPaBHEHHS.

Haiinute yactHoe peuienne auddepeHimansHoro ypaBueuss y" —4y' +4y =0
IIPH YCJIOBUH, YTO y(0)= 3, y'(0)= -1.

Haiigure  WHTErpanbHyr0  KpuByI0  JU(GQPEpEeHIHANILHOIO  ypaBHEHHUS
y"'-4y'+3y =0, npoxoasmryto uepes Touxky M(0, 2) ¥ UMEIOIIYIO B ATOI TOuke

KacaTeabHyI0 y = X + 2.
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8.5.

8.6.
8.7.

8.8.

8.9.

8.10.

8.11.

8.12.

8.13.
8.14.

CoctaBpTe  oOmiee  pemieHHE  HEOJAHOPOAHOTO  ypaBHEHUS  BUIA
5y"—6y' +5y = f(x), ans dero mpeIBapUTENBHO HAMINTE €rO YACTHOE
pemienne sub0 moxbopoM, JHOO METOJAOM BapuallMM  MPOU3BOJIBHBIX

IIOCTOAHHBIX, €CJIN
3

1) f(x)=5e 2) f(x)=sin’t .

Pemure nuddepennuansaoe ypapaenue V' -2y +5y = e’ sin2x.

Onpenenure  BUJA  YaCTHOIO  PEIIEHHS  HEOJHOPOJHOTO  JIMHEHHOTO
nuddhepeHIanbHOTO YpaBHEHHS, eciu W3BECTHBI KOpHU €ro

XapaKTepUCTUUECKOro  ypaBHeHus k =2i, k,=-2i wu TmpaBas dacTh
f(x) = Asm2x + Bcos2x,Tae A=const, B=const.

Haitgure YaCTHOE pelIeHue mudpepeHnanbHOro YpaBHEHHUS

T

y"=2y"+2y = 4e* cosx, ynoBneTBOPAIONIECE HAYAIBHBIM yCIOBHAM: y(7)= 72",

JT

y(z)=e".

YBenuueHue UIMHBI NPYKHUHBI, NIPONOPLHUOHAIBHO PACTATHUBAIOLIEN INPYXKUHY
cuie, M 3Ta cuia JOJDKHA ObITh paBHAa 1 ke, YTOOBl JUIMHA TIPYKUHBI
yBennuuBanack Ha 1 cm. K mpyxuHe moasemen rpy3 Becom 2 xe. Hanpure
NEepUOJl KOJIEOATENbHOTO JABMKEHUS, KOTOPOE HAYHET COBEpLIATh 3TOT IPy3,
€CJIM €T0 CJIETKa OTTAHYTh KHU3Y U 3aTE€M OTITYCTHUTb.

IV. 3AJAHUS )11 CAMOCTOSTEJIBHOM PABOTEI

Pemnte muddepenimansuoe ypasaeaue ' +y' -2y =0.

Haiinute wacTHOE pemenue muddepeHnuansHoro ypasaeHus y” + 4y’ =0,
YIOBJIETBOPSIOIIEE HAYAIBHBIM YCIOBHSIM: y(O) =7, y'(O) =8.

CocraBbTe 00lllee pernieHne HeOAHOPOAHOTO JIMHEHHOTO AudPepeHIuaIbHOro
ypaBHeHHs BUAA 51" —6)' +5y = f(x), W15 4ero mpeaBapuTENbHO HaiimuTe
€ro 4YacTHoe pemieHue Jub0 moAdopoM, MO0 METOJAOM BapHaluu

IIPOM3BOJIbHBIX ITIOCTOAHHBIX, CCJIN
3

1) f(x)=ezx+2x3—x+2; 2) f(x)=egxcosx.

Pemmre nuddepennmansaoe ypasaenue V' -2y +3y=e " cosx.

CocrtaBbTe JHHEHHOE OJHOPOAHOE MudepeHInanbHOe ypaBHEHHUE, 3Hasl €ro
XapaKTEPUCTHUECKOE YpaBHEHHE: 3k% —k —2 = 0.
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Paznen 2

Cucrembl 00BIKHOBEHHBIX TU(PPepeHInATBHBIX YPABHEHU

SAHATHUE Ne 9

Tema: HopmanbHast cucrema gudepeHinanbHbIX ypaBHeHUul. CBegeHue
YPABHEHHUS n-I0 MOPAJAKA K HOPMAJIBHOM CUCTEMe

I. OCHOBHBLIE TEOPETUYECKUE CBEAEHUA

9.1. [lousiTHe 0 HOPMAJIBLHOI cucTeMe TUP(PepeHUNATBLHBIX YPABHEHUI U
ee peumieHuu. 3agaua Ko 1151 HopMaJbHBIX ccTeM ypaBHeHH. MHorue 3a1a4n
¢bu3uKN U Apyrux obnacted eCTeCTBO3HAHMS MPUBOASATCA K Pa3IUYHBIM CUCTEMaM
mudepeHnanbHbIX YPaBHEHUH.

OITPEJEJIEHHUE 9.1. Cucrema ypaBHeHU BUAA

( /

F1(an/1;J’2,---a yna ylayéa--w y;/q) = 0
/ /

<F2(xsy1>y27---’ yn7 ylayéa---ayn) =0

LFn(X’ylay29---9yn9 yl/’yéaayli) =Oa

T€ V|, Vysews V, - UCKOMBIE (DYHKIIMH OT HE3aBUCHUMOW NEPEMEHHOM X, Ha3bIBAETCA

cucmemot n O00ObIKHOBEHHbIX Ou@gepenyuanvhblx ypasHenuil 1-eo nopsoka
OTHOCUTEIBHO PYHKIUH V|, Vs, ..., V, . 3Aecb F, F,, ..., F, - 3anaHHble QyHKIUU CBOUX

apryMEHTOB.

B Teopun nuddepeHunanbHbIX YpaBHEHUN 0CO00 BaXXHYIO POJIb UTPAIOT TaK
Ha3bIBAEMbI€ HOPMAJIbHBIE CUCTEMBI.

OIPEAEJIEHUE 9.2. Cuctrema nuddepeHnmnanbHbIX ypaBHeHHH 1-ro nopsiaka

rdJ’1
_— X, B} 9% n
F Y1 Yasees V)
d
D2 yas )
| (9.1)
d
o (6P P D)
| dx

Pa3pEIICHHBIX OTHOCHUTENBHO TMPOU3BOAHBIX HCKOMBIX (DYHKIUN, Ha3bIBAETCS
HOPMaJbHON CHUCTEMON 7 OOBIKHOBEHHBIX IudPepeHInanbHbIX ypaBHEHHN 1-ro

HOPSIIKa OTHOCUTENIBHO PYHKIMH V), Vo, ooy V),
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OITPEJEJIEHUE 9.3. PemenneM HOpMadbHOM cuCTeMBI (9.1) Ha HEKOTOPOM
YHICIIOBOM MTPOMEKYTKE < a,b > Ha3bIBaCTCS BCAKAS COBOKYITHOCTD 71 yHKITUN
Vi =01, 3, = 3,(X), 5 ¥, = 3, (%), (9.2)
muddepeHIpyeMBbIX Ha TPOMEKYTKE < a,b >, u oOpararomnias ypaBHEHUS CUCTEMBI
(8.1) B TO’K/IECTBA HA 3TOM MIPOMEKYTKE, T.€.
yl/ ()C) = ﬁ(xayl (X),yz(X), '-':yn (X)), cee yr/, (.X) = fn (x,yl(X),y2(X), '-'9yn ()C)) ha < aab >.

Hanpumep, HETpyJHO TPOBEPUTH, YTO COBOKYITHOCTh M3 JBYX (DYHKIUN BUIA
-6 : -6 o
Y, =e “(cosx+sinx), y,=2e " COSX sBIgeTcs PpELUIEHHEM CIIeAyIoLei

HOPMaJbHOM cucTeMbl qudPpepeHInanbHbIX YPaBHEHUN

d
% ==y, +y,

9.3)
y (
=2 2y, -5y,
dx

Ha BCEH YHUCJIOBOU MPSIMON R = (—o0, + ).

OITPEAEJIEHUE 9.4. 3aoaueti Kowu onsa cucmemor (9.1) Ha3pIBaeTCs 3a7aya,
COCTOSAMIAsT B OTBHICKAHWH PEIICHUH ATOW CHCTEMBI, YIOBJICTBOPSIOMIUX HAUATIbHbIM
VCI0BUAM 8UOA:

=y, (9.4)

=y109y2

0
Wi x=x, =Vases Vy

X=X X=X

0 0 0
rae Xy, Vi»Vys-n Y, - 3amdaHHble 4ucia. OOBYHO MpEArnoiaracTcs, 4YTO TOYKa

Py(Xo5 /s Y35 ¥,)ED, T D =(\D(f,) (31€Ch D(f;) 0O3HAYAET 06J1ACTh ONpPEIEIEHNUS

i=1
byHKIHHA f)).

CrpaBeyiBO CeAyOIee BaXKHOE YTBEPKACHUE (CM., TaKxke, Hanpumep, [21],
c. 265).

Teopema Kommu. Ilycmv 6 wnopmanvuol cucmeme ou@gepenyuaibhbix
ypaeuenuti (8.1) @yuxkyuu  f.(x,¥,,¥,,...,y,) (=L2,..,n) Hnenpepwvignvol eémecme co
CEOUMU YACMHBIMU NPOUZBOOHBIMU NEPBO2O NOPAOKA NO NEPEMEHHBIM Vi, Vys oy Y, 8
nexomopoti  o6nacmu  GCR™'. Toeda ons moboii  purcuposannoii  mouxu
Py(xX0s Y02 Vs o VO EG namioemes unmepean x,—h<x<x,+h (h>0), na komopom
cywecmeyem — eOUHCMBeHHOe  peutenue  HopmanvHou  cucmemsvt  (9.1),
yoosiemeopsoujee HavaabHuvim ycioguam euda (9.4).

Janum reomeTpruyeckyro uHTeprperanuio 3aaaun Komu u teopemsl Komn s
HOPMAJIBHOM CHUCTEMBI ypaBHEHUU. [ HArMAIHOCTH OTPAHUYUMCS PACCMOTPEHUEM
HOPMAaJIbHOM CUCTEMBI U3 IBYX YPAaBHEHUIN
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dy,

= fl(xsylayz)
dx 9.5)
dy ’
EZ = L5 ),),)-

BBenem TpexmepHyo NpSAMOYroyibHyr cuctemy koopauHat OXY;Y, (cm. puc.
9.1). PaccMoTpuM (HUKCHPOBAHHYI TOYKY M, (x,, v ,ys)ED(f,)ND(f,). Torma
pelieHue

W =0(x), ¥, =y,(x) (x,—h<x<x,+h)
CHUCTEMBI mudpepeHmanbHbIX
ypaBHenuil (9.5), nmpuHHuMarolee
NpU X =X, 3HA4YeHUs Y, U s,
olpenensier B IIPOCTPAHCTBE R
HEKOTOPYIO JINHUTO L,
MIPOXOIAIIY IO yepes TOYKY
My(x,, ¥.,y3) (cMm. puc. 9.1). Dra

JIMHUS HAa3bIBACTCSI UHMESPANbHOUL
Kpugoi HOPMAIBHOU CHCTEMBI

(9.5). CnenoBaTenpbHO, 3aaada
Komm nmns cucremel ypaBHEHUU v
(8.5) momywyaeT  CHEAYIOUIYIO !

F€OMETPUYECKYIO TPAKTOBKY: Puc. 9.1

6 mpexmepHOM NPOCMPAHCMEE NePEMEHHbIX X, V|, V, HAUMU UHmezpaibHble Kpusbie,
npoxoosiuue uepes 3a0annyio mouxy M,(x,, y,, v3).

Teopema Komm yka3plBaeT JOCTATOYHBIE YCJIOBUS, MNPU KOTOPBIX IS
HOPMAaJbHOM CUCTEMBI ypaBHEHUM OyJET CyIIeCTBOBATh €IMHCTBEHHAS] HHTErpaJibHAs
KpuBas L, npoxosiias uepe3 M (x,, v., y3).

[Ipu uzyuenuu cucrem quddepeHnanbHbIX YPAaBHEHUN BaXKHYIO POJIb UTPAET
TIOHSITHE OOIIEr0 PEIICHHS.

[Iycte G - 006nacTh, B KOTOPOM BBHIMOJHSIOTCS yCIOBUSL TeopeMbl Komm st
cuctemsl (9.1).

OINPEJAEJIEHUME 9.5. CoBOKYNHOCTb # (yHKLIUN

yi =yi(x9C19C25'"7 Cn)’ i=1,2,---, n, (96)

3aBHUCSIIUX OT X ¥ OT # IPOU3BOJIBbHBIX NOCTOAHHBIX C|,C,, ..., C, , Ha3pIBaeTCI 00WUM

peuieHuem HOpMalibHOU cuctemsl (9.1) B o6nactu G, eciiv BBIOJHSIIOTCS CIETYIONINE
JIBa YCJIOBUS:
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1) mpu m0OBIX JOMYCTHMBIX 3HAYCHHUSX TMPOU3BOJBHBIX IMOCTOSHHBIX
C,,C,,...,C coBokynHocTh (QyHKIui (9.6) obpamaer ypaBHeHus: cucrteMsl (9.1) B
TOXKJIECTBA HA HEKOTOPOM YHUCIIOBOM IMPOMEKYTKE < a,b >;

2) B obnactu G coBOKYmHOCTh PyHKIIH (9.6) pemaeT mo0yto 3aaauy Komm st
cuctemsl (9.1), T.e. W1 M000H GPUKCUPOBAHHON TOUKU P (Xy, V), Vys.r Vo) EG MOKHO
110100paTh TaKke 3HaYE€HHs TIPOU3BOJIBHBIX MOCTOSHHBIX C|,Cy, ..., C\, 9T0 QYHKIHUH
y, =y,(xC,C,..,CY), i=12,..,n, OyAyT YJOBJIETBOPATH HaYaIbHBIM YCIOBHUIM
Buaa (9.4).

ONPEAEJIEHUE 9.6. Pemenus Buma: y, =y,(x,C/,Cy,..,CY), i=12,..,n,
MOJTyJaronuecs: u3 o0mero pemeHus cucTembl (9.1) mpu KOHKPETHBIX 3HAYCHHSX
IPOU3BOJIBHBIX NOCTOAHHBIX C,,C,, ..., C,, HA3bIBAIOTCSA YACMHbIMU PEUEeHUAMU ITOU
CHUCTEMBL.

9.2. Cgenenne au(p@PepeHUHATBHOT0 YPaBHEHHSI H-TO TMOPSAAKA K
HOpPMAJIbHOW cucTeMe ypaBHeHuii 1-ro mopsinka. Hekoropble MeToabI pelieHust

cucrem auddepeHnuanbHbIX ypaBHeHHH. OKa3bIBae€TCs, BCIKOE OOBIKHOBEHHOE
muddepeHranbHOe YpaBHEHHUE 1-T0 MOpsIKa

y(n) =f(x9y:y"y”>'"ay(n_l)) (97)

MOXHO TIPUBECTH K HEKOTOpOW HOpMalibHOW cucTeMe JuddepeHnnanibHbIX
ypaBHEHUM 1-ro mopsiaka.
B camowm perne, BBelis HOBbIe PYHKIIMH BUJA

V=YX, 1, =" (), ¥, =" (%),

3amMeHuM ypaBHeHue (9.7) cienyronieit HopMaabHON CUCTEMOMN 1 YpaBHEHUM:

'd_y_
dx
dJ’1

Y1

oo ©.8)

dyn—l
dx

L

T.e. ogHO AuddepeHImanbHoe ypaBHEeHHE n-ro nopsiaka Buaa (9.7) sKBUBaJIEHTHO

=fn(x9yay15y29“'ﬂ yn-l)a

HOpMaJbHOM cucteme n qudpepeHnanbHbIX ypaBHeHu 1-ro nopsiaka (9.8).

Kak mpaBuio, cnpaBennuBo U 0OpaTHOE YTBEPXKICHHUE: BCSKash HOpMallbHAs
cucrema n qudpepeHnanbHbIX ypaBHEHUN 1-T0 MOpsKa MPUBOIUTCS K HEKOTOPOMY
muddepeHnanTbHOMY YpaBHEHUIO n-ro nopsiaka (cM. takxke [21], c. 262). Ha stom
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OCHOBAaH OJWH W3 METOJOB pEIICHUS cHCTeM Iu(QepeHITNaTbHBIX yYpaBHCHHH, a
MMEHHO, TaK Ha3bIBaeMbIN Memoo uckuouenus:. II0SCHUM 3TOT METO Ha CIIEeIyIOIeM
KOHKPETHOM TIpHMeEpE.

IIpumep 9.1. Pemnth cucremy ypaBuenuii (9.3).

PEIIEHUE. uddepennupys mo x, u3 mnepBoro ypaBHeHUs cuctemsl (9.3)

MOJTYyYUM
dzy L __7 % + %
dx’ dx  dx
[ToncTaBiisst B paBylo YacTh MOJYYEHHOT'O YPaBHEHUSI BMECTO dl; ee 3HaueHue
13 BTOPOro ypaBHeHUs cuctemsl (9.3), OyaemM uMeTh
2
C;xy; =-7iliyx1 ~2y, -5y, (9.9)

C npyro#t CTOpOHBI, U3 MEPBOTO ypaBHEHUS cUCTEMEI (9.3) umeeM
Yy =——+Ty. (9.10)

Hakonen, mnoicraBuB B IpaByl dacTb ypaBHeHua (9.9) Bmecto ),
COOTBETCTBYIOIIIEE BhIpAXKEHUE, onpeienseMoe paBeHCTBOM (9.10), monyyum
2

d’y

2

dy
1+12dx]+37y1=0. (9.11)

Takum o0pa3zoM, NOJYyYWIM JUHEHHOE OJHOpoaAHOe AuddepeHImaILHoe
ypaBHEHUE 2-TO MOPSAKA OTHOCUTEIHHO PYHKITUU ).

O6miee pemenue ypapHenus (9.11) umeet Buj
y, =e*(C, cosx + C, sinx), (9.12)

rae C, n C, - npon3BoibHbIe TOCTOSTHHEBIE. OTCI0Aa ¢ MOMOIIBI0 AUddepeHIpoBaHuUs

MOJIy4aeM
7} : .
% = -6 (C, cosx + C, sinx) + e (=C, sin x + C, c0sx). (9.13)
Hanee, moacTaBUB B mpaByl uacTh paBeHcTBa (9.10) BmMecto ), m ‘2}1
X

COOTBETCTBYIOIINE BhIpaKeHUs, onpeaensieMbie no Gopmynam (9.12) u (9.13), 6yaem
UMETh

y, =e[(C, +C,)cosx +(C, - C,)sinx]. (9.14)
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Takum o0pa3zom, oOllee pelieHrue cucTeMbl ypaBHeHui (9.3) 3agaeTcs B BUE
cemetictBa ¢ynkimii (9.12) u (9.14), rae C, u C, - npou3BOIBHBIE TOCTOSIHHBIE. P>

Jpyrum, 4acTo HCHOJIB3YyEMbIM Ha MPAKTHUKE, METOJOM PEIICHUS CHUCTEM
mudpepeHInanbHBIX YPAaBHEHUH SBISIETCS TaK HA3bIBAEMBIN Memoo unmezpupyemulx
kombunayui. [IpormimocTpupyeM CyTh 3TOrO0 METOAAa Ha CIEAYIOIIEM KOHKPETHOM

MIpUMEDE.
IMpumep 9.2. Pemuth cuctemy ypaBHEHHIN
, X+
y == . >
~ (9.14)
Z’ = i .
y

PEILIEHUE. YMmHOX%uB 00€ 4YacTH MEpBOTrO ypaBHEHHS HA z, a BTOPOTO
YPaBHEHHUS HA ), HOJIYYUM CJIEAYIOUIYIO CUCTEMY YPABHEHUN

Yy =x+y,
yz'=x-y.
I[anee, IMOYWICHHO CKJIaAbIBasl YpaBHCHUSA HOCHeHHCﬁ CHUCTCMHI, 6y,Z[CM NMETH
(yz)'=2x. (9.15)

[Tomyumnu Tak  Ha3BIBACMYIO  «UHMeSpUpyemyro  KOMOUHayuw», T.e.
muddepeHnranT,HOe YpaBHEHHE, KOTOPOE JIETKO HWHTErpupyercs. MHTerpupys, us3
(9.15) nonmyuum

yz=x2+C1, (9.16)
rae C — mpousBoibHast moctossHHast. OTCI0/a, B CBOIO OYEPEb, HAXOIUM
x* +C,
zZ=—", (9.17)
Y

Hakonen, noacraBuB HaitaeHHOE 110 popmydie (9.17) BeipakeHue 11 Z B IEPBOE
ypaBHeHue cucteMsl (9.14), momyuum

, 1
yo—r y= ¥, (9.18)

J— y_
x* +C, x* +C,

Ho (9.18) ectb ypaBHenue bepnynnu. Pemas ero, OyaeM uMeTh

JC, +x7

y= : (9.19)
C2

2
x+4/C, +x

rae ¢, - npoussonbHas nocrosguuas. C ygerom (9.19) us (9.17) nomyunm

In
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z=4C, +x° lnL. (9.20)
X +4/C, +x°

Takum oOpaszom, oOmiee pemieHue cuctembl (9.14) 3amaercs no dopmynam
(9.19), (9.20), rme C, u C, - npou3BOIBLHBIE TOCTOSIHHEBIE. P>

9.3. Cucrembl JJUHeHBIX TU(PepeHIUATbHBIX YPaBHeHUI 1-ro mopsiaka.
Cpenu cucteM audpdepeHInanbHbIX YpaBHEHUNH HamOoJiee M3YYEHHBIMU M YacTo
UCIIOJIb3YEMBIMU B MIPUJIOKEHUSX SBIISAIOTCS TaK HA3bIBAEMBIE JILUHElUHblE CUCTEMbL.

OIPEAEJIEHUE 9.7. Cuctema nuddepeHunanbHbIX YpaBHEHUN Ha3bIBACTCS
JUHEeUHOU, €CIM OHAa JIMHEWHAa OTHOCUTEIbHO HEWU3BECTHbIX (YHKUMH U UX
MIPOU3BO/IHBIX.

Cucrema n NTMHEWHBIX ypaBHEHHU |-ro mopsiaka, 3alurcaHHas B HOPMaJbHOM
dbopme, umeet BUA

n

dy
Ek=2akj(x)yj +f(x), k=12,..,n, (9.21)

Jj=1

rae Y, =Y, (x) (k=1,2,-,n) - Hew3BecTHBIC (QYHKIMU TepeMEHHOM X, a a,(x), f, ()
(k=1,2,--,m; j=1,2,-~-,n) - 3amaHHBIE W HENpPEpPLIBHBIE HA HEKOTOPOM HHTEPBAJIE
E=(a,b) pynxuun.

Ecmu Bce f;(¥) =0 ma (a,b) , To nuneiinas cucrema (9.21) npunuMaet By

dy <
d_; = ;akj(x)yj, k=12,..n, (9.22)

U Ha3bIBa€TCS 00HOpoOHOUu. B mpoTUBHOM ciyuyae nuHelHas cucrtema (9.21)
Ha3bIBACTCS HEOOHOPOOHOII.

BaxHo 3amerutb, 4TO ycnoBusi TeopeMbl Koiu s JTUHEHHBIX CHCTEM
ypaBHeHui Bua (9.21) BbIMONHSIOTCS B 00J1aCTH

G ={P(X, ¥/, V55 yn)ER”+1

a<x<b,

Vil <+, k=12,..,n}. (9.23)
CIie10BaTeNbHO, IPH JIFOOBIX HAYAIBHBIX YCIOBHAX BUIA

=V, (9.24)

0
=Voseees Vy

nl =y,

X=X, X=X, X=X

rne X,E(a,b), —©o<y, <+0 (k=12 n), 3amaua Komm mus cucremsl (9.21) Oyzmer

HUMCTb CAMHCTBCHHOC PCIHICHUC

V=), y, =@, (x), s ¥, =@, (%), (9.25)
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YIOBJIETBOPSIONIECE 3aJaHHBIM HadallbHBIM ycioBusiM Buaa (9.24) (mpuyem 53TO
pEIIEHnE ONPENENICHO Ha BceM uHTepBaie (4,D)).

OyeHb YacTO HEOJHOPOJAHYIO CHUCTEMY JHHEHHBbIX Aud@epeHuanIbHbIX
ypaBHenuit (9.21) y1oOHO UCTIONB30BaTh B CIEAYIONUIEH MampuuHot ghopme

%K=AY+F, (9.26)
rie
() »1(x) fi(x) a,(x) a,(x) .. a,(x)
ﬂ= dx | Y - V,(x) , F £ (x) , A a, (x) a,(x) .. a,,(x) |
dx & () .. e e e
y;x Y (X) S (%) a,(x) a,(x) .. a,(x)

Tornma cooTBeTCTBYIOIIAs OJTHOPO/IHAS cUCTeMa YpaBHeHUM (9.22) B MaTpuyHOM

dhopmMme 3amumieTcs Tak:
> _ oy (9.27)
dx

Cpazy oTMeTUM, 4TO TEOPHSI CUCTEM JIMHEHHBIX ypaBHEeHUI (9.26) (cBOIICTBA UX
peleHuid, CTpyKTypa OOIIEro pelleHHsi, METOAbl WHTETPUPOBAHUSI) COBEPILECHHO
aHaJIOTUYHA TCOPUH JIUHEUHBIX OUDDepeHYUATbHbIX YPABHEHUI.

CHauana OCTaHOBHMMCSI Ha CBOMCTBax pEIICHUN OJHOPOJIHON cuctembl (9.27)
(mokazatenbCcTBa BCEX YTBEPXKACHUH, MPUBOJAUMBIX HUXE, MOKHO HAWTH, HAIIpUMED,
B [21]).

@, (x) @12 (X)

Teopema 9.1. Ecnu eexmopol Y (x)= Pu(| -y Y, (x) = 72| genmomen

@, (x) @2 (%)
pewenusimu 00nopoonou cucmemot (9.27), mo ux cymma Y;(x)=Y,(x)+Y,(x) maxoce
A6NAEMCSL peuleHuemM Mol CUCTEMbL.
@, (x)
@5,(x)

Teopema 9.2. Eciu sexkmop Y,(x) = A8151emcs peuleHuem 0OHOPOOHOL

(pnl(x)
cucmemot (9.27), mo cY(x) , ede c— npoussonbHAS NOCMOAHHASA, MAKHCE AGTACTNCA

peuiernuem 2MOU CUCMEMBL.
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@, (x) @1, (X)

@5, (X) @ (X)

Cnencreue 9.1. Ecau éexmopul ¥, (x) = s Y (x) = AGNAIOMCA

(pnl (x) ¢nm (‘x)
pewernusmu 00HopooHotl cucmemul (9.27), mo nobas ux runelnas KomouHayus

Y(x) = (x)+c,1,(x) +..+¢, T, (%),

20e Cj,Cy, ..., C, — NPOU3BOILHBIE NOCTNOAHHDLE, AEAAENCA PeUeHUeM MOl CUCHIEMDL.
OIIPEAEJIEHUE 9.8. Cuctema BEKTOpPOB

@, (x) @, (X) @1, (x)
Y (x) = @5, (X) Y (x) = @, (X) s Y (x) = @,,(x) (928)
@ (x) @2 (X) P (X)

HA3BIBACTCS IUHEUHO 3a6ucumol Ha unmepeane (a,)), ecinu cymecTByOT OCTOSAHHBIE

uucna @, , @, TaKHe, 9TO
a Y (x)+a,Y,(x)+..+a Y (x)=0 na (a,b), (9.29)

mpuYeM M0 KpalHeW Mepe OJHO W3 4YHcen «, ', (!, He paBHO Hym0. Ecimm xe
TOKeCTBO (9.29) cripaBeyIMBO TOIBKO IpU &) = A, =+-=a, =0, To cucremMa BEKTOpOB

(9.28) naswIBaeTca qunelino nezasucumoii Ha (a,b).

3ameuanue 9.1. [losne3Ho 3aMeTHTh, YTO OJTHO BEKTOPHOE TOXIECTBO (9.29)
AKBUBAJICHTHO CIIEIYIOIIEH CUCTEME U3 /I CKAISIPHBIX TOXKIECTB:

@, (X)+a,@,(X)+ .. +a,@,(x)=0

(9.30)
o, (X)+a,p,(x)+..+a,@, (x)=0.
OITPEJEJIEHUE 9.9. Onpenenurens det? (x) MaTpUIlbI
n(x) . @, (%)
W< | P - )| 03

Pu(X) . @, (%)

CTOJIOIAaMM KOTOPOU SBISIOTCS BEKTOpHI Y((X), Y, (X), HaswBaeTcs onpedenumenem

BpOHCKOeO unu 6pOHCKUAHOM 2MOU CUCMEMbl 6EKMOPO86.
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OITPEJEJIEHUE 9.10. Bcsikass COBOKYITHOCTb U3 1 IUHEUHO HE3A8UCUMbBIX HA

@, (x) @1, (x) @y (x)
(a,b) pemennmit v (x)= P ()| Y, (x) = 23 Y, (x) = 22 ()| o nropoHoit
P (X) P (¥) Pon (X)

cucteMbl ypaBHeHU (9.27) Ha3bIBaeTCs hYHOAMEHMANLHOU CUCEMOL peuteHU.

Teopema 9.3. Cucmema uz n pewenuti oonopoouoti cucmemvi (9.27) c
nenpepwisuvimu Ha (4, b) koagpuyuenmamu 6yoem gynoamenmanshoti na (4, b) mozoa
U moavko moeoa, Koeoa onpederumenv Bponckoco detW (x) smou cucmembi
pewenuti omauyer om nyjis 60 écex moukax unmepeana (a,b).

Boob6mie, nis onpenenutenss BpoHCKOro CHUCTEMBI / PEIICHHU OJHOPOIHOMN
cucteMbl nuddepeHnanbHbIX ypaBHeHUU (9.27) chopaBemiuBa - cleayrolas
3ameuarenbHas popMyia (cMm., Hampumep, [16], ¢. 277)'*:

detW (x) = detW (x,)- exp{— j‘[a1 (O +ay,@)++a,, (t)]dz} , XE(a,b), (9.32)

rae X, - mobas guxcuposannas TOYKa U3 IPOMEKyTKa (d, b).
B wactHOcTH, M3 Qopmynsl (9.32) cimenyer, uro ecinu deth (x,) =0, TO
detW (x) = O mna Bcex XE(a,b).

Teopema 9.4. Eciu (9.28) - ¢pynoamenmanvuas cucmema 4acmuvix peuieHul
00HOPOOHOU cucmembl oughgepenyuanvrovlx ypasnenuti (9.27) ¢ nenpepvi8HbiMU HA

(a,b) xosgppuyuenmamu, mo ezo obwee pewenue 6 obnacmu (9.23) 3adaemcs 6 sude
Y =cY(x)+c,1,(x)+...+¢,Y (%), (9.33)
20e Cy, Cy, ..., C, — NPOU3BOIILHBIE NOCNOSIHHbLE.

IIpumep 9.3. M3BecTHO, 4YTO BEKTOPHI Y, (x) =( CO,SX ) n Y, (x)= (Smx )
—sinx Cosx

SIBJIATOTCSA JaCTHBIMU pEIICHUSIMU JIMHEWUHOM OIHOPOJHOU CHUCTEMEI
mudpepeHmanbHbIX YpaBHEHUN

dy, _
dx 2

9.34
b (934)
dx g

Ha uHTepBaye (—o, + ). Tpedyercs HalTH o01Iee pelieHre cucteMbl (9.34).

' OGbranO 32 popmyTa HazsiBaeTCs hopmyitoit OcTporpaackoro-JInyBHis.
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PEIIEHUE. 3ameruMm, 4TO oOmpenenauTesib BpOHCKOTO TaHHOW CHCTEMBI
cosx sinx

pelIeHN OTIWYEH OT HyJsd Ha (-, + ), TaK Kak detW(x)=

—sinx coSXx

CrnenoBarenbHO, JaHHAsI CUCTEMa YAaCTHBIX PEIICHUM sBIsieTCs (DyHIaMeHTaIbHOM.
[TosTomy oO11ee perieHue cuctembl ypaBHeHu (9.34) MOKHO 3a/1aBaTh B BUJIE

COS X sin x _ . _ .
Y=c¢| . |+c, uIM Y, =€, COSX+C,SInX, ¥, =—¢ SINX+C,COSX,
—sinx COS X

rac Cl’ CZ — IIPOU3BOJIBHBIC ITIOCTOAHHBIC. >

Teopema 9.5. Eciu Y(x) - kaxoe-mubo uacmmnoe peuwienue auUHelHOl

HeoOHnopoonoi  cucmemvl  ypasunenuti  (9.26) ¢ wuenpepvienvimu  na  (a,b)
koo duyuenmanu a,(x) u npasvivu wacmamu fi(x), a Y (), Y, (X) - xaxas-

HUOYOb (YHOAMEHMANbHAS CUCEMA PeUuleHUti COOm8emcmaeayruiei. 00HOPOOHOU
cucmemvl ypasuenuii (9.27), mo obwee pewenue (6 oonacmu (9.23)) nHeoOHopooHol
cucmemwl ypasrenuil (9.26) 3adaemcs 6 guoe

Y,, =Y, (x)+6,Y,(x) +..+¢,Y, (x) + Y (%), (9.35)

2ode Ci, Cy, ..., C, — HPOU3BONbHBIE NOCMOSHHDBIE.

JlpyrumMu  CIIOBaMH, CMPYKmMypa o0uje2o peutenus: JUHeUHOU HeOOHOPOOHOU
cucmemvl OUGhepeHyuanIbHblX ypasHeHUull maKkosda:

Y, =Y, +¥,

B 3akifoueHre OTMETHM, YTO €CITM M3BECTHA KaKas-HUOYAh QyHIaMEeHTaTbHas
CHUCTEMa YaCTHBIX PEIICHUN OJHOPOIHON CUCTEMBI nu(PepeHITNATBHBIX YPAaBHCHHM
(9.27), To 4YacTHOe pellIeHHE COOTBETCTBYIOIIEH HEOJHOPOIHON cuctembl (9.26)
MO>KHO HalTH Memooom sapuayuu npou3eoibHulx nocmoanusix (Metonom Jlarpamka),
T.€. B BUJE

Y, =a(@N () +6,(0)F () +...+¢, ()Y, (), (9.36)

rae ¢(x),c,(x), ¢, (X) - Hem3BecTHBIE QYHKIMY OT X, MOJIEKAIINE ONPENECICHUIO.

JIefCTBUTENLHO, ITOACTABIIASA 3HAYCHUS
Y, = ()Y (x)+c,(x)V,(x) +...+¢,(x)Y,(x)

. dY,
U €€ MPOU3BOJHOMN ? B JIEBYIO 4acTh (9.26), monydaem

dx

ick (x)( D _ 4oy, (x)) + ic,i (DY, (x) = F ().
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Ho tak kax cilxyk — A(x)Y,(x) =0, TO juis onpezenenus ¢;(x),c,(x), -+, ¢,(x) monygaem

n

CUCTEMY alreOpanvyecKux ypaBHEHUM Zc,/{ (x)Y, (x) = F(x), unu B pa3BepHyTOM BHUJIE
=1

rCl/ ()@, (x) + C; ()@, (%) +... + C;/z (D)@, (x) = f1(x)

< €1 ()@ (%) + €, ()5, (%) + .4 €, (D)@, (x) = £ (%) (9.37)

/ / /
Lcl (x)wnl (x) + CZ (x)gan (x) +..+ Cn (x)wnn (x) = fn ('x)
OcHoBHOI omnpenenutens cucreMmsl (9.37) ecTp omnpenenutens BpoHCKOro mwi(x)
GyHgameHnTanbHOM cucteMsl pemennii 1(x),++, Y, (x). B cumy Teopemsl 9.3 oH oTinueH

OT HYJISl HA UHTEPBAJIE (a,b). [TosTomy cuctema anredpandeckux ypaBHenuit (9.37)

MMeeT eIMHCTBEHHOE pemnenue ¢ (¥)=7(x), cy(x)=7r,(x),..., c,(x) =7,(x), rae r(x),
r,(x), ..., r,(x) - ©3BeCTHbIC HenpepbiBHBIE Ha (4,D) QyHkuun. OTcIOMa ¢ MOMOIIBIO
WHTETPUPOBAHUS HaXO0JuM c,(x) = f 1 (x)dx, c,(x) = f r,(x)dx,...,

c,(x) = f r,(x)dx (3mech IS ONPENEICHHOCTH IOCTOSIHHBIC WHTETPHPOBAHUS MBI

O0epeM paBHBIMH HYJI0). TOr/1a ICKOMOE YaCTHOE PEIICHNUE HEOTHOPOTHOW CUCTEMBI
(9.26) Oynet uMeTh BUJ

Y, =Y, (x)frl (x)dx +7Y, (x)fr2 (xX)dx +...+7, (x)frn (x)dx.

IMpumep 9.4. Pemuth cuctemy ypaBHEHHI

% =y, +COSX

* (9.38)
i) =—y +1

dx !

PEIIEHUE. [lannyto cucremy nudpepeHnanbHbpIX ypaBHEHUN Oy1eM periaTh
JIBYMSI pa3Iu4YHbIMU crioco0amu: 1) memodom eapuayuu npous8oabHbIX NOCMOAHHBLX
U 2) Memooom UCKIOYEHUS.

Ilepswiii cnoco6. 3ameTuM, 4YTO OJHOPOJHAs cucTeMa ypaBHeHuU (9.34),
paccMoTpeHHass B npumepe 9.3, sBiseTca coomeemcmeyiowjed JJs  JTaHHOU
HEOTHOPOHOU cuctembl (9.38). Mbl yke 3HaeM, 4To O0IIee perieHrue OJHOPOIHON
cuctemsbl (9.34) 3anaercs hopmynon

COSX sin x
Yao. = Cl . + C2 ’ (939)
—-sinx COSX
rae C,C, — IPOU3BOIBHBIE MOCTOSHHBbIE. CIIEIOBAaTEIbHO, YAaCTHOE PELICHUE

HEOIHOPOHOM cucTeMbl (9.38) MOXKHO HCKATh B BUJIE:
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COS X sin x
Y, =c¢ (x) . +C, (x)
—sinx COS X

, (9.40)

rae ¢,(X) u ¢,(X) - noka HemsBecTHBIE PYHKIMHU OT X, MOIEKANIUE ONPEIETICHHUIO.

Jlns onpenenenns Gynkuuit ¢;(X) u ¢,(X) cocraBnsem cucTeMy anredpandecKux
ypaBHenuii Buaa (9.37):

¢/ (x)cosx + ¢, (x)sin x = cosx
1 ’ (9.41)

—c|(x)sinx +cj(x)cosx =1.
Pemas anre6pandeckyto cuctemy (9.41), Haxogum
¢ (x) =cos’ x—sinx u cj(x) =sinx-cosx +cosx.
HaxoHerl, ¢ MOMOIIIBI0 HHTETPUPOBAHUS U3 TIOCICTHIX COOTHOIIECHHUH MOITYyYUM

x 1 . 1 2 . 19
¢, (x) =—+—sIinXx-Cosx+Cosx c,(x)=——cos" x+sinx ",
1 2 2 7 2

Torna, B cuny (9.35), (9.39) u (9.40), obmiee pernieHue cucteMbl ypaBHeHHi (9.38)
MoJy4uM 1o popmyne

cosx sin x
Y., =c| . +c, +
—sin x CosX
x 1. CoSX 1, , sin x
+(=+—sinx-cosx+cosx)| . +(=—=cos” x +sin x) ,
2 2 —sinx 2 cosx

WJIU B pa3BepHyTOM Popme

. x . X . 1
W =clcosx+c2smx+5cosx+1, Y, =—¢, s1nx+czcosx—§s1nx—gcosx, (9.42)

rac Cl’ C2 — IIPOU3BOJIBHBIC ITIOCTOAHHBIC.

Bmopou cnoco6. udbdepenuupys, u3 nepBoro ypaBHeHHs cucTeMbl (9.38)
OyJleM UMETh

2
d—);l = % —sin x.
dx dx

d
HOI[CT&BJ'I?IH B IIpaBy10 9aCThb MMOCJICAHCTO YPABHCHUS BMCCTO % BBIPpAKCHHC

IS Hee, MOJIy4aeMo€e U3 BTOPOro ypaBHeHUs cucteMsl (9.38), Hailnem, 4yTo

+y, =l-sinx, (9.43)

" Mockonbky HAM HyKHO HAiiTH Kakoe-HHOYIb YaCTHOE pEIIeHHEe HEOXHOPOIHOMN cucTeMsbl (9.38), To 31ech
CYNTaEM, YTO MOCTOSIHHbIE, BO3HUKAIOIINE ITPU HHTETPUPOBAHUH, PABHBI HYJIIO.
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CootBerctBytoiiee (9.43) onHOPOAHOE YpaBHEHUE UMEET BU:

2

d-y,
dx*

+,=0. (9.44)

OO6miee pelieHre 0OTHOPOAHOTO ypaBHeHU (9.44) MOXKHO 3a]1aBaTh TaK:
Vieo =V COSX+Y,sinx, (9.45)

rame y,, 7, — UIPOHU3BOJIbHBIC IIOCTOSIHHBIC. YactHOe peumicHuc HCOAHOPOIHOIO

JUHEWHOro ypaBHEHHS 2-ro mopsaka (9.43) OyneM HaXoIUTh METOJOM BapHaluu
MPOM3BOJIBHBIX MMOCTOSIHHBIX, T.€. B BUC

Viwn, = V1(X)COS X+, (x)sinx, (9.46)

rae y,(x) u y,(x) - HOKa HEM3BECTHBIE (PYHKLNY, AJIS ONPEACICHHA KOTOPBIX HYKHO
PELINTD CIAEAYIONIYIO CUCTEMY ajreOpandyeckux ypaBHeHui Jlarpanxa:

"(x)cosx + y.(x)sinx =0
{}’1( ) Y2 (x) 9.47)

—y/(x)sinx + y,(x)cosx = 1 —sin x.
Pemast cucremy (9.47), Haxoqum
y!(x) =sin’ x—sinx, y.(x)=cosx—sinx-cosx.

Otcrona, HHTETPUPYS, TOJIyYaeM

1 1 . : 1.,
)/l(x)=5x—zsmx-cosx+cosx, yz(x)=smx—5s1n X,

IToncraBnsas HaleHHBIE BBIpAaXKEHUA UIA y,(x) U y,(x) B IpaByr 4acTb (9.46),
uMeeM

1
Vi, = 5x-cosx+1,

CnenoBarenbHo, ob1iee pemeHue quddepennmanbaoro ypapHenus (9.43) 3agaercs B
BHJIC

Y, =Y,C08X+7¥, sinx+§cosx+1, (9.48)

race y,, Y, — HIPOU3BOJIbHBIC IIOCTOSHHBIC.

Hanee, u3 nepBoro ypaBHeHus cuctemsl (9.38) numeem

d
Y, 0 cosx

dx

d
IloacraBuB B MpaByr0 4YacCTb IOCICAHETO PpPaBCHCTBA BMCCTO % IMPONU3BOAHYIO
X

dbyHkIUyU, HalieHHOH 110 hopmyie (9.48), OKOHYATEIHHO MOJYYUM
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. . 1
YV, ==y, smx+y, cosx—gsmx—gcosx, (9,49)

rac y,, Y, — IpOU3BOJIbHbLIC IIOCTOSHHBIC.

Takum 006pazom, ob1iee pemeHue cuctemsl (9.38) 3amaercs no popmynam (9.48)
u (9.49). »

9.4. MaTpu4HbIi MeTO] UHTETPHPOBAHUSA OJHOPOJIHBIX CUCTEM JIMHEHHBIX
aupdepenunanbHbIX ypaBHeHHH. M3 TeopeMbl 9.4 BHAHO, 4TO NpPU MOCTPOCHHUU
0011IeT0 pelIeHus 00OHOPOOHOU CUCTEMBI JIMHEHHBIX AU PepeHIInanbHbIX YPaBHEHUI
1-ro mopsiaka (9.27) 10CTaTOYHO HANTH KaKyIO-HUOYb )yHOAMEHMANbHYI0 CUCTeM)
YacmmublX peuleHuti 3TON cucteMbl (cM. Teopemy 9.4). bonee Toro, mo M3BECTHOM

dyHnaamenTanbsHol cucreme pemenuii Y (x),:++, Y, (X) oonopoonoii cucteMbl nuHENHBIX

muddepeHnanbHbIX ypaBHeHUH (9.27) BNOJHE KOHCTPYKTUBHO (HAIPUMEDP, METOJIOM
BapUaIMU MMPOU3BOJIBHBIX MOCTOSHHBIX ) CTPOUTCS O0IIee PEIlIeHHE COOTBETCTBYIOIIECH
He0OHOpPOOHOU CUCTEMBI ypaBHeHUH (9.26) (Teopema 9.5).
Onnako oOiiee pernieHue OAHOPOAHOW cucteMbl (9.27) MOXKHO TakKxKe
MOCTPOUTH, MOJIb3YSICh MOHATHEM TaK Ha3bIBAEMOU (hyHOAMeEeHmanbHOU Mampuyb.
ITycTh BEKTOPBI

@, (x) @1, (x)
@5, (x) @, (x)

Y, (x) = s Y () = (9.50)
78 €9) @D (X)

00pa3yloT yHOaMeHmanbHylo cucmemy YaCmHbIX peuieHuti OTHOPOJHON CUCTEMBI
mudepeHmanbubIX ypaBHeHui (9.27).
OIIPEAEJIEHUE 9.10. KBanpatHast MaTpuna

Pn(x) - @, (%)

W(x) = @ (x) . @y, (%) , (9.51)

‘pnl (x) wnn ('x

CTOJIOLIAaMU KOTOpOM sBIsAIOTCA BEKTOPHl (9.50), HazbIBaeTcst @yHOAMEHMATbHOLU
Mampuyeti 3TON OTHOPOAHOU cucTeMbI UG PepeHITnaTbHbIX YPABHEHUN.

B nanpHeiiiem paau kpatkocTu MaTpuity Buaa (9.51) yacto Oyaem o0603HaYaTh
TaK: W(x)= H(p,g (x)” .

C yuerom omnpenenenus 9.10 teopemy 9.4 moxkHo nepedopMynupoBaTh B
CJIEIYIOIIEM BHUJIE.
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Teopema 9.4a. Ecnu W (x) =|\, (x)| - dynoamenmansnas mampuya 00nopodnoi

cucmemvl ypasuenuii (9.27) ¢ HenpepwigHviMu Ha (a,b) Koappuyuenmamu, mo ee

oowee peuternue 6 oonacmu (9.23) 3aoaemcs 6 guoe

Y (x)=W(x)ea, (9.52)

0.0

a,
a
20e a = 2 | — nocmosHHaA Mampuua—cm0ﬂ6ez4 C NPOU3BOJIbHBIMU dTIEMEHMAMU.

(04

n

Takum o6pazoMm, B cuiny dopmyibl (9.52) dna noanoco peuienusi 00HOPOOHOL
cucmemvl oughghepenyuanvuoix ypaguenuu (9.27) 10CTaTOYHO HAWTU KaKYyHO-HUOYb
byHIaMEHTATBHYIO MATPHUITY 3TOW CUCTEMBI.

OITPEJEJIEHUE 9.11. MaTpuuHOoe ypaBHEHHE BUIA

%U _ AU, 9.53)

AU (x) _|[duy, ()|
de | dv |

Oynem Ha3bIBaTh MAMPUYHBIM ougppepenyuanbHvim YpasHeHueM,

rie U(x) =|u,(x)| - HeusBecTHas KBanpaTHas 71X 7l-MaTpuIa, a

COOMBEMCMBYIOWUM —~ OOHOPOOHOU  cucmeme  JUHEUHbIX  OughgepenyuanvbHulx
ypasHeruti (9.27).
HeTpyaHo npoBepuTh, YTO 8cskas pynoamenmanvras mampuya w(x) = H% (x)H

cuctemsl (9.27) yooenemeopsiem na (a,b) MATpUIHOMY ypaBHEHHIO BHUa (9.53), T.e.

—dVZix) = AW (x), (9.54)

,a x&E(a,b).

rie X _
dx

d¢kj (%)
dx

bonee Toro, cnpaBenuBo cieAyoliee BaKHOE yTBEpKAeHUE (CM., HAIIpUMeEp,
kHUTY Kooounemon 3.A., Jlesuncon H. Teopusi 0OBIKHOBEHHBIX TU(depeHInaTbHBIX
ypaBHenuil. — M., 3a-Bo nHOCTpanHo nuteparypsl, 1958, c. 81).

Teopema 9.6. /[n12 moeo umobwvl pewenue U = U(x) MAmMpuyHo2o ypasHeHUs.
(9.53) oOwviio  pynoamenmanvuou mampuyeti cucmemor (9.27), Heobxooumo u

docmamouro, umobwl detU (x) =0, xE(a,b).
Ha ocHOBaHMM TE€OpeMBbI 9.6 JIETKO YCTaHABIMBAETCS CIEAYIOIIAs TEOpeMa.
Teopema 9.7. Eciu W = ng,g (x)” - Kakas-Hubyob (hyHOAMEeHMAaNbHAsL MAMPUya

00HOpOoOHOU cucmembl ypasHernuti (9.27), a C =Hc,g. H - NOCMOSAHHASL HEGbIPOHCOCHHASL

mampuya, mo W-C maxdxce sa61iemcs QyHOAMeHmMAaibHOU mampuyei 00OHOPOOHOT
cucmemvwl ypasnenuti (9.27). Kaxcoas gpynoamenmanvras mampuya ¥ 00HopoOHOU

cucmemwl ypasnenutl (9.27) mooxcem Ovimsb npedcmasiena 8 guoe
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wow-c, (9.55)
20e C =|ic,| - nexomopas nocmosnnas nesvipoorcoennan mampuya.
Aoxazatenbctso. Ilycts W =, (x)| - kaxas-mnbyns dynnamentanbhas

MaTpulia OJHOPOAHON cuctembl ypaBHeHui (9.27). Torna MMeeT MECTO TOXKIECTBO
(9.54). 13 (9.54) BBITEKAET, UTO IS JIFOOOK HEBBIPOXKICHHON MOCTOSHHON MaTPHIIBI
C = |y | mmeer mecto coorrOmIEHNE:

dVZix) = AX)W -C), xE(a,b).

C=Ax)W(x)C nnn @

Wrtak, matpumia W-C sBIs€TCS pEUIEHWEeM MaTpuyHoro ypasHeHus (9.53).
Kpome Toro, det(W -C) =detW -detC = 0. CrnenoBaTelbHO, COTIacHO Teopeme 9.6

Matpuna W -C saBusieTcs pyHIaMeHTanbHOM AJist cucTeMsl (9.27).
[TokaxkeM Tenepp, YTO AJs JMOOBIX IBYX (hyHAaMeHTanbHbIX Matpul ¥ u P
UMEET MECTO COOTHOmIeHHe W=&C, rae (C= Hc,g H - HEKOTOpas IOCTOsIHHAas

HEBBIPOKICHHAS MaTpuia. B caMoMm jene, XOMycTHM, 49TO @ ‘W= . Torma

Y = P -W,. lubdepennupys U3 MOCIETHETO COOTHOMIECHUS Oy/1eM UMETh:
P=0"¥ +0- 9" (9.56)

Ho nockoneky W u @ - ¢pyHgameHTanbHble MaTpHlbl cucTeMbl (9.27), To nuMeeM:
W= A(x)W(x) U @'= A(x)®(x). C yIeTOM NOCIENHUX TOXKAECTB U3 (9.56) momyuum
AY = AD- Y, +(I)"IJ1' AN (D"Pf =(0. Tak kak det® =0, TO W3 mpPemBIAYIIErO
paBEHCTBA UMEEM: ‘I’l =0, r.e. marpua W, = C = Hck]H SABJIAETCS TOCTOSIHHOM, TPUYEM
det C = det(®™'W) = detd™" - det W = 0. Teopema noanocmoio doxaszana. W

3ameyanne 9.2. BaKHO OTMETHTB, 4TO ecH W =g, (x)| - Kaxas-HHGYIb
dbyHIaMeHTallbHasE MaTpUlla OJHOPOJAHOM cucTteMbl ypaBHenuil (9.27), a C=Hc,g H -

MOCTOSIHHAsI HEBBIPOXKIEHHAs MaTpuila, TO MaTpuria C-W, BOOOIIe TOBOpS, He
saensaemcs PyHIaMeHTaIbHON MaTpuliel cuctemsl (9.27).

3ameuanne 9.3. OTMeTUM, 4YTO TO 3aJaHHON (PyHIAMEHTATBLHON MaTpUIE
W = H¢]g (x)H OJIHOPOHOM CHCTEMBI IMHEWHBIX Au((epeHManbHbIX ypaBHeHu (9.27)

MaTpHIa A(x) = a, (v)| ee koadduumenTos onpenensercs oMHO3HAYHO MO hopMysIe:

aw o
A(x) = e w~'. IpyruMu C10BaMu, JIB€ pa3InyHbIEC OJJTHOPOIHBIE CUCTEMBbI TMHENHBIX

mudpepeHnanbHbIX YPaBHEHUN HE MOTYT UMETh OAHY U Ty ke (yHIaMEHTAIbHYIO
MAaTpULLy.
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ONPEJEJEHUE  9.12. ®yHnavenTanbhas — Matpuia  (x) = g, (x)

OJIHOPOJHOM cucTemMbl ypaBHeHHU (9.27) Ha3bIBACTCS HOPMUPOBAHHOU B TOYKE
x, €(a,b), ecnu

detW(x,) =E,

rae E - equHuyHas Mmatpuiia nopsiaka n . [Ipu aTom dyHnaMeHTanbHas cucrema i
YaCTHBIX pEIIeHUN OAHOpOAHOM cuctembl (9.27), SABAAOMIMXCS CTONOIAMU

(byHAaMEHTAIBHOW MaTpPHUILIbI W(x)=H%. (x)|, TakKke Ha3bIBACTCA HOPMUPOBAHHOU &

mouke x, <€ (a,b).

B cuny dopmynsl Octporpanckoro-Jlnysumis (9.32), Hopmuposanuasn 6 mouxe
X, E(a,b) dyHmameHTalbHAsE MaTpula OJHOPOAHOW cucteMbl (9.27) ompenensercs
eOUHCMBEHHBIM 00PA3OM.

[Tocne M3MOXKEHHOTO BBINIE B HACTOSIIIEM MYyHKTE, BO3HUKAET €CTECTBEHHBIN
BOIIPOC: cywjecmeyem Jju 3QPOexmusnvili Ha NpaKmuke Ccnocod HnocmpoeHust
@dynoamenmanvHoti mampuysl 00HOpoouou cucmemst (9.27)? Hwmxe Oyaer
YCTAQHOBJIEHO, 4YTO, HANpHUMEpP, IJs1 OJHOPOJHBIX cHUCTEM Ju(depeHInaTbHBIX
YpPaBHEHUH C NOCMOAHHbIMU KOIGDDuyuenmamu OTBET HA TOCTaBJIECHHBIA BOMPOC
MOJIOKUTETIbHBIN.

JInst 3TOrO BBEIEM B PACCMOTPEHNE HEKOTOPHIE BCIIOMOTaTEIbHbIE TOHSTHUS.

IlycTte Z(x) = sz] (x)H - IPOM3BOJIbHAS KBaJApaTHAass MATPUIIA, SIIEMEHTHI KOTOPOU
SBJISIIOTCS] HEMPEPBIBHBIMU Ha (a,b) DyHKIUAMHU.

Onepauusi unmeepuposanuss MaTpUlbl Z(x) = sz] (x)H Ha HWHTEpBale (a,b)
OIpenensaeTcs TaK:

fZ(x)dx=‘ zkj(x)dxH WM }Z(t)dz= xzkj(t)dt.

X0 Xo

Hopma matpuisl Z(x) = |z, (x)| onpezensercs cneayiomumm o6pazom:

1Z(x)| = i ‘zkj (x)‘ .

k,j=1

OIIPEAEJIEHUE 9.13. T'oBOpAT, 4TO OCIEN0BATENBHOCTD MATPHIL {Z m} UMEET
CBOMM IIpENeIoOM MaTpully Z , €cld s JII00oro &>0 MOXKHO YKa3aTb TaKoe
Z,-Z|<e. llpn

HarypaiabHoe uucio N,, uto mpu M >N, BBINOJHAETCS HEPABEHCTBO

9TOM MUIIYT: limZ, =Z.

m—>o0
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OITPEJAEJIEHUE 9.14. Psan EZ,,, HAa3bIBACTCSI CXOOSAWUMCS, €CITH HMEET

m=1

npejen Mmociaea0BaTeIbHOCTh {S,,,} YaCTUYHBIX CYMM JAQHHOTO psla, & CYMMOU paoa

Ha3bIBAETCS NPEIeIbHAS MATPULIA S JUIS YACTHYHBIX CYMM, T.€. S = lim S

m—>0

zZ
OKCIOHEHTa €~ MaTpullbl Z OMNpeAesieTcs CIeayIOIUM 00pa3oM:

e/ =E+ Yy, (9.57)

rae E - enMHUYHAs MaTpuLa nopsaxka .

Jlerko mpoBepUTH, YTO €CI MATPULlbl 4 U B KOMMYTUPYIOT (T.€. AB = BA), TO
eA eB = eA+B .
JIns Mpon3BOAHON OT LENIOM IOJOKHUTEIBHON CTENEHW MaTpULbl Z(x) UMEET

Mecto popmyna:

m-1
—(z ) = ;zk 9Z gkt (9.58)

B wacTHOM ciydae, korga Matpuna Z(x) KOMMYTHUPYET CO CBOE€U TPOU3BOIHOM

(t.e. Z cfEZ = %Z ) BMecTO (popMyisl (9.58) monyuaem

i(zm) - mZm—l d_Z .
dx

dZ dzZ
Kpowme Toro, ecnmu Z 5 EZ , TO UIMEET MECTO BaxkHasi popmyJia:

LN
dx(e) e e (9.59)

B wactHOCTH, eciu Z(x)=Z,-x, TA€ Z, - IOCTOsAHHAs Marpuua, To u3 (9.59)

MOy YHM:

d
E(e%*): e™Zy=Zye” (9.60)

CrpaBeyTMBO CIICAYIOIIECE YTBEPKIACHHE.

Teopema 9.8. Ilycmv 3a0ana o00umOpoOHas cucmema OuggepeHyuanrbHbix
ypasuenuii 6uoa (9.27) ¢ nocmosuuvimu kodpuyuenmamu, m.e. mampuya A(x) = 4,
20e A, - nocmoaunas mampuya. Toz0a 6 kauecmee QyHOAMeHMANbHOU MAMPULbL

SMOU CUCEMbL prlGHeHMIZ MOJICHO 634N1b Mampuyy suUda

W,(x)=e™ (9.61)
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Joka3zareabcTBo. B camom nene, nuddepenuupys (9.61) (¢ yuerom (9.60)),

MOJIy4aeM

d .
EWO (x) = Aoer = AW, (x).

Tak kak detW,(x)=0, To wmarpuna Buzaa (9.61) nEHCTBUTENBHO SBIAETCS
o o . dY
(dbyHIaMEeHTAIbHOM MaTpUIlell CUCTEMbl YypaBHEHUW BHAA d_=A°Y . Teopema

X

ookazama.
3ameuanne 9.4. B cuiny teopeMbl 9.7 gcesosmodicHbie pyHOamenmanvHble

mMampuywvl 0OHOPOOHOU CUCHEMbL E=A0Y C NOCMOSAHHbIMU KO2(puyuenmamu

COJIepIKaTCs B Clieayrole popMmyiie:
W(x)=e"-C, (9.62)

rae C - npou3BOIbHAS OCTOSIHHAS HEBBIPOXKICHHAS MAaTPHIIA.

Takum oOpa3zoM, B cuily TeopeMbl 9.8 Il OJHOPOJHBIX CHUCTEM JUHEUHBIX
mudpepeHIManbHbIX YpaBHEHUNW C TOCTOSHHBIMH KOX(PUIUEHTaAMU npobiema
nocmpoenusi hynoamenmanvHou mampuysl pemaercs no gopmysne (9.61).

Kpome Toro, cormacHo Teopeme 9.4a oOiee perieHUE CUCTEMBI YpaBHEHUI

dY
— = 4,Y C MOCTOSTHHBIMHU KOA(Q(PHUINECHTAMH MOKHO 33/1aBaTh TaK:
— pdox |
Y (x)=e™ «a, (9.63)

a,

a2
e0e a= — NOCMOAHHAA Mampuua-cm0ﬂ6ez4 C NPOU3BOIbHBIMU dTIEMEHMAMU.

a

n

IHpumep 9.5. MarpuuHbiM METOJOM PEMIUTE CIEAYIOIIYIO CHCTEMY
. [Y=z
mudpepeHManbHbIX ypaBHEHUM: {
zZ ==Y
PEHIEHUE. [/lanHas cucTteMa B BEKTOPHO-MATPUYHON (OpME 3amuch HMEET
B!
dY
— =AY
dx

0 1
rae Y=(y ) Ao=( | 0). CnenoBarenbHo, corinacHo (opmyrne (9.63), obmiee
Z -

pellleHue JaHHOW CHUCTEMBl YpaBHEHHH MOXKHO 3a7aBaTh Tak: Y(x)=e™ -a, TIe
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(04
a = ( ! ) — IIOCTOSIHHAS MAaTPHULIA-CTONOEL C IPOU3BOJILHEIMY dleMeHTaMu. HeTpyano
o,

POBEPUTh, YTO 31eCh e " =

o cosx sinx
—sinx CcoOSXx

). Takum o0pa3zoM, oOliee pelieHue
JaHHOU CHCTEMBI UMEET BHI: ), =, COSX + O, SINX, V, = —, SINX + (X, COSX, T/ie

a,, &, - IPOU3BOJIbHLIC ITOCTOSHHBIC. >

9.5. MarpuuHblii MeTOJ HWHTErPUPOBAHHS HEOJIHOPOJHBIX CHCTEM
JuHeilHbIX AuddepeHIHANBHBIX YypaBHeHHMil. OKa3pIBaeTCs, e€ClIM  3aJaHa
dbyHIaMeHTallbHasi MaTpUlla 0OHOPOOHOU CUCTEMBI JIMHEUHBIX Aud@epeHnanIbHbIX
ypaBHenuii (9.27), TO JAOCTaTOYHO JIETKO CTPOUTCA (METOJIOM BapHaluu
MIPOU3BOJIBHBIX MTOCTOSHHBIX) PELICHUE HeOOHOPOOHOLU CUCTEMBI ypaBHEeHUM (9.26). A
MMEHHO, CIIPaBEIMBO CIEIYIOIIEe YTBEPKIACHHE.

Teopema 9.8. Eciu W (x) =, (x)| - pyroamenmansnas mampuya 0onopodnoi

cucmemvl ypasnernuti (9.27), mo eexmop-ghynxyus
Y(x) = W) [W(s)F(s)ds, xE(a,b), (9.64)

ecms 4acmHoe peuteHue HeoOHOpoOHOU cucmemsbl ypasHerut (9.26),
Y0081emeopsouiee HauaibHOMY YCA08UIO

w(x,)=0. (9.65)

Jloka3aTeabCcTBO. byieM nckaTh TpeOyeMoe 4acTHOE pelleHre HEOAHOPOIHOM
cucteMbl ypaBHeHui (9.26) B Buje

Y(x)=W(x)a(x), (9.66)
a,(x)

a,(x)

rae a(x) = — HEU3BECTHAs BEKTOP-(PYHKIIUS, MOJjIexkaIias OnpeaesIeHHIO.

al’l (x)
Huddepenuupys (9.66), nomyaum
Y'(x)=W'(x)a(x)+ W (x)a'(x) = Ax)W (x)a(x) + W(x)a'(x) = A (x) + W(x)a'(x).
Urtak, mist Toro utoObl BekTop-(yHKIUsA Buaa (9.66) ObUIO pelIeHUEM CUCTEMBbI
ypaBHeHU (9.26) TOKHO BBIMOIHATHCS TOXIECTBO:
A (x)+ W (x)a'(x) = A(xp(x) + F(x) nm W(x)a'(x) = F(x).
W3 mocnemnero ToXaecTBa uMeeM: «'(x) =W '(x)F(x). Otcioma ¢ MOMOIIBIO

UHTETPUPOBAHUSA HAXOAUM (31€Ch UL ONPENEIEHHOCTH ToNaraeM a(x,) =0):
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a(x) = }W‘l ($)F(s)ds. (9.67)

HakoHen, noactaBuB B MpaByl0 4acTh paBeHCTBA (9.66) BMECTO «(x) €€ 3HaAUEeHHE,
HaiiienHoe 1o popmyne (9.67), nonyuum popmyny (9.64). Teopema doxkazana. W

3ameuanue 9.5. 3ameTrM, YTO B yCIOBUIX TEOPEMBI 9.8 HaCTHOE pelIeHUE 1 (X)
HEOJHOPOJHOM cucTeMbl ypaBHeHUM (9.26), ylIoBIeTBOpAIONIEE HaYyaIbHOMY
YCJIOBUIO

W(x)) =Y (9.68)

3aech x, €(a,b), |Vo| < ®), MOKHO 3a/1aBaTh B BUJIE
0

Y(x) = h(x)+W(x)fW‘1 ($)F(s)ds, xE(a,b), (9.69)
raie  h(x) - 4YacTHOE pelleHHe OJHOPOAHOM cucTeMbl ypaBHeHuil (9.27),

YAOBJIETBOPSIOLIEE HAYAIIBHOMY YCIOBUIO A(X,) = V,.

IIpumep 9.6. Haiitu wyactHOe pemieHue cucrtembl AudPepeHIIuaTbHBIX
y' =z +sinx,

yYpaBHEHUI { , YJIOBJICTBOPSIIONICE HAYAJIbHOMY YCJIOBHIO ¢(0) = 0.
Z =-y+CoSx,

PEIIEHUE. U3 pemenus npumepa 9.5 BUIHO, 4TO 3A€Ch (pyHAaAMEHTaIbHAS
MAaTpUIa COOTBETCTBYIOLIEH OJTHOPOAHOM CUCTEMBI YPAaBHEHU UMEET BU/L:

. cosx sinx sin x
W(x)=e™ =( ) ),aF(x)=( )
—sinx cosx CcoSXx

cosx -—sinx

Taxk kak W' (x) = ( ) , To 0 hopmyite (9.64) OyaeM UMETh:

SInXx COSX

D) = W)W () F (s)ds = ("Si‘” ) >

XCOSX

II. KOHTPOJIBHBIE BOITPOCBI U 3AJJAHM A

1. Kakas cucrema auddepeHuanbHbIX YPaBHEHUN HAa3bIBACTCS HOPMAJIbHOU ?
2. Uro Ha3bpIBaeTcsl pEIICHUEM HOPMAJIbHOW cucteMbl auQdepeHInanbHbIX
ypaBHEHUH ?
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3. B uém cocrout 3anaya Ko ais HopMmanbHO#M cucTeMbl TuddepeHnnaibHbIX
ypaBHEHUH ?

4. Chopmynupyiite TEOpEMY Kommu JUTSE HOpMaJbHOMN CHCTEMBI
mudpepeHnanbHbIX YPaBHEHUH.

5. Jlaiite ompexaeneHue oOmIEro (YacTHOTO) pEUIEHUS HOPMAIbHON CHUCTEMBI
mudepeHnanbHbIX YPaBHEHUH.

6. KakoBa reomerpuueckas unrepnperanus 3aaaun Ko u teopemsr Komm st
HOPMAaJIbHOM CUCTEMBI U3 ABYX NU(PdepeHIHnaIbHBIX YPaBHEHHH ?

7. K kakoit HopMmanbHOM cucTeMe AudPepeHInanbHbIX YPABHEHUN MOXHO CBECTH
ypaBHEHHE 71-TO MOPAAKA BUA y = f(x, 125 A0 A y(”_l)) ?

8. Kakoii BHA wHMeeT HOpPMallbHasg CHCTEMA 7 JHUHEWUHBIX HEOJHOPOIHBIX
(oHOpOHBIX) YpaBHEHUH 1-TO mopsigka B BeKTopHOU hopme?

9. [atiTe onpenenenue GyHIaMEHTATBHON Ha HHTEpBale (a,b) CUCTEMBI YaCTHBIX
peleHnii TMHEMHOU OJJTHOPOIHOM crucTeMbl TuddepeHInaTbHBIX YPAaBHEHUM.

10.Yr1o Ha3bIBaeTcA onpenenuTeaeM BpoHCKOTO CHCTEMBI BEKTOPOB?

11.Kakue OCHOBHBIE BBIBOJIBI MOXHO TOJY4UTh U3 (opmysbl OCTpOrpaackoro-
JInyBunna?

12.KakoBa cTpykTypa OOILIEro penieHus OJHOPOAHON (HEOAHOPOAHOM) CUCTEMBI
TuHeWHbIX AudepeHImanbHbIX YpaBHeHUH 1-ro nopsiaka?

13.B 4yeM coOCTOUT CyThb METO/la BapHallid IPOU3BOJBHBIX MOCTOSHHBIX MPHU
pelIeHNH HEOJTHOPOIHBIX CUCTEM JIMHEUHBIX YPABHEHUM?

14.Kakass Marpuna Ha3biBaeTcsl (PyHIAAMEHTaIbHOM MAaTpULIEH OJHOPOTHOM
CUCTEMBbI JTUHEHUHBIX ypaBHeHUM (9.27)?

15.B yeMm riaBHBIM CMBICI MaTPUYHOIO METOAA PEUICHUS CHUCTEM JIMHEWHBIX
mudpepeHnanbHbIX YpaBHEHUN?

16. /1514 kaKoro Kj1acca CUCTeM JUHEHHBIX U] depeHInaIbHBIX YPABHEHUHN BIIOTHE
a(dPexTrBHO BhIUUCHsETCA PyHIaMEHTaIbHAs MaTpuIia ?

I1I. [IPUMEPHI U 3AJIAUM JIJISI AYIUTOPHOM PABOTHI

9.1. Pemure cnenyromue cucteMbl 1uddepeHiinaibHbIX YpaBHEHUM:

ﬁ=x—3y, ﬂ=2y—5x+e’,
a) dt 6) dt

d—y=3x+y' d—y=x—6y+e‘2t

dt ’ dt

9.2. Haiinute yacTHOE penieHue cuctembl TuddepeHnalbHbIX YpaBHEHUH,
YIOBJIETBOPSIONIECE YKA3aHHBIM HAYaJIbHBIM YCIIOBHSIM:
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o _
_y=y2 yz’y“o:l’
dx x"-yz

P,

%_z(x+y) . _
dc  x*—yz 0 .

9.3. Ucnonb3ys paznuuHble cOCOObI (METOJ UCKIIOUEHHS, METOJIT HHTEIPUPYEMBIX
KOMOMHAUWKA, MaTpU4HBIA  METOJA)  pEUIUuTe  CIEAYIOUIYI0  CUCTEMY

!

= Z,
mudpepeHnanbHbIX YpaBHEHUN: { ,
z =y

IV. 3AJAHUS )1 CAMOCTOSTEJIBHOM PABOTEI

9.4. Pemute cuctembl 1uddhepeHInaIbHbIX YPaBHEHUI:

ﬁ—2x+ ax_

) i s 5 r Vs

a
d_y=3x+4y; d—y=x+€t+€_t.
dt dt

9.5. Hailinute wuacTHoe penieHue cuctembl Aud@PepeHuanbHbIX YpaBHEHUH,
YIOBJIETBOPSIONIECE YKa3aHHBIM HAYaJIbHBIM YCIIOBUSIM:

d__2x
dt t’
dy X 1 1
—=x+y-1+—, x| =-, =——.
dt y ¢ ‘t:l 3 y‘t=l 3

9.7. Vicnonb3yss METOJA BapHallMu MPOU3BOJBHBIX MOCTOSHHBIX Haiaute ooIliee

d
d_
.. |dx
penieHue cuctemsl Qg dhepeHInanbHbIX YPaBHEHUI: J .
A
—=-y+ :
dx COS X
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SAHATHUE Ne 10

Tema: OmHOpOAHBIE CHCTEMBbI JHHENHBIX TU((epeHINATBLHBIX YPABHEHUI
1-ro nopsiaka ¢ NOCTOAHHBIMU KO3 Ppunuenramu. Merox Jitiepa

I. OCHOBHBLIE TEOPETUYECKUE CBEJEHUA

10.1. OxHopoaHbIe cCUCTEMBI JUHEHHBIX I} depeHUIHAIbHBIX YPABHECHUN
1-ro mopsinka ¢ mocrossHHbIMH Ko3pduunenramu. Kak yxe ObUI0O OTMEYEHO B
nyHktax  9.3-94, nOpu  pemieHuH  HEOJAHOPOJIHBIX  CHUCTEM  JIMHEWHBIX
muddepeHManbHbIX  ypaBHEHUM  Hambosiee  CYIIECTBEHHYIO  pPOJb  WUrpaeT
YCTAHOBJICHHE KaKOW-HHOYJb (yHIaMEHTaIbHOM CHUCTEMBbl YAaCTHBIX pEIICHUN
COOTBETCTBYIOIIUX 0OHOPOOHBIX cCUcmeM TUHEUHBIX MU depeHInaTbHBIX YPAaBHEHUH.
[TosTomy Hmxke wuznaraercss oAuH u3 3P(EKTUBHBIX CHOCOOOB MOCTPOCHUS
(GyHIAMEHTAIBHOM CHUCTEMBl YAaCTHBIX PEIICHUH [ OJHOPOJHBIX CHUCTEM 7
TUHEeWHbIX AudPepeHIManbHbIX YpaBHEHUNM 1-TO TOpsiAKa ¢ HOCMOSHHLIMU
Koo puyuenmamu, T.€. Il CHCTEM BUA

(D, _
dx =4a,), +a12y2 +"'+alnyn’
dy2=a y,+a,y, +..+a,y
) dx 21771 222 2ns n? (101)
dy,
E=an1yl+an2y2+'”+annyn’
rne Y, =y, (x) (k=1,2,---,n) — HEU3BECTHbIE (QYHKIMU TNEPEMEHHOH X, a 4,

(k=1,2,---,n; j=1,2,---,n) —3aJaHHBIE 8ewjecmeernbvle NOCMosHHble, T.€. a, ER.

Cpazy ormeTuM, 4TO ycioBHs TeopeMbl Kolu s JTUHEHMHBIX OJHOPOIHBIX
cucteM ypaBHeHuid Buaa (10.1) BeimonHsitoTcst B obnactu G =R™'. CiaegoBaTenbHO,
MIpU JTIOOBIX HAYAJIBHBIX YCJIOBUSX BUJA

0
1°

Vil =90 Vol =225 s Vul il = W0, (10.2)

rge x, &(—o, + ©), —w<y, <+ (k=1,2,...,n), 3aga4a Komm (10.1)-

(10.2) Oyaet uMeTh €IMHCTBEHHOE PEIICHUE

V=90, =¢,(x),... ¥, =¢,(x), (10.3)

MPUYEM ITO PEIIECHUE ONPEIEIICHO HAa BCEN YUCITOBOU MPSIMOU (—o0, + ©) .

OnnoponHasi cucteMa JMHEHHbIX auddepeniuanbubix ypaBHeHu (10.1) B

Mampuyrou ¢oopme MOKHO 3aMucaTh Tak:
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dY

E =AY, (10.4)
rae
% v, (x) a, a, .. a,
g ) mx , v _ v, (x) ’ q - a, a, .. a,, . (10.5)
dx e .
dy, (x) )
dx yn anl anZ b ann

N3 pesynbTaToB nmyHkTa 9.4 Ham u3BecTHO (CM. TeopeMy 9.4a), uto eciu
U36eCMHA KaKas-HUOy0b PyHOAMEHMANbHASL CUCEMA YACTHbBIX PeUuleHUl

@, (%) P, (%) @, (x)
@, (x) Py () @y, (X)
Y (x)=|"" , Y(o)=|"" s Y ()= , (10.6)
¢nl (x) ¢n2 (x) (pnn (’x)
WU, MO JHce camoe, eciu U3eecmua PyHOAMEeHMAlbHAs Mampuya
@,(x) ... @,(x)
W(X) _ ¢21(x) e @y, (X) , (107)
@, (x) ... @, (x
mo obwee pewerue cucmemol (10.1) 3a0aemcs 6 sude
Y (x)=W(x)a, (10.8)
al
20e a =| | — nocmosnnas mampuya-cmonoey ¢ nPOU3EONbHLIMU INEMEHMAMU.
a

Takum oOpazom, B cuiny hopmyinsl (10.8) dna noanozo pewenuna o0HopooHot
cucmemvl oughghepenyuanvuoix ypaguenuu (10.1) moctaroyHo HAWTHU KaKyHO-HUOYb
e€ (hyHOamenmanvHyio cucmemy Yacmuulx peulenuti (WM, TO K€ caMoe, YTO HAWTH
KaKyI0-HUOYIb (hyHOAMEHMANbHYI0 MAmMpuyy 3TON CUCTEMBI).

Mgl yke 3HaeM, 9TO OJHUM M3 9aCTO UCTIOJIBb3YEeMbBIX METOJIOB PEIICHUS CUCTEM
Bunaa (10.1) sBusieTcst memoo ucknoyenus:, KOraa myTeM UCKIIOUECHHS HEU3BECTHBIX
GyHKIMIA Takas CHCTEeMa CBOAUTCS K OJHOMY WM HECKOJIbKUM JIMHCHHBIM
OJTHOPOIHBIM nu(hepeHITHATPHBIM YPAaBHEHUSIM C OJHOW HEU3BECTHOW (yHKIIMEH B
KakaoM. Ho wMeTom WUCKIOYEeHHMs] HE BCerJa MOKET OKaszaThesl Hambosee
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pallMOHAJLHBIM CIIOCOOOM pelieHusi cucteM IuddepeHnalbHbIX YpaBHEHHUN BUa
(10.1).

Eme B XVIII cronetnn Beawkui MmBEUapckuii MareMaTtuk Jleonapa Oitnep
3aMEeTUJI, YTO [JIsi CHUCTeM JIMHEHHBIX Ju(@depeHlnaNibHbIX YpaBHEHUH C
NOCMOSIHHLIMU KOI(uyuenmamu MOXKHO JTOCTATOYHO MPOCTBIM CIIOCOOOM HaTH
KaKyr0-HUOYIb €€ ()yHOaMenmanbHyo Cucmemy YacmublX peueHui.

Cnenys JI. Ditnepy, Oyliem uckath Hempueguanbhsie peuwenusi cuctemsl (10.1) B

BUIC
Ax

y=ae”, y,=ae”, ., y =ac", (10.9)

rae A — HEKOTOpPOE€ YHUCIIO, a uucia &, @, ..., &, HE PaBHbI OJHOBPEMEHHO HYIIIO, T.€.
n

Z(Zf = 0. [Togcrasnsas ¢pyaknuu Buaa (10.9) B cucremy (10.1), momydaum

=1

((a,, -Aa, +a,a, +...+a,a, =0,
J a,a, +(a, -Aa, +..+a,a =0, (10.10)
a,a, +a,a, +..+(a, -Aa, =0.
B BektopHo-MaTpuuHOil popme cuctema (10.10) umeer Buxa:
(A-AE)a =0. (10.11)

N3 nuHeitHON anreOphl WM3BECTHO, 4YTO sl Toro 4toObl cuctema (10.10)
JUHEHHBIX OJHOPOJHBIX AITeOpandecKuX YpaBHEHUW C 7 HEU3BECTHBIMH O, ..., d,

uMena xempusuanvroe (HeHyresoe) pelleHne, HEOOXOOUMO U JIOCTATOYHO, YTOOBI
onpenenurens cuctemsl (10.9) ObUT paBeH HyIIO:

a, -4 a, a,
a,, a,-A .. @ (o (10.12)
anl anZ ce nn _A'

B maTtpuunoit popme ypaBaenue (10.12) MoxxkHO 3anucath Tak:
det(4-AE)=0. (10.13)

ScHo, uto ecnu matpuna 4 Bupga (10.5) aBasiercsa 3adanuoti, 1o (10.12) (unu
(10.13)) npencraBiasier cobol anecebpauueckoe ypasHeHue N -20 nopsaoka (cC
seuyecmeeHHbiMU K03 @uyuenmamu!) OTHOCUTEIIBHO HEU3BECTHOTO MapaMeTpa A .
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OITPEJEJIEHUE 10.1. YpaBuenue (10.13) Ha3bIBaeTCA Xapakmepucmuieckum
ypasnenuem cuctembl (10.1), a xopuu ypaBHenus (10.13) Ha3zbIBarOTCs
xapaxmepucmuyeckumu yuciamu cuctems (10. 1)20.

Jlanee oTAenbHO PACCMOTPUM MPU XAPAKMEPHBLX C1y4asi OTHOCUTEIIBHO KOPHEH
XapaKTepUCTUUECKOTO YPABHEHHUS:

1) 6ce kopru A, A,, ..., A ypasuenus (10.13) paznuunsie u oelicmeumenshuie,
2) ece kopuu A,A,..,A ypaenenus (10.13) pasznuunvie, no cpeou Hux

uMeromcs KOMnieKcHble,
3) ypasnenue (10.13) umeem kpamnuwie KopHu.

10.2. Cayuai, koraa xapakrepucrudeckoe ypasHeHue (10.13) umeer
PasiuuHvle u OelicmeumenbHvle KOpHU.
[lycte xopau A, 4,,..., A ypasnenus (10.13) paznuunsie u deiicmeumensHeie.

B 3TOM ciyuae, noacTaBiisisa IOOYEPEHO KaX bl KOpeHb A, (k =1,2,...,n) BMecTo A

B cucrtemy (10.11), momydaem n pa3IU4YHBIX CHUCTEM alNreOpanuecKux ypaBHEHUU
BUJIA:

(a,-A)a +a,o, +...+a,a =0,

+ -A +...+ =0,
) a21al (a22 k)az aZnan (1014)

aa +a,o, +..+(a, -A)a =0.

Hanee, mia Kaxaoro @ukcuposanno2o kopua A, (k=1,2,---,n) HaXOAUM

HempueualbHoe peutenue a,,,d,,, ..., (., COOTBETCTBYIOLIEN CUCTEMBI YPABHEHUH BUA
alk
a2k -~ )
(10.14) (t1e. a, = — cobcmeenHblll 6eKmop mampuyvl A, COOTBETCTBYIOIIUM
a

nk

coocmeennomy 3Hauvenutro A, ). Torma TpU KaXKIAOM QUKCUPOBAHHOM 3HAYEHUU
napamempa k (k=1,2,---,n) HaOOp GyHKIUH

A o )
y1k=al/cekx7 y2k=a2ke”’ vy YV =€ (10'15)

* B nuneitnoit anredpe ypasuenue (10.13) 06BIYHO HABBIBAIOT XAPAKMEPUCTULECKUM YPAGHEHUEM MAmpuybl A,

xkopuu A, (k =1, 2,...,n) ypasuenus (10.13) — cobcmeennvimu 3navenusmu mampuyst A, a COOTBETCTBYIONIUE UM
Ak

HEHYJIEBBIE BEKTOpa @k |, ynoenetBopstomue ypasHenuto Buna (10.11), HaseiBaroTCS CcobcmeenHbIMU

a =

X i

6eKmopamy 3TON MaTPULIbL.
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oOpa3yeT yacTHoe peuieHue cucteMbl auddepeniuanbubix ypaaenui (10.1). Takum
oOpazom, 1ist TMHEeHOM ogHOpoAHOM cucTembl (10.1) monyyaeMm » YaCTHBIX PELICHUM

BHUAA:
allem alzelzx alne’l""
Ax Arx A
— (04 el - a..e 2 _ a. e X
Y(x)=| " Y, (x)=| 7 v Y (x)=| " : (10.16)
anleﬂlx anzeﬂ.zx a’meﬂ.”x

Hawm B nanbHeleM noTpedyroTcs CAeayoue 18€ TEMMBbI.
Jlemma 10.1. Cucmema gpynxyuii

Ayx

e, e, .. eM, (10.17)

eo0e /1p # lj npu p = j, AGIAEMCs JUHEUHO He3a8UCUMOLL Ha Tt0OoM unmepsane (a, b).

Joxka3zareinbcTBO. bynem nokaspiBaTh JIEMMY METOJAOM OT IPOTUBHOTO.
[Ipennonoxkum, 4yTo JaHHas cuctemMa (yHKIUN JUHEWHO 3aBUCHMa Ha (a,b), T.C.

HUMECT MECTO TOXIACCTBO

ye' +y,.e” +. . +y e =0, VYxE(a,b), (10.18)

rze xoTs 661 onHO ¥, # 0. Ilycmb 0ns onpedenennocmu )/, # 0. Torna, pasnemus obe

1X

A
gactu ToxnaectBa (10.18) ma e€”', a 3areM, mpoauddepeHIrpoBaB MOJIyYEHHOE

TOXJECTBO, OYJIeM UMETh:

y2(Ay = A)e 2 4ty (4, - ATV =0, VxE(a, b).

(L-A)x

B cBowo ouepenn, pasnenuB o0e 4YacTU MOCIEIHETO TOXKJIECTBA Ha € u

mudpepeHuupysi, HOJIy4YuM TOKIAECTBO
v (A, =A)A =A)e" + vy (A =A)A =A)e" ™ =0 VxE(a,b).
[Tponomxkas 3ToT npouecc » —1 pa3, HOTydUM
v (A =A)A =A).(A =4 )™ =0, VxE(a, b).
Ho nmocneagnee TOXAECTBO nmpomusopeuum HaUIEMy MNPEANOI0XKEHHUIO O TOM, YTO

¥, # 0. IlonydeHHOE MPOTHBOpEYHE JOKA3BIBAET, 4TO TOXkAeCTBO (10.18) BO3MOKHO

nume mpu ¥, =Y, =..=y, =0, 1.e. cucrema dpynxumii (10.17) muHeino He3aBHCUMA Ha
(a,b).»

3ameuanue 10.1. Kak BuaHo u3 nokazarensctBa JiemMmbl 10.1, yTBepxkaeHue
HTOMU JIEMMBI CIIPABEIJIUBO U B TOM CIIy4ae, KOIla Yucia A, SBISIOTCA KOMIUIEKCHBIMU.
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Jlemma 10.2. Ecnu sce kopuu A, A,,..,A XapaKkmepucmu4ecko2o ypasHeHus

(10.13) paszauunvie u oeticmeumenvhvie, mo N yacmuvix pewenuti suoa (10.16)
obpazyem (OyHOAMeHMANbHYIO CUCHeM) peuleHUuti 0OHOPOOHOU CUCHEeMbl JTUHEUHbIX
ougppepenyuanvrvix ypasnenuti (10.1).

Jloka3aTeJabCTBO. 371€Ch JOCTAaTOYHO TOKa3aTh, CHCTEMa W3 4 YacCTHBIX
pemenuii Buaa (10.16) auneiino nezagucuma na (-, +x) , T.€. TOXKAECTBO

BY,(x)+ BT, (xX) 4.t BY,(x) =0, xE(=o0,40), (10.19)
BO3MOXXHO TOTr1a U TOJBKO TOF,[[a, Koraa
B,=p,=..=p, =0. (10.20)

HetictBuTenbHO, B pazBepuyToit hopme (10.19) umeer Bua:

(n
Ax
Zﬁkalke =0,
=

\ a, e =0,
;ﬂ" “ (10.21)

0.

c A
X
Z ﬂkanke
=

oo )
Ho B cuily nuHEHON HE3aBUCUMOCTH CUCTEMBI PYHKIHHA e k¥ (k=1,2,---,n)

(cm. memmy 10.1), u3 (10.21) cnenyet

(B2, =0,

piay =0,
... . (k=L2,..,m). (10.22)
~ﬁkank = 0.

[TockonbKy MpU KaKJIOM 3HAYEHHHM TMapaMmeTpa k, XOTss Obl OJHO U3 4YHUCEN
Qs Oy ey Ay (k=1,2,---,n) OTIMYHO OT HyJA, TO U3 (10.22) crmemyeT paBeHCTBa

(10.20).»
Kak HemocpeacTtBeHHoe cienactBue u3 jeMmbl 10.2 momydyaeMm cleayromee
BAXKHOE YTBEPKJICHHE.

Teopema 10.2. Eciu 6ce xopuu Ay, Ay, ..., A, xapaxmepucmuueckozo ypaenenus

(10.13) pasnuunvie u deiicmeumenvhuvie, mo odujee peuieHue 0OHOPOOHOU CUCTEMbL
ougppepenyuanvrvix ypasnenut (10.1) moswcno 3a0asams 6 suoe

Y,, =)+ (x0) +. 4., (%), (10.23)
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20e Iﬁ(x), Ié(x), oy fn (X) - yacmuvie pewenus euoa (9.16), a ¢,, ¢, ..., C, — NPOU3BOIbHBLE

NOCMOsIHHbIE.
IMpumep 10.1. Metogom Diiepa pemIUTh CICAYIOUIYI0 CUCTEMY JIMHEHHBIX
mudpepeHnanbHbIX YPaBHEHUMN:

d
% = - +2y;,
(10.24)
Dy _,
=2) = Vs
dx

PEIHIEHUE. bynem wHcKaTh YacTHBIE PELICHUS JAHHOW CUCTEMBbI B BHJIE
Jx Jx
yy=ae, y,=a,e". Jlis1 5TOro COCTaBIIEM XapaKTEPUCTUYECKOE YPABHEHUE:

‘—1-/1 2

=0 2 -3=0.
) _1_/1‘ WK A* +24-3=0

KopHsaMu XapakTepuCTUYECKOrO YPABHEHUS ABJISAIOTCS Yucaa A =1 U A4, = -3.

B nanHowm ciyuae cucrema ypaBHenuid (10.11) BBITIAINT Tak:

(-1-Ma, +2a, =0,
{ (10.25)

20, +(-1-A)a, = 0.
Hanee, noacrasmsts B (10.25) A =1, nomydaem
-20,+2a, =0,
20, -2a, = 0.
OnHUM U3 HETPUBUATILHBIX PEIICHUHN MOCIEIHEN CUCTEMBI SIBJISIETCS, HAIIPUMED,
a, =1,a, =1. CnenoBaTensbHo, cucreMa QyHKIMA V), =€, V,, =€ 00pa3syeT OJHO H3

X

_ e’
JacTHBIX perrenuii cucremsl (10.24), 1.e. 3aech Y (x) = ( J
e

[Tonaras B (10.25) A = -3, Oyznem UMeETh:
20, +2a, =0,
200 +2a, = 0.
O4eBUAHO, YTO OAHUM W3 HETPUBUAIBHBIX PELICHUH IOCIEAHEH CUCTEMBI

areOpanvecknux ypaBHEHHUU sIBIETCA @, =1, =-1. 3Hauut, cucrema QyHKIUN

-3 -3 o
V=€, y,, =—€e"" obpasyeT OJHO M3 YaCTHBIX pemeHuii cucremsl (10.24), T.e.

—-€

9 e—3x
371€Ch Yz(X)=( _3X).

CnenoBartenbHO, o011ee pemenne cucteMsol (10.24) MOXHO 3a/1aBaTh B BUJIE

ex e—3x
Y, =a| |+a| .|
e -



rae ¢, C, — IpOU3BOJIbHBIC IIOCTOSTHHBIC.

B paSBepHYTOﬁ (bOpMC IMOJIYYCHHOC 0611166 pEeUICHUC MOXHO 3aIIMCaTh TakK:
-3x

b

X

X -3 X
yl = Cle + 026 . J’z = Cle —C2€

20e C;,C, — npouU360.JibHble NOCMOsIHHbIE. P>

10.3. Cayuai, koraa xapakrepucrudeckoe ypasHeHue (10.13) umeer
pasziuyHbvle KOPHU, HO HEKOMOPbLe U3 HUX KOMNJIEKCHble.

OIMPEJAEJIEHUE 10.2. Ecnu xaxxaoMy 3Ha4€HHIO MepeMeHHOW XE(a,b) 1o
HEKOTOPOMY IpaBuily f IOCTaBIEHO B COOTBETCTBHME OINPEACICHHOE KOMILIEKCHOE
quciao u+iv, rae i‘=-1, a u,vER, TO TOBOPAT, YTO Ha WHTepBaie (a,b) 3amaHa
KOMIUIEKCHO3HaYHast PyHKuus f(x)=u(x)+iv(x) ACHCTBUTEIHHOTO apryMeHTa X .
IIpu 3TOM u(x) Ha3wbIBaeTCs deticmeumenvhou yacmoio f , a v(x) - MHUMOL 4ACMbIO
f, mOpudem Uil HHUX TOpPUHATHI clefyroue oOo3HadeHus: u(x) = Re f(x),
v(x)=1Im f(x).

Ecou ¢pynxkumm u(x) =Re f(x) 1 v(x)=Im f(x) aubdepenmupyemsr m pa3 Ha
(a,b), TO mpousBoAHBIE TOpsiAKka p (l=ps=m) Pyaxkuun f(x) = u(x)+iv(x)
ONPEAEISAIOTCA TaK:

FP%%) =u”(x)+ V' (x), VxE(a,b).

Hanpumep, st Bcex x € (-, +00) omnpejenceHa KOMIUIEKCHO3HAUYHAs (QyHKIIHS
Bunma @(x)=cosx+isinx, mpudeM 31ech Re@(x) =cosx, Im@(x)=sinx. IIpu sTom
MpoOU3BOAHAS @'(X) = —SINn X +1COSX.

Paccmotpum Teneps ABE BEKTOP-PYHKIIUH BUIA

uy (x) v, (x)

u,(x) v, (x)

U(x) = HV(x) = . (10.26)

u,(X) v,(x)
Torga xommuiekcHo3HauHas BekTop-hyHkmus U(x) + iV (x) onpenensiercs Tak:
u, (x) +1v(x)

u,(x)+iv(x)

Ux)+iV(x) = : (10.27)

u, (x)+1iv(x)

[IpousBoaHas BeKTOp-PyHKIUU U(x) + iV (x) onpeaensercs no Gopmyre:
(U)+iV(x)=U'(x) +iV'(x). (10.28)

CripaBeyIMBO CIIEAYIOIIEE YTBEPKACHHE.
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Jlemma 10.3. Eciu oonopoounas cucmema ougghepeHyuaibhvix ypasHeHUl
(10.1) ¢ oeticmeumenvuviMu K03 DuyUeHMamu umeem KOMNIEKCHOZHAYHOE pelleHue
suoa (10.27), mo oeticmeumenvras u muumas wacmu euda (10.26) 6 omoenrvnocmu
asnsaromes peuwerusamu cucmemst (10.1).

Jloka3aTeabcTBO. Pamu KkpaTkocTh OylneM TOJIh30BaThCS  BEKTOPHO-
MAaTPUYHBIMHU 3aITUCSIMHU.

[Tycte BexTop (10.27) siBisieTcst perieHueM cuctemsl (9.1), T.e.

AUV iy
o .

Otcrona, B cuy (10.28) u paBernctBa A(U +iV) = AU +iAV , umeem:

du
— =AU,
U o qUsidy o o
dx dx v,
dx

T.. BekTopHble GyHKImMH U(x) u V(x) B OTHEIBHOCTH SBISIFOTCS PEIICHUSIMHU
cucteMbl quddepeHnnanbubix ypasaenuid (10.1).
[TycTh xapakTepuctuyeckoe ypaBHeHue (10.13) umeeT 7z pa3auyHbBIX KOPHEH,
HO Cpey HUX UMEIOTCA U KOMILJIEKCHBIE KOpPHU. XapaKTEPUCTUUYECKOE YpaBHEHUE
(10.13)  sBisiercst ~ anreOpavyecKuM  ypaBHEHUEM  C  BewyeCcmEeHHbIMU
Koaghpuyuenmamu. CnenoBaTenbHO, €CIU ¢ +jbh - KopeHb ypaBHeHus (10.13), to
a —ib Toxe OyneT KOPHEM 3TOT0 YpaBHEHUS.
[Ipennonoxkum, 4TO0 KOPHIO ¢ +ib XapakTepuctuueckoro ypaBHenus (10.13)
COOTBETCTBYET COOCMEEHHDIU BEKMOD
O +iy,
a=| 2t (10.29)
o, +iy,

Torna BekTOp-QyHKIMS BUIA
(a+ib)x

(51 +iy,)e

_ . 5 +i e(a+ib)x
U(x)+iV(x) = (0 +172) (10.30)

(a+ib)x

(0, +iy,)e

MpECTaBIACT COO0OM KOMIUJIEKCHO3HAYHOE YACTHOE PEUICHUE OJIHOPOJHOU CUCTEMBI
muddepennmanbubix ypapHenuii (10.1). B cuny dopmyn Ditnepa umeem:
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(8, +iy)e" "™ = (8, +iy,)e™ (cosbx +isin bx) =

=e“ (0, cosbx -y, sinbx) +ie” (y, cosbx + , sin bx), (10.31)
s=12,..,n.
Otnensis (¢ yuerom (10.31)) B pemienuu (9.30) neiicTBUTENbHBIE 1 MHUMbBIE YacTH,
MOy YUM
e (0, cosbx — y, sin bx) e (y, cosbx + J, sin bx)
0(x) = e (0, cosbx -y, sin bx) , 7(x) = e“(y, cosbx + 0, sin bx)
e” (6, cosbx —y, sinbx) e“(y, cosbx+J, sin bx)

B cuny aemmbl 10.3 Bextop-dymkmuu U(x) u V(x) B OTAENBHOCTH SBISIOTCS
OelicmeumenbHbiMy YacTHbIMH pemieHusiMu cuctemsl (10.1), mpuuem HeTpyaHO
IIPOBEPUTD, YTO ITU PELICHUS TUHEUHO HE3ABUCUMBL.

AHAJIOTUYHO MOXHO TMOCTPOUTHh Mapy ACHCTBUTEIBHBIX YAaCTHBIX PEIICHUU,
COOTBETCTBYIOIIMX KOPHIO a—ib, HO OHHM OKaXyTCS JMHEHHO 3aBUCUMBIMHU C

9aCTHBIME pemeHusamMu U(x) u V(x).

Takum 00pa3oMm, nape CONpsNCeHHbIX KOMHNJIEKCHbIX KOpHeu a+ib u a—ib
COOTBETCTBYIOT 08d IUHENHO He3AB8UCUMbBLX OeUCMBUMENbHBIX YACMHBIX peuteHust U(x)

u  V(x), KOTOpble MOJYy4yarTcs U3 KOMIUIEKCHO3HayHoro pemenus (10.30),

COOTBETCTBYIOIIETO KOPHIO a + ib, OTACICHUEM JEUCTBUTEIBHBIX U MHUMBIX YaCTEH.

[TocTpouB AEHCTBUTENIbHBIE YACTHBIE PEIICHUS, COOTBETCTBYIOIINE BCEM MTapam
KOMIUIEKCHO-COMPSI’KEHHBIX KOPHEW M BCEM BEILIECTBEHHBIM KOPHSM (€CIM TaKOBbIE
UMEIOTCSA), MOJYyYUM 71 JMHEWHO HE3aBUCUMBIX YacTHBIX pemeHuit cuctemsl (10.1),
T.€. QYHOAMEHMANbHYIO CUCMEMY YACMHbIX peuleHul dmou cucmemsl. Toraa, B3sB
JUHEWHYI0 KOMOUHAIIMIO TMOJYy4YeHHOW (PyHAAMEHTANbHOW CHUCTEMBbI YaCTHBIX
PELIEHU C npoussoIbHLIMU NOCMOAHHLIMY KO3(DPUIIMEHTAMU, TOIYYUM o0ujee
peuierue ogqHopoiHOM cuctemsl (10.1).

IMpumep 10.2. Metogom Diiepa pemIUTh CICAYIOUIYI0 CUCTEMY JIMHEHHBIX
mudpepeHnanbHbIX YPaBHEHUMN:

d

% =4y -,

dy (10.32)
Ez =5, +2),.

PEIIEHMUE. 3nech XapakTepuUCTUUECKOE YPAaBHEHUE

4-4 -1
5  2-2

‘=O wim A -6A+13=0
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MMEET JIBa KOMIUIEKCHO-CONPSKEHHBIX KOPHA: A =3+i2 1 A, =3-i2. CoOCTBEHHBIN

a,

BEKTOp & = ( ) coomeemcmeyiowutl KOpHio A, =3 +i2, HAXOUM U3 CUCTEMBbI

@,

1-2a, - a,=0,
S5a, -(1+2)a, =0.

ITocnennas cucTeMa MMEET ClEAyIOLIee HEHyJeBoe pemenue o, =1, a, =1-2i.

CrnenoBarenbHO, KOMIUIEKCHO3HAYHAsI BEKTOP-PYHKINS BUIA

B _ (3+i2)x
Ux)+iV(x)= .
(1 _ 2i)6(3+12)x

saensemcs peuwenuem cucmemol (10.32). BoigenuB 1eMCTBUTEIbHBIC 1 MHUMBIE YaCTH
MOJIY4YE€HHOTO pellleHHus], Oy/1IeM UMETh:

e cos2x _ e** sin2x
Vi(x)=

U(X) - 3x . ’ 3X /2 :
e (cos2x + 2sin 2x) e’ (sin2x —2cos2x)

CrnenoBarenbHO, 00lllee pelIeHre TaHHOU cucTeMbl AudPepeHnanbHbIX YpaBHEHUI
MOXHO 3a]1aBaTh TakK:

e’ cos2x e’ sin 2x
Y =¢ \ . +o| L ,
e " (cos2x + 2sin 2x) e " (sin2x —2cos2x)

rae ¢, ¢, — IIpou3BOJIbHBIC ITIOCTOSHHBIC. >

10.4. Cayuai, koraa xapakrepucrudeckoe ypasHeHue (10.13) umeer
Kpamnvle Kophu. IIpennonoxvM, 4YTO Cpeau KOPHEHW XapaKTEePUCTUYECKOIO
ypaBuenus (10.13) umeercs kopeHb A, KpaTHOCTH k . B 3TOM citydae MOXHO T0Ka3aTh,

9TO KOpHIO A, KpaTHOCTH kL OyJeT COOTBETCTBOBATh PEIICHUE CHUCTEMBI

muddepenHnmanbubx ypaBHeHui (9.1) ciaegyromero Buaa

PR (x)e™

P = | 2O (10.33)

P, (x)e™"

rae P(x), P(x),..., P(x) — MHOTOWIEHBI OT X CTEIEHU HE BBIIIE Kk —1, UMEOIIUE B

COBOKYITHOCTH k npou3eonbHuix kodpduyuenmos. TIpu 3TOM MOXKET 0Ka3aThCsi, 4TO
BCE 3T MHOTOUJIEHBI 8bIp0HCOAIOMCs 8 NOCmosiHHble (T.€. SBISIIOTCS MHOTOWICHAMHU
HyJIeBOU cTernenn), a perienue (10.33) Torga npuHUMaeT BU:
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y(n =" (10.34)

rae cpend KodhGUIUEHTOB Yy, Vys-wer Y, POBHO k SBISIOTCA NPOU3BONbHLIMU, A

OCTaJIbHBIE BRIPAXKAIOTCS YEPE3 HUX.
Hanee, mnomaras B pemenuu Buna (10.33) oauH u3 MPOU3BOJBHBIX
KOA(pULIMEHTOB MHOTOWICHOB PaBHBIM E€IWHHUIIE, & OCTAJIbHBbIE PaBHBIMU HYIIIO,
MOXHO TIOCTPOUTH POBHO k JUHEUHO HE3ABUCUMBIX YACMHbLIX DPEUleHUU CUCTEMbl
(10.1).
3mech HYXKHO pas3fiuyarTh [Ba MOJACIyYas: a) KopeHb A, OelicmeumenbHblll;

0) kopenv A, Komnuexcuwiil.

Ecnu A, — deiicmeumenvhoe xapakmepucmuueckoe uucio, TO MOCTPOCHHBIC
BBITIICYKA3aHHBIM CITIOCOOOM & JTWHEHHO HE3aBUCHUMBIX YACTHBIX PEIICHUN CHUCTEMBI
(10.1) OynyT OeticmeumenvHbviMU.

Ecmmn xe A =a+ib ABIACTCA KOMNIEKCHbIM XAPAKMEPUCMUYECKUM HYUCTOM

kpamnocmu k| To 4ucino A =q—ib TaKKe OylleT xapakxmepucmudeckum 4uciom
kpamnocmu k. B 3TOM ciaydae MOCTPOMB CHadvaja BbIIICyKa3aHHBIM CIIOCOOOM A
JIUHelHo He3asucumovlx yacmuulx peuteHuti cucmemsl (10.1) COOTBETCTBYIOIIUX YHUCITY
A =a+ib, a 3aTeM, OTACINB B HUX JCHCTBUTEIbHbIE U MHUMBIE YACTH, IOIYyUYUM 2k
OeticmeumenbHblx JUHeliHo He3asucumolx peuteruti cucmemst (10.1). Takum o6pazom,
nape CONPsKEHHBIX KOMIUIEKCHBIX XapaKTePUCTHUCCKUX YHCeN A =a+ib ¥ A =a—ib
(kpaTHOCTH k) OyIeT COOTBETCTBOBATH pPOGHO 2k OeilicmeumenbHbiX AUHEUHO
Hezasucumvix peuteruti cucmemot (10.1).

B oOmem ciyyae, MOCTpOMB ISl KaXJOTO XapaKTEPUCTUUECKOTO 4YHuCia
COOTBETCTBYIOIIUE EMY OelicmaumeibHble JTUHEHHO HE3aBUCUMBIE YACTHBIE PEIICHUS
cuctembl  nuddepeHunanbabix  ypaBHeHud  (10.1), momyuum  6ceco  n
oelicmeumenbHblX TMHEWHO HE3aBUCUMBIX YACTHBIX PEIICHUHN TOM CUCTEMBI, KOTOPBIE
u 00pa3yroT ghynoamenmanvruyto cucmemy peuwtenuul cucmemsl (10.1). Ilo naiinennomn
TaKuM CIOCOOOM (pyHAAMEHTAIbHOW CUCTEME PEIICHUI MOXKHO MOCTPOUTH U 00wee
pewenue cucmemot (10.1).

OBILIUU BBIBO/: oaHopoaHas cuctemMa JUHEHHBIX AudPepeHInanIbHbIX
YPAaBHEHUH € NOCMOAHHBIMU KO Duyuenmamy AHTETPUPYETCH B 3JIeMEHTAPHBIX
pyHkumsx, T.e. 1000€ ee pelieHue MOKHO 33]1aBaTh B BUJIE DJIEMEHTAPHBIX (yHKIIHIA.
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Hpumep 10.3. Metogom Diiepa pemIUTh CICAYIOUIYI0 CUCTEMY JIMHEHHBIX
mudpepeHnanbHbIX YPaBHEHUMN:

[(d
ﬁ=_)’1 +), + Vs,
dy
3 dxz =V =)Vt s (10.35)
d
% =NtV — Vs

PEIIEHUE. [Ins nannoii cuctembl auddepennuanbubix ypaBHeHu (10.35)
cucreMa anreopandeckux ypaBuenuit (10.11) BeIMISAUT Tak:
(-1-Aa, +a, +a;, =0,
o +(-1-Aa, +a, =0, (10.36)
a +a,+(-1-A)a, =0,

a XapaKTCPUCTUICCKOC YPAaBHCHHUC UMCCT BU/I:

“1-1 1 1
1 —1-4 1 |=0 mwm A +34-4=0. (10.37)
1 1 -1-A

Herpyano npoBeputb, 4TO 4UCIO A =1 SBISIETCS npocmuiM KOpHeM YpPaBHEHUS
(10.37), auncno A, = -2 saBngercs ogykpamuwvim koprem ypasHenus (10.37).
Cuauana Haitnem pemienue cuctembl (10.35), cooTBeTcTBYyIOIEE NpOCHMOMY
XapakTepucTuueckomy uuciy A =1. s sroro nonaras B (10.36) A=A =1 nonyuum
CJIETYIONTYI0 CUCTEMY alTeOpandecKuX ypaBHCHUI:
-2a,+a,+a, =0,
a -2a,+a, =0, (10.38)

a +a,-2a, =0.

1
OueBHUIHO, YTO KOOPJIMHATHI BEKTOPA ¢ = || yaoBiaeTBopsieT cucteme (10.38), T.e.
1

1
a=|1| Aerdemc: coOCmMBeHHbIM B6EKMOpoOM, coomeemcmeyrowum CO5cm8€HHOMy

1

yucny A, =1. CiaenoBaTensHo, BEKTOP-OYHKIHS

ex
Y(x)=ce" =|e"|. (10.39)

X

e

SIBJISIETCS] YACTHBIM perieHueM cructemsl (10.35).
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Haxkonen, HaliieM TMHEWHO HE3aBUCUMBIE YacTHBIE pereHus cuctemsl (10.35),
COOTBETCTBYIOIUE O6YKPAMHOMY KOPHIO A, = =2, B CIIEAYIOLIEM BHJE
(Ax+A)e™
Y(x)=|(Bx+B,)e™ | (10.40)
(Cx+C,)e™
[Toncranss (10.40) B (10.35), nomyuum
—-2A4x+(A, -24,)=(-4,+B, +C)x+(-4,+ B, +C,),
-2Bx+(B,-2B,)=(-B,+4, +C)x+(-B,+ 4, +C)),
-2Cx+(C, -2C)=(-C, + 4, +B)x+(-C,+ 4, + B)).
[Tocnennss cucTeMa paBHOCHIIbHA CIIEYIOIIEH:
(4 +B, +C, =0,
A =4,+B,+C,,
B =B,+4,+C,,
€, =C,+4,+B,.

[Tonaras B mocnennei cucreMe 4 = B, =C, =0, NOIy4uM

C,=—(4,+B,),tne A, u B, - npouseonvhvle nocmosHHble.
Takum oOpasom, yuuteiBas B (10.40) 4 =B =C =0 nu C,=-(4,+B,),
HOTy4UM
A,e™
Y(x)= Be™ | (10.41)
—(4, + B))e™
ITonaraa B (10.41) 4, =1, B, = 0, NOJy4YHM YaCTHOE PELICHHUE

e—2x

Y,(x)=| 0 | (10.42)

-2x

Haxonen, nonoxwus B (10.41) 4, =0, B, =1, noay4uM emie OJHO YaCTHOE PEIICHHE
cuctemsl (10.35).

Y,(x)=| e™| (10.43)

Takum 00pa3zom, IByKpPaTHOMY KOPHIO A, = —2 COOTBETCTBYIOT JBa JIMHEWHO
HE3aBUCHUMBIX YacTHBIX pemenus (10.42) u (10.43).

dynpameHTanbHol cuctemon pemenuit oymer (10.39), (10.42), (10.43), a
obmee pemenue cuctemsl (10.35) MokHO 3a/1aBaTh Tak:
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e’ e 0
Y(x)=c¢|e" |+c,| 0 |+c| e |

e —e™ -e

rIe c,,C,,C; — IPOU3BOJILHBIE IOCTOSTHHBIE. P>

II. KOHTPOJIBHBIE BOITPOCBI 1 3AJJAHN A

1. KakoB oOmuii BUJ OJHOPOJHBIX CUCTEM 7 JIMHEHHBIX Iu(depeHInalIbHbIX
ypaBHEHUH 1-ro nopsiaka ¢ nocmosinHviMu Ko3gpuyuenmamu?

2. Ha kakoM MHTEpBaje ONpeesIeHbl PEIICHUS OJTHOPOIHBIX CUCTEM /1 IMHEUHBIX
muddepeHManbHbpIX  ypaBHeHMM — 1-r0  mopsgka ¢ MOCTOSTHHBIMU
kod(ppunrentamu’?

3. 3anumuTe CUCTEMY OJHOPOIHBIX CHUCTEM # JUHEUHBIX IuddepeHInaIbHbIX
ypaBHEHHI 1-TO mopsiika C TMOCTOSHHBIMU KO3((pUIIMEeHTaMU B BEKTOPHO-
MaTpUIHOU hopMe.

4. Jlaitte ompeneneHue GyHOaAMeHmMANbHOU CUCmeMbl YACMHbIX peuleHUull s
OJTHOPOJHOM CUCTEMBI JIMHEHHBIX TU((DepeHIINaIbHBIX YPaBHEHUH.

5. Kakas maTpuna Ha3bIBaeTCsl (hyHOaMeHmanbHou mampuyel Jjisi OJHOPOTHON
cucteMbl qudPpepeHnanbHbIX YpaBHEHUN?

6. KakoBa cTpykTypa OOIIEro pemeHuss OJHOPOAHOM CHUCTEMbl JIMHEUHBIX
mudpepeHuanbHbIX YpaBHEHUN?

7. Kak cocTtaBiseTcsi XapaKTepUCTHUECKOE YPaBHEHHE AJIsI OTHOPOJIHOU CUCTEMBI
JTUHEUHBIX mudpepeHuanbHbIX ypaBHEHUI c MOCTOSTHHBIMU
kod(ppunrentamu’?

8. Pacckaxute 0 Mertome Jiepa pEeUICHHUS OJHOPOAHOM CHCTEMbI JIMHEWHBIX
mudpepeHnanbHbIX YPaBHEHUN € MOCTOSHHBIMU KOA(PUIIMEHTaMU.

I1I. [IPUMEPHI U 3AJIAUM JIJISI AYIUTOPHOM PABOTHI

10.1. Pemute cnemyroniue cuctemsl U@ depeHnaibHbIX YPaBHEHUI:

@=4x—y—z
dx dt
?=2x+y dy
a) dt 6)<E=x+2y—z
—y=3x+4y; J
dt & o x—y+2z
dt yres

10.2. Haiigute penieHnue CUCTEMBbI
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—=2y+z
dx 4

dz
—==-5y-2z,
dx Y

yJIOBJIETBOpAIOIIee HadalbHBIM ycnoBuaM Buga y(0) =1, z(0) =0.

10.3. HaiiguTe penieHue CUCTEMBbI

(dx
—=2x-y+z
dt 4
<Q=X+Z

dt

dz
—=-3x+y-2z,
dt 4

yIoBIEeTBOpsitoliee HadanbHbIM ycioBusaM Buaa x(0) =0, y(0) =0, z(0) =1.

IV. 3AJAHUS )1 CAMOCTOSTEJIBHOM PABOTEI

10.4. Pemute ciegyronme CUCTeMbl TUHEUHBIX AU PepeHIInaIbHbIX YPABHEHUN:

(dx (
” E=X+Z—y @=2x—y+z,
E+x+5y=0 dy ;ﬁ
a) o)1, =**ry-z2 ¥ _ iy
d dt
4 v=0: dt
d x-y=0, dz
t E=2x—y; %=x—y+2z
dt

10.5. Haitgute pemnieHnue CUCTEMBbI
dy

— =y+4z

dx Y

dz
—==-2y+4z,
dx Y

yIOBJIETBOpAIOIIee HadalbHBIM ycnoBuaM Buga y(0) =0, z(0) = —1.

10.6. Haiigute pemnieHnue CUCTEMBbI

yJIOBJIETBOpAIOIIee HadanbHbIM ycnoBuaM Buga x(0) =1, y(0) = %, z(0) = l
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Paznen 3

YpaBHeHUSI MATEMATHYECKON PU3UKHU

SAHATHUE Ne 11

Tema: lu¢PpepenuunanbHoe ypaBHeHHEe ¢ YACTHBIMM NPOU3BOAHBIMMU.

I[IpeameT ypaBHeHHUII MaTeMaTH4YeCKOi (PU3UKHU

I. OCHOBHBLIE TEOPETUYECKUE CBEJEHNA

11.1. JuddepenunaibHoe ypaBHEHHE C YACTHBIMHM TNPOU3BOAHLIMH U
NMOHSITHE O ero o0IeM pelmieHUuU. YPaBHEHUE, CBSA3BIBAIOIICE HEM3BECTHYIO
(GYHKIHIO OT HECKOJIBKUX HE3aBUCHUMBIX MTEPEMEHHBIX, HE3aBUCUMBIC TTIEPEMEHHBIC U
YaCTHBIE MPOU3BOJAHBIE OT HEU3BECTHOM (DYHKIIMU, Ha3bIBACTCS Ougghepenyuanbbim
YpasHeHuem ¢ dacmuuviMu npou3goousvimu. llpu stom moboe muddepeHnnanbHoe
YpaBHEHHUE C YACTHBIMH TPOW3BOJHBIMH O0S3aTEIBHO JIOJDKHO — COJZEP)KATh
MPOU3BOIHBIC UCKOMOH (yHKIIUH.

) 2
Bcerony B manbmeiimem gepes R, OyneMm 0003Ha4aTh €BKIMAOBY ILIOCKOCTH

R?, Ha KOTOPOI1 PUKCHPOBaHA MPAMOYTOJIbHAs ciucTeMa KoopauHat Oxy. Kpome Toro,
B OCHOBHOM 0yJIeM OTPaHUUYUBATHCSA pacCMOTpeHUEM U] epeHInaTbHBIX YPaBHEHU I
C YaCTHBIMU TPOU3BOJHBIMU, TNI€ MCKOMasi (PYHKIUS SBIAETCS (PYHKIMEH OT IBYX
HE3aBUCHUMBIX IIEPEMEHHBIX, Hanpumep, U =U(x,y).

B obmem cnydae muddepeHnmanbHOoe YpaBHEHHUE OTHOCUTENIBHO (YHKIIUU
U =U(x,y) MO>XKHO 3aIicaTh B BUJIC

oUu oU 0"U
ox dy T ax" " gy" o

F(x,»,U, )=0, (11.1)

rjie n — NPOU3BOJIbHOE (PUKCUPOBAHHOE HATYpaJbHOE YUCIO, a F — QyHKIHS CBOUX
apryMEHTOB.
[Topsimok crapiieit yacTHOM MPOU3BOAHOM, BXojsdied B AuddepeHImairHoe

YpaBHEHUE, HA3bIBAETCS NOPsAOKOM JAHHOTO YPABHEHHS.
Hanpumep, nuddepenninanbHoe ypaBHEHUE BUa

+ 3(I)(x,y) =0,

7

V' P(x,y) 5y 0 P(x,3)  IP(X,)
ox>dy ay )
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rae ®(x,y) - ICKoMas QYHKIHsA, SBIAECTCS YPABHEHUEM ce0bM0O20 NOPAOKA.

W3 ckazaHHOTO BBINIE ClEAyeT, 4YTO AudepeHInaTbHOoe YpaBHEHHE C
YACTHBIMH TPOU3BOAHBIMU 2-20 NOpsAOKA OTHOCUTEIBHO HEM3BECTHOW (yHKIHMU
U =U(x,y) B 00111eM BHI€ MOXHO 3aIIHCATh TaK:

2 2 2
ou oU 9o°U 9°U U

F x) 7U7 b > b 5
(e ox dy  oax* axdy ay’

0, (11.2)

rae I — npousBoJibHas (YHKIUSI CBOUX apTyMEHTOB.
Omnpenenenune 11.1. Ilycts ypaBuenue (11.1) umeer mopsinok m, rae m —

HEKOTOpOoe (PpUKCUpOBaHHOE HaTypayibHOoe uucio. Oynkuusa U =q(x,y), 3agaHHas B

2

+ » HA3BIBAETCA pewenuem (WU UHMEPANIOM)

HEKOTOpO# o0mactTu G TIOCKOCTU R
oughpepenyuanvrozo ypasaenus (11.1) B obnactu G, ecmu ¢(x,y)EC"(G) (T.€. B
obmactu G (¢ynkuus U=¢(x,y) HEOpepplBHA BMECTE€ CO CBOMMH YaCTHBIMH

MPOU3BOAHBIMU JIO TIOPSIAKA 71 BKJIIOYUTEIHHO) U TIPHU TMOACTAHOBKE B ypaBHECHHE
(11.1) mocnennee oOpaiaeTcs B TOXXASCTBO Ha MHOXKecTBe G

0.

9

Ip(x,y) 0p(x,y)  0'@(x,y) )
x  dy T ox" oyt

F(x,y,9(x,y),

Hanpumep, HeTpyaHO PpoBepUTH, 4T0 GYHKIMSA U = x° - y° SBIIETCS PEIICHUEM

mudpepeHnanbHOro ypaBHEHUS

9 2
BO BCEH ITOCKOCTH R, .

Boo06ie nporecc HaxoxKIeHUsI BceX peiieHuil muddepeHnanbHoro ypaBHeHHs
C YaCTHBIMU TIPOU3BOJTHBIMU HA3BIBACTCS UHMESPUPOBAHUEM ITOTO YPABHEHUS.

Kak wu3BecTHO, misi 06OblikHOBeHHO020 MUDPEpPEeHIINATBHOTO YPAaBHEHUSI 1-TO
HOpsiIkKa OTHOCUTENBHO HEW3BeCTHOH (yHKIMM V= y(x) obwee pewenue (T.e.

MHOXECTBO BCEX PEIICHUH, 32 MCKIIOUYEHUEM TaK HA3bIBAEMBIX 0COObIX PEIICHUN)
MOXHO 3aJ1aBaTh B BUI€ (PyHKIINHU

y = ¢(X>C1>C2>-"9 Cn)a

3aBUCALIEH OT HE3aBUCHUMOW NEPEMEHHOW X U OT 1 MPOU3BOTbHLIX NOCHOAHHBIX
unmezpuposanus C,C,, ..., C..

B crnydae muddepeHnmanpbHpIX ypaBHEHUH ¢ YaCTHBIMH MPOU3BOIHBIMU JIEII0
o0cTouT HaMHOro cioxkHee. UToObl yOenuThCcsi B 3TOM, JOCTATOYHO PACCMOTPETH
CHEAYIOLINI MTPOCTON MPUMED.
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IIpumep 11.1. UuterpupoBath quddepeHiinanibHOe ypaBHEHUE

2
U . (11.3)
axay

PEIIEHUE. Monoxum 2Y _ y . Torna ypaBuenue (11.3) 3anumiercss B Buae
9y
v

= 0. [locnennee paBeHCTBO O3HA4aeT, 4YTo V He 3aBUCHUT OT X. [loaTomMy mroboe
x

pelIeHre ypaBHEHUS (?9—V=0 MOXXHO 3alaBaTb Tak: V =h(y), toe h(y) —
X

npousBojibHass QyHkuus ot y. CnemoBarenbHO, OyJeM HUMETh: &= h(y)-
d

HNurerpupys MOCJIETHEE muddepeHnuanbHoe YpaBHEHUE, MOJTy4aeM:
U=h(y)+g(x), tne h(y)= f h(y)dy m g(x) — TPOU3BOIBHBIC JBAXKABI
muddepennupyembie GyHKIUU. €4

Takum o0pa3oM, obuee peuieHue, T.€. PEIICHUE, U3 KOTOPOTO MOIy4YaeTCs
mo00e KOHKpeTHoe (uacmmuoe) peiienne nuddepennuansHoro ypasuenus (11.3) ¢
YaCTHBIMU TIPOU3BOJHBIMU 2-20 HOPAOKA, 3aBUCUT Om 08YX NPOU3BOJIbHBIX (QYHKYUIL
g(x) 1 h(y).

Kak npaBuno, obwee peuenue nudpdhepeHnanb-HOT0 YpaBHEHUS! ¢ YaCTHBIMU

MIPOU3BOTHBIMHU 3dBUCUN O NPOUZBOTILHBIX (DYHKYUL, YUCTO KOMOPBIX PABHO NOPOK)
amoeo ypasHenus (6oiiee moapoOHO 00 3TOM cM., Hanpumep, B [21], c. 337).

Ipumep 11.2. TIposepurts, sasercs o dyukuus U = o(lnx + y*), rae w —

MPOU3BOJIbHAS nuddepenupyemas byHKIUA, o01UM pelIeHuEM
mudpepeHnanbHOro ypaBHEHUS
ay 0x

B TIOJIYIUIOCKOCTH R’ = {(x,y)|0 <X<4®, —®0< < +00}.
PELIEHME. [Nannas Gpynxiuus U = w(Inx + y*) sSBusercs caokHOH GyHKIHeH
Buma U =dafz(x,y)], toe z(x,y)=Inx+ y’. CrenoBarensHO, HNPUMEHssI MpaBHia

mudpepeHpoBaHUs CIOKHON (PYHKIIUU, UMEEM:

oU Jdwaiz 1ow aU_aa)%_zya_a)
x dzdx xdz  dy 9z dy dz

[Toncranss B ypaBHeHue (10.4) HaliieHHbIE 3HAUEHUS YACTHBIX MPOU3BOIHBIX,
MOJy4aeM TOKJIECTBO
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Jw Jw
2y—-2y— =0,
yaz yaz

CIIPaBEUIMBOE BO BCeH momyruiockoctd R?. 3Haunt, Gynkums U = o(lnx + y*), rae

@ — TpousBojbHas auddepenupyemMas (QyHKIUS, SBISETCS OOLIMM peElICHUEM
maddepermansHoro ypasHenus (11.4) B nonymiockoctn R . <

Ouyenb yacTo MpoOJIEMBbI, BO3HUKAIOIIME B PA3IMYHBIX O0JACTAX HAYKH M
TEXHUKHU, U3y4aloTCsl C MOMOIIBI0O OMUCAHHS OCHOBHBIX CBOMCTB paccMaTpUBaeMOMU
MpoOaeMbl (T.€. TIOCTPOCHUS €€ MamemMamuieckol mooenu) B BUIE OJHOTO WIH
HECKOJIbKUX AU PepeHIInanbHbIX YPaBHEHUN.

Nctopudeckn OOJBIIMHCTBO MaTeMaTHYECKHUX MOJIeNied, B OCHOBE KOTOPBIX
nexar guddepeHnnanbHble  YpaBHEHHWS C YAaCTHBIMH TIPOWM3BOJHBIMHU, OBLIH
MOCTPOSHBI JJIi pENIeHHs 3aJad, OIMNMCHIBAIOMIUX (U3MYECKHE TPOIECChl B
TUAPOJMHAMHUKE, a’pOMEXaHuke W  dnekTpoauHamuke. [lostoMy  pasden
Mamemamuxu, IPeIMETOM KOTOPOTO SBJISIETCS U3YyUYEHUE MATEMATHYECKUX MOJeneit
(bu3NYeCcKuX SBJICHUHN HA OCHOBE Teopuu MU PepeHINATBHBIX YPABHEHHUH C YaCTHBIMU
MPOU3BOJIHBIMU, TOJIYUYWUSI HA3BAHUE VPABHEHUs MAamemMamudeckou @Ou3uku WiIu
MIPOCTO MamemMamuieckas usuxa.

B Hacrosimiee BpeMs METOABI MaTeMaTHYECKOW (U3UKH TakXke IITHPOKO
UCIIOJB3YIOTCS JIJIs MOJEIMPOBAHUS MPOIECCOB, BO3HUKAIOIINUX, HAIPUMEDP, B XUMUH,
OMONIOTHH, YKOHOMHUKE U MHOTHX JAPYTHX 00JIaCTAX HAYKH.

11.2. KBasuinHelHble U JIMHelHbIe AuU(depeHnabHbIE YPABHEHUA C
YACTHBIMH MPOU3BOIHBIMU 2-T0 NOPAAKA U X Kiaaccuukanusa. Hanbonee yacto
B MaTE€MaTH4YeCKOM (U3MKE BCTPEYAIOTCS TaK Ha3blBa€Mble KBA3WJIMHEUHBIE U
nuHelHble TuddepeHnanbable YpaBHEHUS 2-T0 TOPSIIKa.

Omnpenenenue 11.2. Judbdepenuuansuoe ypaBHenue (10.2) HazbBaeTcs
K8A3UIUHELHbIM, €CITA OHO JIMHEITHO OTHOCUTENIBHO CTAPIIUX MPOU3BOJIHBIX, T.€. €CIU
OHO UMEET BU/I:

o*U 9*U a*U oU aU
a.(x,y)—+2a,(x,y) —+a,,(x,y)—+ F(x,y,U,—,— ) =0, 11.5
n(x,) P 12(x, ) oxdy 2(x,)) 8y2 1(x,y ox ay ) ( )

rae a,(x,»), a,(x,y), ay,(x,y) — HEKOTOpBIE 3aJaHHbIC (YHKLIHU, Ha3bIBACMBIC

K03 puyuenmamu KBasuauHenHoro ypasHenusa (11.5), a F;

- (QyHKUHS CBOMX
apryMeHTOB.

Omnpenenenune 11.3. Jludbdepennuansuoe ypaBuenue (10.2) Ha3zbiBaercs
JIUHEUHbIM, €CTIU OHO JIMHEMHO OTHOCUTEIBHO HCKOMOM (DYHKLIMH U BCEX €€ YaCTHBIX

IIPONU3BOJHEIX.
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B oOmem cmywae auwnetinoe ypasHenue 2-20 NOpAOKA OTHOCHTENBHO
HensBecTHOM Qynkimu U = U(X, ) MOXHO 3anucarh TaK:

2 2 2
OY o4, XY 40, aU+blaU+b2(zU+cU=f(x,y), (11.6)
y

a —_—
oax? dxdy ? oy’ ox

TIE dy, ), 0y, b, b,,c, [ —HEKOTOPBIE QYHKIUH HE3aBUCUMBIX IEPEMEHHBIX X H ).
OObI4HO GYHKUMHU @, d,,, dy,, b, b,, c HA3BIBAIOTCA KO3 Duyuenmamy TMHEHHOTO

ypaBaenus (11.6), a f(x,y) — npasoii uacmoelo, WA C80OOOHBIM UNE€HOM, ITOTO

YpaBHCHHUSL.
Ecnu B nunelinom ypaBHeHuu (11.6) umeem f(x,y) =0, To 3T0 ypaBHEHuUE

Ha3bIBAETCS 0OHOPOOHLIM, B IPOTUBHOM CIIy4ae OHO Ha3bIBAETCS HEOOHOPOOHbBIM.
SIcHO, 4TO BCsAKOE JMHEHHOE YypaBHEHHE SIBIISIETCS U KBA3WJIMHEUHBIM, T.€.
nuHelinble auddepenimanbubie ypaBHeHus Buga (11.6) oOpa3yroT mOAMHOKECTBO
MHOKECTBA BCEX KBa3WJIMHEHHBIX ypaBHeHUH Buna (11.5).
B wmarematuueckoil Qusnke BBIAEHSAIOTCS TpPU TUMA KBa3UIMHEHWHBIX
(muueiHbIX) AuddepeHIuaIbHbIX YPaBHEHUN 2-TO0 TOpsiAKa B 3aBUCUMOCTH OT
3HAQYEHUHN TaK Ha3bIBAEMOTO OUCKPUMUHAHMA ITUX YPAaBHEHUH, T.€. PyHKIINH BUJA

D(x, y) =[a12(an’)]2 —ay,(x, y)ay(x,y). (11.7)

Omnpenenenune 11.4. uddepenuuansuoe ypaBuenue (11.5) (umm (11.6))
Ha3bIBACTCA yYPABHEHUEM 2unepOoiudeckoeo muna 6 mouke M (x,,y,), €clH

D(x,,y,)>0. VYpasuenune (11.5) (mmm (11.6)) HaspIBaeTCd ypaBHEHHEM
napaboauveckoeo muna 6 moyke M (x,,y,), ecim D(x,,y,)=0. Hakxonen,
ypaBHenue (11.5) (unu (11.6)) Ha3bIBaeTCsl ypaBHEHHUEM OLIUNMUUECKO20 MUNA 8
mouke M (x,,y,),ecma D(x,,y,) <O.

Ecmu xe ycnoBue D(x,y)>(0 BBIIOIHAETCS BO BCEX TOYKAX HEKOTOPOTO

MHOXKecTBa G IIIIOCKOCTH RZ

> To ypaBaenue (11.5) (wmm (11.6)) HasbiBaercs
ypasHeHuem eunepbouyecko2o muna Ha muodxcecmae G.

AHQJIOTUYHO  OMPENENAITCS  YpaBHEHUST  Mapa0OiIM4YecKoro TUHa U
AJUTUIITUYECKOTO TUTIa Ha MHOXKecTBe G.

B kadectBe mnpuMepoB yKaxkeM HauOojiee 4YacTO BCTpeyawoluecs B

MaTteMaTudeckou pusnke Tpu npoctermux quddepeHunanbHbIX ypaBHEHUS:

azU(an) _CZ azU(xay) -

" 0 (11.8)
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2 0UY) Uy

P~ PR (11.9)
3°U(x, 3°U(x,
() U (11.10)

ox’ )%

rac a v ¢ — OTJIMYHBIC OT HYJId ITOCTOSAHHBIC.

Jlerko mpoBepUTh, YTO 60 6ceu NIOCKOCMU Rfy ypaBHenue (11.8) sBusiercs

ypasHeHuem  eunepbonuyeckoeo muna; ypaBuenwe (11.9) —  ypasnenuem
napaboauueckoeo muna; ypasuenue (11.10) — ypagnenuem snnunmuueckoco muna.

Kaxk Oyner nokazaHo B gajibHEHIIIEM, MPUHAJICKHOCTh YPABHEHUS B HEKOTOPOit
obnactu G K OJJHOMY M3 YKa3aHHBIX BBIIIE TUIIOB ONpPEEsAET B 3TOU 001acTH 0011IHe
CBOMCTBA pEHIEHUN H5TOr0 YpaBHEHUS W TMO3BOJISET BBHIOpATh METO/ABI PEIICHUS
Pa3IMYHBIX 3a]1a4 JJIsl TAKOT'O YPaBHEHMUS.

BakHO OTMETHUTB, UTO OJHO U TO € MU depeHnaIbHOE YPAaBHEHUE HA OJJHOM
MHOXeCTBE (G| MOXKET OBITh YpaBHEHUEM OJIHOTO THIIA, @ HA IPyTOM MHOXecTBe G, —
COBEpIIEHHO Apyroro tumna. Hanpumep, ypaBHeHue

U (x U (x
(2,y)+y (2,y)=0 (11.11)
0x ay
B IOJYIUIOCKOCTH y>(0 SBIAETCSI YPAaBHEHUEM JJUIMOTUYECKOTO THUMNA, B
MOJIYIUIOCKOCTH ) < () OHO YK€ SIBJII€TCA ypaBHEHUEM IMIEpOOJIMYECKOro THIA, a B

TOYKaX NMPAMON y = (0 — ypaBHEHUEM NapaOOIMYECKOro THIIA.

II. KOHTPOJIBHBIE BOITPOCBHI U 3AJJAHU A

1. Kakoe ypaBHeHue Ha3biBaeTcsi AudPepeHIranbHbIM YPAaBHEHUEM C YaCTHBIMHU
MPOU3BOJHBIMHU?

2. KaxoB oOmuii Bua andpepeHmaibHOro ypaBHEHUs ¢ YaCTHBIMU MPOU3BOIHBIMU
2-ro mopsiKa OTHOCHTENBHO HCKOMOU GyHKIMH Z =U(x,y) ?

3. Jlaitfte ompenenenue pemieHuss IUPGHEepEeHIHATBHOTO YPaBHEHHUS C YaCTHBIMU
MIPOU3BOIHBIMH.

4. Onuiurte TOHATUE o00we2o peutenuss IUGDEPEHIINATLHOTO YpaBHEHUS C
YaCTHBIMU MTPOU3BOIHBIMH.

5. Uro siBAsieTcs MpeIMETOM YpaBHEHUN MaTeMaTU4ecKou pu3nku ?

6. Korma nuddepennuanbHoe ypaBHEHUE C YaCTHBIMU MPOU3BOAHBIMU HA3bIBAETCS
KBa3WIMHEHHBIM (JTUHEHHBIM) ?
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. KakoB oOmuii BuA KBasWwIMHEHHOro (MuMHENWHOro) aud@epeHrnanTbHOro
ypaBHEHHs 2-T0 NOpsAKa OTHOCUTEIbHO UCKOMOH pyHkun Z =U(x,y) ?

. Jaiite onpenenenue auHeuno20 00HopooHo2o UG HEPEHIINATBLHOTO YPABHEHHUS C
JaCTHBIMH TIPOU3BOIHBIMU 2-T0 TIopsiKa. [ [puBeauTe KOHKPETHBIE TPUMEPHI TAKHX
YpaBHEHUM.

. Uro Ha3bIBACTCS TUCKPUMUHAHTOM KBa3WJIMHEHHOTO (JTMHEWHOTO)
mudpepeHnanbHOro ypaBHeHUs 2-T0 nopsiaka ?

10.Kornaa kBazwinHelHoe (TuHelHoe) nuddepeHinaibsHoe ypaBHEHHE 2-T0 MOopsiKa

HA3BIBACTCS YPABHEHUEM 2UnepOoiuyecko20 (napaboiuieckoco, Saiunmuieckoco)
muna B HEKOTOpPOH obmactu ?

11.ITpuBenute npumep nuddepeHnaIbHOTO YpaBHEHUS, KOTOPBIN B MOIYIIOCKOCTH

x > 0 sByIseTCS YpaBHEHUEM THITIEPOOIMIECKOTO THIIA, & B MOIYIUIOCKOCTH X < 0 —
YPaBHEHHMEM DIJUIANTUYECKOTO THIIA.

I1I. [IPUMEPHI U 3AJIAUM JIJISI AYIUTOPHOM PABOTHI

11.1. TIpoBepsre, siBasieTcs v GYHKIHS u(x,y) = ¢(x” + y*), TA€ @ — NPOU3BOJIBHAS

11.3. Haiinute oOuue pernieHus ypaBHEHHI: a)

muddepenuupyemas QyHKIUs, 0Oujum PEIICHUEM YpaBHEHUS

x&dmy)_ymdmy)=0
)% 0x

o du
11.2. Haiinute pemieHne ypaBHEHHS a—=x ,  YIOBJETBOPSIOLIEE YCIOBUIO
X

u(x,y)|x=0 = yz'

9’ 2
Fuxy) g, 5 SUOD) Ly
oxdy ox

11.4. TlycTe naHO KBa3WJIMHENHOE YPABHEHHE 2-T0O MTOPSAIKA

2 2 2
TU 3 O 90 4% dy(x,y) = 0.
ox oxdy dy ox %

BrrsicHute, K KaKOMy BUy IPUBOAUTCS TAHHOE YPABHEHUE C IIOMOILBIO 3aMEHBI
S=y-x
IIEPEMEHHBIX:
n=2y-x
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11.5. Haiinute oOnactu (MHOXXECTBA) THUMNEPOOTUYHOCTH, NApaOOJIUYHOCTH U
AIUIUNITUYHOCTH JIJIs CIEAYIOIIEr0 YPAaBHEHUS:

9*U(x,)

2 2
a-xﬂﬁlg%ll—zwﬁlﬂﬁll-a+yﬂ——gz——+ﬂany)=a

dx0

IV. 3AJAHUS )11 CAMOCTOSTEJIBHOM PABOTHI

11.6. IIpoepsre, sBnsercs mu pyrkmus exp(x® + ¥ ) @(x) +y(»)), Tae ¢x), (y) —
POU3BOJIBHBIE ABAX I Tu( depeHIrpyemMble GyHKINH, PEIICHUEM YpaBHEHUS

9’u(x,y) y Julx,y) _ou(x,y)

+xyu=0.
oxdy ox ay

2

11.7. Haligure peuieHne ypaBHEHHUS = X+ y — Xy, YAOBJIETBOPSIOILLEE YCIOBUIO

oxdy
u(x,y) _, ="

11.8. Haiinute ol1iee pelieHnue ypaBHEHUS gulxy) _ X+ y —xy.

11.9. IlycTs naHo TMHENHOE ypaBHEHUE 2-T0 MOPSAKA

0%u 0°u 0’u
~+2 +5— -32u(x,y)=0.
ox oxdy  ady

BBI)ICHI/ITG, K KaKOMY BHUAY IIPHUBOAUTCA JAHHOC YPABHCHUC C ITIOMOIIbIO 3dMCHBI
S=y-x

[IEPEMEHHBIX:
n =2x.

11.10.Haiinure oOmactu (MHOXECTBA) TUMNEPOOTUYHOCTH, MNAPAOOJIMUYHOCTA U

SJUTMITUYHOCTU JJIA CIICAYIOIICTO YPABHCHUA:

2 2 2
uz-n9£%§22+zwélﬂfig+gﬂ-Dﬁlﬂ§12+&ﬁylany)=u
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SAHATHUE Ne 12

Tema: Kanonnueckune ppopMbl KBAa3WINHEHHBIX YPABHEHU
€ YACTHBIMH NPOU3BOAHBIMU 2-T0 MOPAIKA.
OcHoOBHbIE yPABHEHHS] MAaTeMaTH4eCKOi (PU3UKHU

I. OCHOBHBLIE TEOPETUYECKUE CBEJAEHMA

12.1. IlpuBexeHue K  KAHOHHYECKOMY BHMAY  KBa3WIHHEHHBIX
AU(pPepeHINANBHBIX YPABHeHUH 2-10 nopsiaka. [lonsitue XapakrepucTHYeCKUX
KpuBbIX. IlycTh 0 — HEKOTOPOE MHOXKECTBO Ha IIJIOCKOCTH Rfy U IIyCTh CHCTEMA

byHKIUH

& =¢(x,y) (12.1)
n=y(xy)

’ 2

63aUMHO OOHO3HAYHO OTOOpAKAET MHOXKECTBO () Ha MHOXeCTBO () miiockoctn R,

(cMm. puc. 12.1)

y A m A
Q
— —
0 X 0 £
Puc. 12.1

Ecau cuctemy (12.1) pa3peminTh OTHOCUTENIBHO X U ), TO MOJYYHUM CHCTEMY
byHKIUH

{x =@ (&n) (12.2)
Yy =I/}1(§’77):

C IOMOIIIBIO KOTOPOI TOUKU MHOXkeCTBa (0 mpeoOdpa3yroTcsi B TOUKU MHOKecTBa Q.
Omnpenenenune 12.1. OtoOpaxenue, 3agaBaemoe cuctemoil gynxuumit (12.1),

HA3BIBACTCSL HenpepwieHo Ougdepenyupyemviv B obnacmu’ G, ecan Kaxmas 3

byukiuit cuctemsl (12.1) HenpepsiBHO nuddepeHnrpyema B 3Toi o0aactu (T.€. Bce

2 3,&er u gajice rnona 00J1aCThIO IIOHMMAETCS BCIKOE OmKpbvlmoe U c653H0e MHOXKCCTBO Ha RZ.
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YacTHbIC MPOU3BOJIHBIC IMepBoro mopsaka OyHkumii E=@(x,y) u  n=y(x,y

HEeTNpephIBHEI B G ).
Hanpumep, oToOpakenue, 3ajaBaeMoe cCUCTEMON QyHKITUN

|
S=ry) (12.3)
n= ;(x - )
SBJISIETCSA HEMPEPBIBHO UM PEepeHIIUPYyEMBIM Ha BCEHl TIIOCKOCTH Rfy :
Onpenesnenune 12.2. OyHKIMOHAIBHBIN ONPEAECIUTENb BUIA
Ip(x,y) Ig(x,y)
IEm) _| ox 9y (12.4)
a(x,y) |0p(x,y) IY(x,y)
0x )%

Ha3BIBACTCA  onpederumenem Axobu’ WM AKOGUAHOM CUCTEMbI (DYHKIHIL
5 = ‘P(X:Y)a n =1//(x9y)'
1

Hetpyano mpoBeputh, uto sikobuan cuctembl ¢yHkiui (12.3) paBeH — — BO
2

BCEX TOUYKAX IIOCKOCTHU Rfy .

CrnpaBeyiMBO clieiytollee yTBepkaeHue (cM., Hanpumep, [11], gacts I, c. 561).
Teopema 12.1 Ecnu ¢hynkyuu (12.1) nenpepwieno oughgepenyupyemsi 6 kaxoti-

(&, n)

nubo oxpecmuocmu mouku M (x,,y,) u Axobuan
d(x, )

OMJIU4Yer om H)JA 6 amou

mouxe, mo ¢yukyuu (12.1) ocywecmensarom HnenpepvigHo oughgpepenyupyemoe u

63aUMHO  00HO3HAYHOe omobpadicenue Hekomopoii okpecmuocmu 2, mouxu
/

M,(x,,y,) Ha Hexomopylo okpecmuocms S2,  mouxu M (E,n,), 20e

E =p(x,,7,), 1, =¥(x,,¥,), hpuuem obpamuoe omobpasxcenue, 3a0asaemoe Cucmemou

@yuxyuii (12.2), maxowce 6yoem nenpepvigno oughpepenyupyemovim 8 Q/O

(&, n)
a(x, )

3ameuanue 12.1. BaxHo Takke OTMETHTD, UTO €CJIH SKOOHaH CUCTEMBI

Gyuxuuit & = @(x,y),n =1(x,y) HEIpEpbIBEH B HEKOTOPO# oonacmu G u 825, 77; =0 B
a(x,y

G, TO, COIJIaCHO M3BECTHOW Teopeme Kol 0 COXpaHEHHHM 3HAKAa HENPEPBIBHOM

8(5977) > Oa HI/I6O 8(5977) < 0-

a(x,y) a(x,y)

[TycTh nano kBazunuHenHoOe nudpepeHaibHOe ypaBHEHUE BUAA

¢yHkuuu, Bcroay B G uMeeM audo

** Kapn I'ycras SIkos SIko6u — Hemenkuit matematuk (1804-1851).

150



’U 0°’U 0°’U oU oU
11(x y) +2alz(x y) y+a22(x y) y +F(X y: a_) 0. (125)

OxasbIBaeTcs, C MOMOIIBIO CIEHHATBHON 3aMEHBl HE3aBUCHMBIX MEPEMEHHBIX
suma  (12.1), r1me  Qymxkmmm  @(x,y),)(x,y)  ABIAIOTCA  HENPEPHIBHO

mudpepeHIpyeMbIMU B HEKOTOPOU 00acT G M UMEIOT B HEW OTJIMYHBIN OT HYyJs
a(&.n)
d(x,y)
MPOCTOMY BHUJIY, KOTOPBIM NPHUHSATO HA3BIBaTh  KAHOHUYECKOU (HOpMOL HTOTO

AKoOuaH , tupepennuanbuoe ypaBuenue (12.5) MokHO IpUBeCTH K HauboJiee

ypaBHeHus. [Ipu 3ToM, Kak OyJeT ycTaHOBJIEHO HIKE, BBIOOp GyHKuui ¢(X, V), ¥ (x,))

CBSA3aH C PELICHUSMU (UHMeSPATbHbIMU KPUBbIMU) CIEAYIOIIEr0 OOBIKHOBEHHOIO
mudpepeHnanbHOro YpaBHEHUS:

2

d d
an(x,y)(d—ﬁ) —2a12(x,y>(d—fc)+a22(x,y) ~0. (12.6)

OO6biuHO ypaBHeHue (12.6) HaA3BIBAIOT ypagHeHuem Xapakmepucmuk s
muddepennuansaoro ypasuenus (12.5), a unrerpansl (pewenus) ypaBuenus (12.6)
Ha3bIBAIOT  XAPAKMEPUCMUYEeCKUMU  KPUBbIMU WU  XAPAKmMepucmuKkamu
muddepennuanbaoro ypapaenus (12.5).

CnpaBenBa ciaeayromnias npocras

Jlemma 12.1. Ecau w(x,y)=C, 20e C — npou3eonibHas hOCMOAHHAA, eCib 00Ul

unmezpan ouggepenyuanvhoco ypasnenus xapaxkmepucmux (12.6), mo @ynxyus
Z =a)(x,y) A615emcsl peulerHuem cnedyruleco oup@epeHyualbHo20 YpagHeHus ¢

YACMHBIMU I’lpOMS’@OOHbZMU nepeoco I’lOp}ZaKCl:
0z ? 0z dz
a”(x,y) _ +2a12(x y)__"'azz(x y) =0' (127)
ox 0x dy ay

Joka3zareabcTtBo. B camom nene, mycte o(y,y)=C — oOmuil wuHTerpan
ypaBHeHUs xapaktepuctuk (12.6). Torga Baosis 11000i1 XapakTepuCTUUECKON KPUBOU

y = y(x) Oynem uMeTh:
dy __o,(xy) (12.8)

dx  o/(x,)

[ToncraBnsas wHailinenHoe no Qopmyne (12.8) 3HaueHwue 4y g (12.6), momydaem
dx

TOXIECTBO (X, y)(a); (x, y))2 +2a,(x, y)a); (x, y)a)'y (X, ) + ay(x, y)(a)'y (x, y))2 =0, T.c.

byHKIUs z = w(X,y) NIeHCTBUTENBHO SIBISETCS perieHneM ypaBaeHus (12.7). <«
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Hanee, mpou3sBesi 3aMeHy HE3aBUCUMBIX MepeMeHHbIX (12.1) ¢ OTIUYHBIM OT
a(&.17)
a(x, )
JOMyCKalmMM o0paTHoe mpeoOpa3zoBanne Buaa (12.2)), auddepennuanbHoe

HyJId SKOOMaHOM

B HekoTopoi obmactu G C R’ (cresmoBatensHo,

ypaBHeHue (12.5) B HOBBIX IEPEMEHHBIX TPUMET BU:
0°U
9&dn

0’U oU oU
+A22(§,77)—2+(I)(§,77,U’—,—)=O, (129)
01 & dn

A4, (& m% +24,(E,7)

roe U = U(§7 77) = U[% (59 77)71/j1 (57 77)]9

An(fa’?) = a“é_-xz + 2a12§x§y + azzé:yza
A,(Emm=a,En, +a,(En, +En)+a,8n,, (12.10)
Azz (5:77) = annj + 2a1277x77y + azzny2

(3mech u panee, HanpuMep, £ 03HAYaeT YACTHYIO IPOU3BOIHYIO E).
' ax
3ameuanue 12.2. OT™METUM, YTO MOCKOJIBKY UMEET MECTO JIETKO MPOBEPAEMOE

PaBEHCTBO

A122 _AnAzz = (a122 _anazz)' [325,2;} (12~11)

(&,n)
a(x,y)
MIEPEMEHHBIX He MeHsem mun ouggepeHyuaibHo2o YpasHeHusl.

=0 B G, TO paccmarpuBaemoe mpeoOpazoBanue (12.1) He3aBHUCHMBIX

12.1.1. Ilycts nuddepennuansuoe ypaBHenue (12.5) B HexoTopoi oOiacTu
GQR; ABIIICTC  ypasHeHnuem  eunepbonruveckozo muna (T.e. D(x,y) =
=[a,(x, )] —a,(x,y)a,,(x,y) >0 B0 Bcex Toukax obmactu G ). B stom cimyuae

ypaBHeHHe  xapaktepuctuk (12.6) pacmagaeTcs Ha  COBOKYHHOCTh  JIBYX
OOBIKHOBEHHBIX UG (DepeHITnaTbHbIX YPABHEHUM:

_d_y=ﬂ (12.12)
dx a, ’ '
d_y=ﬂ. (12.13)
| dx ai,

IIpeanonoxum, uro p(x,y)=C, u g(x,y)=C,,rae C,, C, — IpOU3BOIbHBIE
IOCTOSIHHBIE, SBISIIOTCS 0Owumu unmezparamu audQepeHnnaibHbIX ypaBHEHUH

(12.12) u (12.13) coorBercTtBeHHo. Torma B cuiay jemmbl 12.1 npu 3ameHe
HE3aBUCHUMBIX NMEPEMEHHBIX BUAA
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{‘-’t:p(x’y) (12.14)
n=q(x,y)

muddepennuansuoe ypaBHeHue (12.5) mpeobOpasyercs B ypaBHenue (12.9), rme
4 =4, =0.

Takum o0Opa3oMm, mpu 3ameHe mnepeMeHHbIX (12.14) oJughgepenyuanvroe
ypaesuenue (12.5) eunepbonuuecko2o muna MPUBOIUTCS K YPAaBHEHUIO BUIA:

U oU oU

=0 B 9U7_
950 (& 0E " an

). (12.15a)

OO6wrunO ypaBHeHue Bua (12.15a) Ha3bIBaeTCS nepeou KaHOHUYEeCKoU opMoti
K8A3UTUHEUHbIX OUGhhepeHyUANbHbIX YPABHEHUI 2UnepOOIULecKo20 Mund.

OpHako 4acTO Ha MPAKTHUKE HMCHOJIb3YETCs WHasg KaHOHWYeckas (opma s
runepOoIMYecKuX ypaBHeHH. YToObI MOMy4uTh 3Ty (OpMY, JIOCTATOYHO B
ypaBHeHuu (12.15a) cnenath cienyronryro 3aMeHy NepeMEHHBIX:

1 1
a=2(s+m, f=2(-m.

[Ipu Takoy 3aMeEHE IEPEMEHHBIX UMEEM:

9E  9a 0F 0B 0E 2\ oa oB) on aadon ooy 2\ aa 0B )

oU dU da BUG/)’ laU oUu oU 8U60!+8U8[3’ 1{oU oU
da df

aU_iﬂ 1 aU aU

a&on an\ I& 4l 902 8/3’

oU aU
Hakonen, noacraBuB B ypaBHeHue (11.15a) nalineHHble 3HaUEHUS —E a—
n
°U ,
, OKOHYATEIIbHO MOJIYYUM:
d&on
3’U  9°U oU U
-2 =P,EnU,—,—). (12.156)
&~ an AE " In

VYpapuenne Buaa (12.150) npuHITO Ha3bIBaTh 8MOPOU KAHOHUYECKOU (HOpMOTL
KB8A3UTUHELHbIX YPAGHEHUL 2UnepOoIuyecKko2o mund.

Ipumep 12.1. [IpuBecTr K KAHOHUYECKOMY BUJly YPaBHEHUE

2
I U y%)? 29 lj-zy(1+y2)ﬂ=o (12.16)
ox* dy

Y HalTH ero odIee perieHue.
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PEIHIEHUE. OnpenenuM cHadajiia THN JaHHOTO ypaBHEHHUs. [loCKOnbKy B
nauHoM ciydae  D(x,y) =(1+y*)* >0 Bo Beex Toukax miockoctd R?, To (12.16)

SABJIACTCSA YPABHCHUCM 2un€p60jll/l'{€CK020 muna B Rjy .

VYpaBHenue xapakrepuctuk ais (12.16) umeer Bua:

2

(%) ~(1+y*)?=0.

Ho nocnennee nuddepenimanbuoe ypaBHEHHE PABHOCHIBHO COBOKYITHOCTH
CJIEYIONTUX IBYX YPAaBHCHHIA:

d—y=—(1+y2), (12.17)
dx
D14y (12.18)
dx

OO6mue wunTerpansl guddepenHuuanbupix ypaBHeHu (12.17) u (12.18) MoxkHO
3a7aBaTh COOTBETCTBEHHO B BHAC x+arctgy=C, u x-arctgy=C,, tne C,,C, —

MPOU3BOJIbHBIE TTOCTOsIHHBIE. Clie0BaTeNbHO, ISl TpuBeaeHUs ypaBHeHus (12.16)
KaHOHUYECKOU (popMe Hy»KHO ITPOU3BECTH CIEAYIONIYIO 3aMEHY MEPEMEHHBIX:

(12.19)

& =x+arctgy
n=x-arctgy.

Herpyano  mpoBepuTh, uTO mpu  3aMeHe  mepeMeHHbix  (12.19)
muddepennuansaoe ypasuenue (12.16) npumer Bua:
9*U
=0
a&on

Kax BunHo u3 npumepa 11.1, oOuiee penieHne nocieIHero ypaBHEHUs 3a/1a€TCs
B Buae U=g(&)+h(n), toe g(&) u h(y) — TPOU3BOIBHBIE JBAXKIBI

muddepenuupyemoie GpyHkiuu. Torma ¢ yuetom dopmyin (12.19) obuiee perienue
ucxoaHoro ypaBHeHus (12.16) MoxxHO 3a7aBaTh Tak:

U(x,y) =g(x + arctgy) + h(x — arctgy),
rjae g u h — npou3BoJibHbBIE BBl AU PepeHupyembie GyHKINU. 4

12.1.2. Ilycte nano nuddepenuuanbHoe ypaBHeHue Buaa (12.5), kotopoe B
o0nacTu GQR; ABIICTCS ypaeneHuem napaboauueckozo muna (T.e. D(x,y) =

=[a,(x, )] —a,(x,y)a,(x,y) =0 Bo Bcex Toukax obmactu G ). B srom cimyuae

ypaBHEHHE XapaKTepucTHK (12.6) paBHOCWIBHO cleaytomeMy auddepeHuaibHOMy
YPaBHEHUIO:
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dy _a,

. 12.20
dx a ( )

[Ipennonoxum, uro p,(x,y)=C, rae C — npou3BOIbHAs MOCTOSHHAsA, €CTh
obwuii  unmezpan gupdepenuuanpHoro ypasHenus (12.20), a ¢q,(x,y) -

TIPOM3BONBHAS QYHKIMS, TBAXIEI TUPPEpPEHIIPYeMas U TMHEHHO He3aBUCHMAs 110
OTHOIIECHHIO K GyHKmMH p (x,y). Torma B cuimy nemmel 12.1 mocie 3aMeHsI

INCPCMCHHEBIX B4

{5 = pi(x,))
n=q,(x,y),

nanHoe nuddepenunanbHoe ypaBHenue (12.5) npuBoautcs k ypaBuenuto (12.9), rue
A, =0. Ho B cuny napabonu4HOCTH HCXOAHOTO ypaBHeHus (12.5) m cooTHOIIEHUA
(12.11) umeem: A2 — 4, A,, =0. Otcrona BUAHO, 9TO U3 ToXAeCTBA A, =0, B CBOIO
oyepenp, cuenyer Toxaectso 4, = 0. CnenoBaTesbHO, B JaHHOM Cllydae ypaBHEHHE
(12.9) Oyner uMeTh BU;

9*U oU oU

—2=(I)2(§777aU9_9_)‘ (1221)

7 0& a7

VYpapuenne Buna (12.21) Ha3pIBa€TCA KAHOHUYECKOU (HOPMOU KBAZUTUHEUHBLX

ougpepenyuanvHulx ypasHeHutl 2-20 nopsaoKa napadboiuiecko2o mund.

Ipumep 12.2. [IpuBecTy K KAHOHUYECKOMY BUJly YpaBHEHUE

2 2 2
L A A P (12.22)
0x oxay ay ay

Y HalTH ero obImee perieHue.

PEIIEHME. Tak kak B mamHoM ciydae D(x,y) = (xy)’ —x°y° =0 Bo Bcex
TOYKaX IUIOCKOCTH Rfy , To (12.22) siBnsieTcs ypaBHEHUEM napaboiuyecko2o mund.

VYpaBuenue xapakrepuctuk ais (12.22) umeer BuA:

2

(Y +2xy@ +y° =0 wm __ 7
dx dx dx X

OOmuit uHTErpas MOCJIEAHETO YpaBHEHUS MOXHO 3aJaBaTh Tak: xy = C, 1€
C — npousBonbHasg mnocTosiHHasg. CnemoBarenbHO, 1si npuBeneHus (12.22) x
KaHOHMYECKOMY BH]IY 3/I€Ch MOKHO HCIIOJIb30BaTh, HAPUMED, CIAEAYIOUIYIO 3aMEHY
MEPEMEHHBIX:

*’ Ha npakTHKe B KauecTBe q, (x, y) BBIOUPAIOT (QYHKIUIO, KOTOpas ABIseTCA Haubosee MPOCToil U InHEeHHO

HE3aBHCHMON 110 OTHONICHUIO K M3BeCTHOM dyHKumu p, (X, ).
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{é?:xy. (12.23)
n=y

[IpousBens 3ameny nepemeHHbIx (12.23), Oynem umeTsh:

1% 8Uc’)§ GUan 8U oUu 8Uc’)§ E)Uan GU U

ox & ax an ox 857 dy 9& 6y an dy 85 877

O°U _ 9 (dUY_a ,9U 2<32U 3’U 9 (aU\ _
ax*  ox\ ox a§ agz’ oxdy oy ox
oU U U U _ 9 (U 20 U ’U U
=—+Xy—+) , > = +2x t -
oE oE g > ay| ay 9E? o0& an

[ToncTaBuB HalJIeHHBIE 3HAYEHUSI YACTHBIX MPOU3BOAHBIX B (12.22), momyunm
2

KaHOHHYECKYIO (POpMY aHHOTO ypaBHEHHUs: —- = (. [IponHTerpupoBaB noc-jeatHee

ypaBHEHHE, HaiineM ero obdmee pemeHue B Bune U =g (&5 +h(5), tne g, (&) u
h, (&) — npousBonbHble ABaxAbl auddepenuupyemele Gpynkuuu. Torma ¢ yderom

(12.23) oOmee pemenue nuddepeHuranbHoro ypaBHeHus (12.22) 3amaercst Tak:
U=g(xy)y+h(xy). 4

12.1.3. Ilycts nuddepennuansuoe ypaBHenue (12.5) B HexoTopoi oOiacTu
GQR; ABIICTC  ypaeHueHuem  saaunmuyeckoeo muna (1.e. D(x,y)=

=[a,(x, )]’ —a, (x,y)a,(x,y) <0 Bo BCcex Toukax obmacTu G ). B 5TOM ciydae

ypaBHeHHe xapaktepuctuk (12.6) pacmagaeTcs Ha  COBOKYMHOCTh  JIBYX
O0OBIKHOBEHHBIX UG (DepeHIInanbHbIX YPAaBHEHUH CIEAYIOIIEro BUAA:

d_y =@+i\/all(an’)azz(an’)_[alz(xay)]z (12.24)

b
dx ay a

Ay _ay _ N ()an () -[an ()
dx  ay, a,, '

(12.25)

[Ipenmonoxum, 9TO KomujaeKCHull obwull uxmeepan audhepeHInaaIbHOTro
ypaBHenus (12.24) mmeer Bum: A(x,y)+iu(x,y)=C,, tae C, — NpPOHU3BONbHAsA

IIOCTOSAHHAsA, ITpHYeM 37echb A(x,y) 1 u(x,y) SABIAIOTCA JEWCTBUTENBHBIMH
(GyHKIMAMU CBOUX aprymMeHToB. Toraa A(x,y)—iu(x,y)=C,,tae C, — IPpOU3BOJIbHAs

MOCTOSIHHASL, OYJIeT obwum unmezpanom nuddepenuuanbaoro ypasuenus (12.25). B
ATOM CITydae ¢ MMOMOIIBI0 3aMEHBI HE3aBUCUMBIX TIEPEMEHHBIX BHJIA
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7= uxy)
nonyyaeM ypaBHenue (12.9), rne 4, =4, u 4, =0.
B camom nene, B cuiny nemmsl 12.1 dyHxmusa z = A(x,y) +iu(x,y) sABIsSeTCA

pemenueM nuddepeHnranbHoro ypasuenus (12.7), T.e.
a, (X, Y)(A, +iu,)” +2a,(x,y)(A, + iu A, +iu,)+ay,(x, y)A, + iyy)2 =0.(12.27)

Breigenss HGIZCTBHTGJIBHBIG U MHHMBIC 4aCTH H3 IIOCIACAHCTO TOXICCTBA, B CBOIO
o4cpclb, MOJYYHUM CICAYIOMHUE ABa TOKACCTBA:

ay (6 (A, = 1)) +2a, (6, ) A A, — )+ ay (6,04, - ;) =0, (12.28)

all(‘x’ y)j"xll’tx + 2a12 (‘x’ y)(j’xll’ly + Atlxiy) + a22 (‘x’ y)j’yl[’ty = 0 . (12'29)

Ho toxnectBo (12.28) paBHOCHIBHO A, = A, , a (12.29) ecTh pa3BepHyTas 3amuch

22 2

ycioBus A4, =0.

Takum 00pa3om, mocie 3aMmeHbl nepeMeHHbx (12.26) ypaBuenue (12.9)
MPUBOJIUTCS K BUJTY:

2 2
U Y oY Y, (12.30)
05"  an 0& dn

VYpapuenne Buaa (12.30) Ha3bIBACTCA KAHOHUYUECKOU (HOPMOU KBAZUTUHEUHBLX
ougpepenyuanvHulx ypasHenutl 2-20 NOpsaOKa dIUNMULECKO20 MUNQ.

Ipumep 12.3. [IpuBecTr K KAHOHUYECKOMY BUJly YpaBHEHUE

3’U

2

2 2
GU_46U+5

o et 0. (12.31)

PEIIEHUE. Tak kak B mamHOM ciydae D(x,y)=(-2)"-5=-1<0 B0 Bcex
Toukax miaockoctd R, To ypashenue (12.31) ma Bceit miockoct R; - sBisietcs

ypaBHEHUEM aiunmuyeckoeo muna. YtoOsl mpuBectu (12.31) Kk KaHOHUYECKOMY
BUJY, 3alHIIEM YPABHEHUE XAPAKTEPUCTHUK:

2
& +4 & +5=0.
dx dx
[Tocennee ypaBHEHHME PAaBHOCWIBHO COBOKYIHOCTH CIEAYIOIIUX JBYX

.. d : y .
YpPaBHEHUI: d_y =-2+i W % = -2 —i. OOt UHTErpan NepBoro U3 3TUX YpaBHEHUN
x
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MOXHO 3ajaBaTh Tak: (2x+ y)—-ix=C,, tne C, — NPOU3BOJIbHAA IIOCTOSHHAS.

CrnenoBarenbHO, TPOU3BEAS 3aMEHY HE3aBUCHUMBIX IEPEMEHHBIX IO (OpMyJiaMm

E=2x+y
n=-x
3’U  d°U
HETPYAHO yOeauThes, uTo ypaBHeHue (12.31) npuBoauTtcs Kk BUAY = + o 0.4
n

12.2. OcHoBHbIe ypaBHeHHsl MaTemMaTHdeckoil ¢usuku. Kak yxe ObUIO
orMedeHO B myHkTe 11.1, mpu wu3ydeHUM OONBIIMHCTBA (UBUYECKUX U HUHBIX
MPOLIECCOB U SIBJIEHUI MPUXOJUTCS CTAIKUBATHCSA C TEM, UTO UCCIEAyEeMble CBOWCTBA
00BEKTa ONUCHIBAIOTCA (DYHKIMSAMU HECKOJIbKMX NEPEMEHHBIX BEIMYMH. B Takux
Clly4asiX IpHU COCTaBJIEHWHM MATEMAaTHYECKUX MOJENeH, KaK MpaBUIIO, BOZHUKAIOT T€
WM UHbIE TU(dPepeHInaTbHbIE YPAaBHEHUS C YACTHBIMHU NTPOU3BOAHBIMU (YPaBHEHHUS
Marematudyeckoi ¢usuku). Kpome Toro, ypaBHeHHS MareMaTH4YecKol (DU3UKU B
OCHOBHOM  OIMCBHIBAIOT (PU3MYECKHE MPOLECCHI, NPOUCXOIAIIUE B CHIOUHOU
(nenpepuignou) cpene. Ilpu ’TOM OCHOBHBIE JIOKAJIBHBIE XapaKTEPUCTUKU (PU3UUECKOM
cpenbl (TeMIiepaTypa, JaBJICHHE, IEPEMEIICHHUS TOYEK U T.J.) pACCMaTPUBAIOTCS Kak
HeusBecTHble QyHKIMHU U OT BpeMEHHM ¢ U KOOpAMHAT To4yek cpensl M(x,y,z), T.€.

U=U@t,M)mm U =U(t,x,y,z).

B 3aBHCHMOCTH OT TOT'0, 3aBUCSAT JIK NCKOMBIC JOKAJIbHBIE XapaKTECPUCTUKH OT
BPEMEHU WJIH HET, Pa3IUYaAlOT 2601I0YUOHHble YpaeHeHUus (B KOTOPBIX HEW3BECTHAS
byskmus U =U(t,x,y,z)) W ypasueHus cmayuonapHo2o cocmoanus (Tae

U=U(x,y,z)). Kpome T0ro, B COOTBETCTBHUH C PAa3MEPHOCTBIO CPEIbl, B KOTOPOU

IPOUCXOAUT (U3UUECKUH TIPOLECC, Ppa3INYalOT O0HOMEpHble, O8yMepHble U
mpexmepHvle ypaBHEHUS] MATEMAaTHIECKON (PU3UKH.

[IpuBeneM HECKOJIBKO KJIACCUYECKHX MPUMEPOB YPaBHEHUH MaTEMaTHYECKOMN
bu3UKH.

[Ipy  wW3yyeHHMHM  pa3NUYHBIX  BHUJAOB  BOJH  (YHOPYTHMX, 3BYKOBBIX,
ANIEKTPOMArHUTHBIX), @ TAKKE JAPYTHX KOJeOATEeNbHBIX SBJICHUN YaCTO MPUXOAUM K
TaK Ha3bIBAEMOMY MPEXMEPHOMY BOTHOBOMY YPAGHEHUIO:

U ,(d*U o*U o*U
; = da >yt ot
ot 0x ay 0z

, (12.32)

rne U=U(¢,M) wm U=U(t,x,y,z) — HUCKoMasg (QyHKOUSA, @ — HEKOTOpasd
JEHUCTBUTEIbHAS TOCTOSHHASA. B YacTHOCTH, ecnm wu3ydaemas cpena SBISICTCS
oonomepnou (1.e. Toukn M (x) — onmHomepHble), To BMecTo (12.32) mosyuaem

0OHOMeEpHOE 80IHOBOE YPABHEHUE:
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(12.32a)

W3 kypca (GU3WMKH W3BECTHO, YTO TMPOIECCHI PACHPOCTPAaHEHUS TEIUla B
00HOPOOHOU (T.€. OMHAKOBOW BO BCEX TOYKAX) U uzompontoti (T.€. ONMHAKOBOH BO
BCEX HAaIPaBIICHUSX) cpefie, a Takxke NU(PQy3MOHHBIE MPOIECCH OMUCHIBAIOTCS TaK
Ha3bIBAEMBIM MPEeXMEePHbIM YPABHEHUEM MeNI0nPO8OOHOCIU:

U (U U U
-, =¢ v ot
ot ox ady 0z

: (12.33)

rne U=U@,M) wmm U=U(t,x,y,z) - HeusBecTHas (yHKUUSA, C — HEKOTOpad
JeHCTBUTEIbHAS TIOCTOSIHHAS. SICHO, UTO 00HOMEpHOE ypasHeHe Mmenionpo8oOHOCMU
OyJlleT UMETh BU/I;

oU  ,9°U
=C .

12.33a
ot ox> ( )

Haxonen, npu u3y4eHuu npocmpancmeenblx CTAllMOHAPHBIX TEIUIOBBIX MOJIEH,
a TAK)K€ MPU OMHCAHUHM HEKOTOPBIX JIEKTPOCTATUYECKUX TMOJEH U MATHUTHBIX MOJIEH
IIOCTOSAHHBIX TOKOB IIPUXOAUM K TaK HA3bIBAEMOMY MPEXMEPHOM) YPAGHEHUIO
Ilyaccona:
2 2 2
U 9°U 9U
Tttt =f(x,2), (12.34)
0x ay 0z

rne U=UM) nmm U=U(x,y,z) — nckomas ¢yHKumsa, a f(x,y,z) — 3agaHHas
(dbyHKIUs, Ha3bIBaeMasi @yHkyuel ucmoynuxa menia. Ecnu ke B uzydaeMou cpeje
HMCTOYHUKH TEIJIa OTCYTCTBYIOT, TO ypaBHeHue (12.34) mepexoaut B mpexmepHoe
ypaenenue Jlannaca:
’U U U
ax* ¥ 8y2 ¥ 0z° B

0. (12.35)

Ecnu e uzydaemble moss SBISIIOTCS niockumu, To BMecto (12.34) u (12.35)
MOJIYYArOTCSI COOTBETCTBEHHO O8yMepHbvle ypasnenus [lyaccona u Jlanaaca:
2 2 2 2
o°U o°U U 07U

+ = J (X, U +
x> 9y’ J(0.) x> 8y2

0. (12.36)

Yacto mnpuBeneHHble Bbimie ypaBHenus (12.32)-(12.36) Ha3zwbIBaroTCs
OCHOBHLIMU  YDABHEHUAMU MAMeMamuyeckou @Qu3uku, TaK KaK HW3YyYEHUE OTHUX
ypaBHEHUI MO3BOJISIET MMOCTPOUTH TEOPUIO IMUPOKOTO Kpyra (pU3nuecKux sIBICHUN U
pemuTh psa GU3NYECKUX U TEXHUUYECKUX 3a]1ay.
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OTMeTHM, 4TO KaXKJ0€ M3 OCHOBHBIX YpPaBHEHUU MaTeMaTUYeCKOW (U3UKU
HMMEET, BOOOIIE TOBOps, OECUUCIECHHOE MHOXKECTBO (uacmHuvix) pewenui. Ho mipu
M3YUYCHUH KOHKPETHON (u3nueckoil mnpoodiemMbl HEOOXOJUMO M3 BCEBO3MOXKHBIX
pemieHuid  gaHHoOro audQepeHuanbHOr0 ypaBHEHHUSI BBIOpAaTh TO, KOTOPOE
YIOBJIETBOPSET HEKOTOPBIM O00nOAHUMENbHbIM Yca08usim. OUeHb 4acTO B KauyeCcTBE
TaKuX JIOMOJHUTEIBHBIX YCIOBUM pPAcCMaTpPUBAIOTCS TaK Ha3bIBAEMBIE Kpaegvle
(epanuumnbie) U HAUANbHbLE YCA0BUSL 3A0AYU.

B ciyuae, korga rpaHuna M3ydaemMou cpeibl MOXET OKa3aTh CYIECTBEHHOE
BIIMSIHUE HA MHTEPECYIOUIME HAC 3HAUYECHUS JIOKAIbHBIX XapaKTePUCTUK (MCKOMBIX
(dyHKIUI), TO TOJDKHBI OBITh YKa3aHBI Kpaegvle (epaHuyHbvle) YCa08Usl, OMUCHIBAIOIINE
JIOKaJIbHbIE XapaKTEPUCTUKU B TOUKAX TPaHUIBI paccMaTpuBaemoil cpeanl. Kpome
TOTO, B CIIy4Yae 960JIOYUOHHBIX YPAGHEeHUll  3aJA0TCS €Ile HaAualbHble )CIO08US,
OMUCHIBAIOIINE 3HAYEHUS JIOKAJbHBIX XapaKTEPUCTUK B HEKOTOPBIM HavaIbHBIN
MOMEHT BPEMEHHU.

OOBIUHO B Kypce ypaBHEHHH MaTeMaTUueCKOW (PU3MKW IS ypaBHEHHUM BHAA
(12.34)-(12.36), oONKUCHIBAIOWIUX CMAYUOHAPHbIE NPOYeccyl, 3ANAIOTCSI Kpaesble
(ecpanuumnvie) ycnosus, T.e. CTaBATCS Kpaesvle 3aoauu. Eciu e wu3ydaroTcs
asonoyuonHvle ypasHenus suaa (12.32)-(12.33a), To craBUTCS JIUOO0 HauanrbHas
3a0aua (3a0aua Kowu), T.e. korja kpome nuddepeHnanb-HOro ypaBHEHHs 3a/1al0TCs
€lle W HayallbHbIe YCIOBUS, JMOO HauanbHO-Kpaesas 3adaua, KOTAA HapsAy C
mudepeHManbHbIM YpaBHEHUEM 3aal0TCsl M HadalbHBIE YCIOBUSI, U KpaeBble

YCIIOBHUSL.
II.  KOHTPOJIBHBIE BOITPOCHI U 3AJIAHUA
. . [E=@(x, )
1. Korma otoOpaxkeHue, 3aaBaeMoe CUCTEMON (yHKIIUI S HAa3bIBACTCS
n=yxy

HenpepvleHo ougpepenyupyemoviv 6 ooracmu G 7 IlpuBeauTe KOHKPETHBIN
puMep HenpepbiBHO au(pdEepeHIpyeMoro oToOpaxKeHUusT B MOJYIJIOCKOCTH

G, ={(x,y)ER’|xER, y>0}.

&=g(x,y)

n=y(xy)

3. Uto HasplBaeTCs  ypasHenueM — Xapakmepucmux — 1ds  KBa3WIMHEHHOTO

2. Jlaiite onpeneneHue skoOMaHa CUCTEMBbI (PYHKIIUI {

mudepeHnanbHOro ypaBHeHus 2-To nopsijaka ?

4. Kak ompenemsieTcss 3aMeHa TEPEMEHHBIX TPH CBEICHUHM KBAa3WJIMHEHHOTO
mudpepeHnanbHOro YpaBHEHUS 2-10 MopsiJIKa eunepboIULecKo20
(napabonuueckoeo, sn1unmuyecko2o) muna K KAHOHHYECKou dopme ?

5. KakoBa kaHoHHMueckas QopMa KBa3WJIMHEHMHOTO YpaBHEHUS 2-TO MOpSIKA
aunepoonureckozo (napabonuyeckozo, dSAIUNMULECcKo20) Tuma ?
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6. Kakue nuddepeHunanbHple YpaBHEHHs] HAa3bIBAIOTCS OCHOBHLIMU YPAGHEHUIMU

mamemamuyeckou pusuxu ?
7. Kak ompenenstoTcsi HauaivHvle U Kpaegvle (2paHuuHble) YCIOBUS JJIsi OCHOBHBIX

ypaBHEHHUI MaTeMaTH4eCKON (HU3UKH ?

I1I. [IPUMEPHI U 3AJIAUM JIJIST AY IUTOPHOM PABOTHI

12.1. Haligute o01mue peiieHus cieayromux 1uddepeHnnalbHbIX YpaBHEHHM:

9’ 97 ? d
0) xz—Z—Zsmx 4o cos?x Y _cosxox P v 4-0.
X oxdy ay ay

12.2. Cnenyromue ypaBHEHUS NPHUBEAUTE K KAHOHUYECKOW (opmMe B KaxIOH u3
oOnacTel, rae CoOXpaHseTcsl TUIl pACCMaTPUBAEMOT0 YPaBHEHHUS:

u  0’u d°u 9°u d’u ou
a) y—+—=0; 6) xy’ — —2x° +x° —y’—=0;
) y8x2 ay’ ) ax’ yaxay oy’ 4 ox

2 2
B) a—zl+xya—b;=0

X d

IV. 3AJAHUS )11 CAMOCTOSTEJIBHOM PABOTHI

12.3. IlpuBenute k kKaHoHU4Yeckoi hopme anuddepeHIuaibHbIe ypaBHEHUS:

2 2 2 2 2
S R A L Y P Ay P AL v P L)
0x oxady ay 0x dy 0x ay )%

a)

12.4. Cnenyromiue ypaBHEHUs NMPUBEAUTE K KaHOHUYECKOW (opmMe B KaxkI0l u3
obJacteil, rje COXpaHsieTCsl TUIl PACCMAaTPUBAEMOI'0 YPAaBHEHUSI:

2 2 2 2
a) L2 9 I, 6) x0t oy Tl My,
0x oxdy ox ay ox ay
2 2 2
B) x8u+2x8u +(x—1)a—u=0.

ax’ oxdy ay’



SAHATHUE Ne 13

Tema: OgHOPOIHOE BOJIHOBOE YPABHECHHE HA KOHEYHOM HHTEpPBaJie
U HA NPAMOi

I. OCHOBHBIE TEOPETUYECKHUE CBEJIEHUA
13.1. 3aga4va o0 cBOOOAHBIX KOJIe0AHUAX KOHEYHOU CTPYHbI. MeToa @yphbe

PaccmoTpum  criepyromyro  guznueckyro 3amady. limeem  HaTAHyTyrO
OJIHOPOJHYIO CTPYHY KOHEYHOHN UIMHBI /[ M TOCTOSIHHOTO IOINEPEYHOI0 CEUCHMS,
3aKpeIUICHHYI0 Ha KOHIax. llox cmpynou monuMaem moukyio Hums, KOTOpast MOXKET
CBOOOJHO M3rndaThCs, T.€. HE OKa3bIBAET CONPOTUBIICHUSI U3BMEHEHUIO €€ (POPMBI, HE
CBSI3aHHOMY C U3MEHEHUEM €€ IHbI. Cuita HaTskeHus Ty, IeMCTBYIOIIAs HA CTPYHY,
MPEINOIaraeTcsl 3HAYUTEIbHOM, TaK 4TO
MOXHO TpeHeOpedb CHIOH  TskecTH. 1|
CrenoBaTenbHO, MOXHO CUMTaTh, 4YTO B
MOJIOKEHUH paBHOBECUS CTpyHa ult, x)

HarpasieHa o ocu OX u 3aHUMaeT OTPE30K

[0, 7] Ha Toit ocu (cm. puc. 13.1). Scno, uro O x ! X
Puc. 13.1

€CIM CTPYyHY OTKJIOHHUTb, TO OHa OyIeT
COBEpILIAThH KOJIeOaHUs OKOJIO MOJI0KEHHS paBHOBecHsl. byieM paccMaTpuBaTh TOJIBKO
MONEepeYHbIe KoJieOaHus, T.€. KojJeOaHusl, KOTOpble MPOUCXOAAT B Iuiockoctu XOY.
O0603HaunM uepes u(t, x) CMEIEHUE TOUYEK CTPYHBI B MOMEHT BPEMEHHU  OT MOJIOKEHHUS

paBHOBecHs. Toraa npu KaxaoM GUKCHPOBAHHOM 3HAYEHHH ¢ TpaduK QYHKIMH y(f, x)
naet (GopMy CTpyHBI B 3TOT MOMEHT BpemeHu (cMm. puc. 13.1). PaccmarpuBas

JIOCTaTOYHO Majible Koaebanus cmpyHl, MOKHO MOKa3aTh (CM., Hanpumep, [12], c. 21),
910 (DyHKUMSA y(f,x) AOJDKHA YAOBIETBOPATH CIEAylOIIeMy AuddepeHInaabHOMY

YPaBHEHUIO:

du_ .0u (13.1)

I . .
ragc a= — , 0 —JHHCHUHAaA INIOTHOCTh OJHOPOIHOM CTPYHEI, a T() — CHJIa HATAXKCHUA,

NEUCTBYIONIAsl HA CTPYHY.

VYpaBuenue (13.1) OyaeM Ha3biBaTh B JalbHEUIIEM ypagHeHuem C800O0OHbLIX
KONebaHuti cCmpyHsl Ui 00OHOPOOHBIM BOJIHOBbIM YPAGHEHUEM.

Kak ye 0b1710 oTMedeHo B myHKTe 12.2, ypaBHeHue (13.1) umeer 6eckoHeuHOE
MHOECTBO YaCTHBIX pelieHui. [1oaToMy /7151 MOTHOTO ONMUCaHUs ABUKEHUS CTPYHBI,
KpoMe camoro ypaBHeHus (13.1), Hy>KHBI ell1e HEKOTOPbIE TOMOTHUTEIbHBIE YCIOBHUS,
BBITEKAIOIINE U3 uU3ULECKO20 CMbICIA 3a0AYU.
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TaK, B HAa4YaJIbHBIM MOMEHT BpPEMCHHU [ = 0 HYJKHO 3aJ1aTb nOJIOMHCEHUE N CKOPOCHlb
BCCX TOYCK CTPYHBI:

u‘t=0=f(x), Z—j‘t=O=F(x), O=sx=</, (13.2)

rae f(x) m F(x) — 3apansbele pynkuuu Ha [0, /], npuuem f(0) = (/) =0. Ycnosus
(13.2) Ha3BIBAIOTCS HAYAIbHBIMU YCIIOBUIMU.

Kpome Toro, Tak kak cTpyHa 3aKperuieHa Ha KOHIAX, TO JOJKHBI BBITTOJHITHCS
YCIIOBHSI

=0 (13.3)

u

x=0=0’ u

x=[

ripu Beex ¢ = (0. YcnoBus (13.3) Ha3bIBAIOT Kpaesbimuy VI PAHUYHBIMU YCAOBUAMU.

Takum oOpazom, usuueckas 3adaua O KOJEOAHUSIX CTPYHBI CBEJIach K
cleaywuieln  mamemamuueckou — 3adaue:  TpeOyeTrcs  HaWTHM  pelleHHs
muddepennuansaoro ypaBuenus (13.1), KoTopbie yAOBIETBOPSUIM Obl HAUANbHBIM
yenosusam (13.2) u epanuynviv yenogusm (13.3).

B nanbHeitmem 3Ty 3agady pajaud KpaTKOCTH HA30BEM 3adaueli 0 c80000HOM
KonebaHuu KoHeuyHou cmpyHoul Wik 3adayvet (13.1)-(13.3).

B nacrosiee BpeMs u3BeCTHHI (cM., Hampumep, [2], [17], [22]) paznuuHbie
Metonnsl pemenus 3amaud (13.1)-(13.3). Huwxke wusnaraercs oauH u3 Haubosee
pacpoCTpaHEHHBIX METOJIOB PEIICHHS ATOW 3a/la4dd, KOTOPHIA MPUHSATO HA3bIBAThH
memooom Dypve U Memooom pazoeneHus nepemMeHHbIX.

bynem uckarb yacTHble penieHus: ypaBHeHus (13.1), He paBHbIE TOXKIECTBEHHO
HYJIIO, B BUJIC IPOU3BEICHUS

u(t,x)=X(x)-T(t), (13.4)

rae ¢ynkous X = X(x) 3aBUCUT TOJIBKO OT NEPEMEHHOM X, a BTOpas (pyHKIHA
T = T(¢t) 3aBucuT TOIBKO OT nepeMeHHou ¢. [Toacrasisasa pynkuuro (13.4) B ypaBHeHne
(13.1), nonyuunm
X(x)T"(t)=a’ X" (x)-T()
YN
@ X"(x)
T X(x)

(13.5)

PaBenctBo (13.5) MOMKHO BBIMOJHATHCS TOXKJAECTBEHHO MHpH BceX (=0 u
x€[0,/]. Ho 3T0 BO3MOXHO JHIIb TOTJA, KOTJa MpaBas U JeBas 4acTH PaBEHCTBA

(13.5) npencraBnstoT coO0M OHY U Ty K€ NOCTOSAHHY0. O003HAUNUM 3TY OCTOSIHHYIO
yepe3 —-A. Torma wu3 (13.5) mnonydyuM [ABa 0ObIKHOBEHHbIX  JUHEUHbLLX
ougpepenyuanvHblx  ypaBHEHHSI  BTOPOTO mopsiaka ¢ MTOCTOSSHHBIMU

kod(pdunreHTaMu:
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T ()+a’AT() =0, (13.6)
X"(x)+AX(x) =0. (13.7)

Paccmorpum cHauana ypaBuenue (13.7). 31ech HYXKHO HaWTU HeH)lesble
pemienus ypaHeHust (13.7), ypoBieTrBopsitoliie TpaHUUHBIM ycioBusM (13.3),
KOTOPBIE B HOBBIX 0003HAYCHUSIX UMEIOT BUJ:

X(0)=0, X()=0. (13.8)

Jlajnee BBIACHHM, IIPU KaKuX 3HadeHUAX mapamerpa A 3amada (13.7)-(13.8)
MOKET UMETh HEHYJIEBbIE pELIEHHS ",

Omnpenenenne 13.1. 3HaueHus mapameTpa A, IpH KOTOPBHIX 3ajada
(13.7)-(13.8) umeeT HEHYJEBbIE PELICHUS], Ha3bIBAIOTCS COOCMBEHHbIMU YUCIAMU, A
CaMM 3T PEIIeHHS Ha3bIBAIOTCS cobcmeenuvimu pyuxyusamu 3agadu (13.7)-(13.8).

Nrak, OyneM HaXoquTh COOCTBEHHBIC YKCIia U COOCTBEHHbIE (PYHKIIUM 3a]]a41

(13.7)-(13.8).

Hanee paccmorpum mpu cayuasa: A<0, A=0u A>0.
1) Ilycte A < 0. Toraa obmuee pemenue auddepeniuanpuoro ypasaenus (12.7)
MMEET BUI:

X(x)= Clem'x + Cze'm'x, (13.9)

rne C,,C, — npousBosbHBEIe NocTOsiHHBIE. IloTpeboBaB or ¢ynkumii Buma (13.9),

YTOOBl OHHM YIOBJIETBOPSUIM TpaHUYHBIM YycioBusiM (13.8), momyuum cucremy
YpPaBHEHHM:

C+C,=0

Ce'™ +Ce ™ =0.

Ho mnocnmennssa cucrema wuMeeT JMIIb HyneBoe pemenue, 1.6, C, =C, =0.

CnenoBaTenbHO, B 3TOM cirydae X (x)=0.
2) Ilyctb A=0. Torma oOmee pemenue ypaBHeHus (13.7) umeer BuA:
X(x)=C, +Cyx, roe C,,C, — npou3BoibHbIE MOCTOSTHHBIE. IIoTpeboBaB, 4TOOKI 3Ta

(GyHKIUS yAOBIETBOPsUIa TPAaHUYHBIM ycioBusM (13.8), OyiemM UMeTh:
C,+C,-0=0
{Cl +C,-1=0.
Orcrona cnenyer, uro C, = C, =0. CnenoBarensHo, u 31eck nMeeM: X (x) =0.
3) [Iycts A > 0. B aToMm cityuae ob1ee peiienne ypaBHeHus (13.7) umeet Bua:

X(x)=C,cos(x/Ax)+C,sin(A - x), (13.10)

** 06p1un0 3anauy (13.7)-(13.8) HassiBatot 3adaveii LlImypma-JTuyuns.
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rae C,, C, — IpOU3BOJILHBIC IIOCTOSHHBIE.

[Torpe6oBas ot pynkuuii Buaa (13.10), 4ToObI OHM yAOBIETBOPSUIIN FPAHUYHBIM
ycaoBusim (13.8), monyuum

C =0
C,sin(v/A 1) =0.
Tak kak C, = 0 (uHa4e X (x)=0), TO U3 MOCIIEAHEN CHCTEMBI BBITEKAET, YTO JOJKHO

BBIIIOJIHATHCS] PABEHCTBO:
sin(\/A 1) =0,
2
T.€. \/ZJ =gk, A = (?) Jk=12,...

Ntak, cooctBeHHbIMH unciamu 3agaun (13.7)-(13.8) aBastorcs aumib yucia

BHJIA
ko \*
j‘k= T ’k=172933--- (1311)
VYKa3aHHBIM COOCTBEHHBIM YHCJIaM COOTBETCTBYIOT COOCTBEHHbIE (DYHKIIMH
. krx
Xk(x)=sm—l , (13.12)

OIIpelleNIAEMbIE ¢ TOYHOCTBIO JO IOCTOSHHOTO MHOXKHUTENA, KOTOPBIA IIOJO0XKHM
pasubM 1, T.e. C, =1.

3ameuanne 13.1. U3 (13.12) BuAHO, 4TO MOJIOKUTEIbHBIE U OTPUIATEIbHbIC
3Ha4YEeHUsl mapameTpa k, paBHblE MO aOCOMIOTHOM BEIUYMHE, AAIOT COOCTBEHHBIE
(GyHKIIMK, OTIWYAIOIIMECS JIMIIb  TOCTOSHHBIM  MHOXHTENIEM, TaK Kak

. ( =kxx . (kxx
sin = —sin T . IlToaToMy 37€Ch 10CTaTOYHO, YTOOKI TApaMeTp k IpUHUMAI

JIUIIB TTOJIOKHUTENIbHBIC 3HaUeHU (T.e. KEN).

PaccmoTpum Teneps nuddepenimanpHoe ypaBHenue (13.6). 3aMeHuB B HeM A
2

Ha A, = (kT”) 1 0003HaYMB HCKOMYIO (pyHKIMIO yepe3 7 (1), momydum

akm

7;:'<r)+(7) T,(6)=0.

OO6miee pelieHre NOCIEIHETO YPaBHEHUSI UMEET BUI:

T.(t)=a, cosakTﬂt+bksinakT”t, (13.13)

rae a, u b, — IpoU3BOJIbLHBIE IIOCTOSHHBIE.
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Takum 00pazom, GyHKIIUU BUIA

u,(t,x)=X,(x)-T,(t)=| a, cosakTﬂt +b, sinakTﬂt -sinklﬂ, (13.14)

rae a, U b, — NPOMU3BONBHBIE MOCTOSHHBIE, YIOBIETBOPAIOT AU (PEepEeHIIMaTbHOMY

ypaBHenuto (13.1) u rpannunbiM yciaoBusam (13.3).

B cuny nuneitHocTH U ogHOpOAHOCTH ypaBHeHus (13.1) oueBUAHO, UTO BCSKAst
KOHeuHas cymma permienuit Buaa (13.14) takxe Oyner pemenueM ypaBHenus (13.1).
To xe camoe crpaBeUTUBO U AJIsl CYMMBI psijia

- makt makt ko
t,x) = —— + by si ' , 13.15
u(t,x) ;(ak cos ; . SIn ; )sm ; ( )

€CJIM 3TOT PSi CXOJUTCS U €r0 MOXKHO JIBaXIbl MOWICHHO TudPepeHIupoBaTh [0 X U
t, TpUYEeM psifibl, MOJydaemble B pe3ylsibrare AudepeHIupoBaHUs, PAaBHOMEPHO
cxomsares ipu O<x</ u =0 (mocTtaToyHble AJIA ATOTO yCIOBHUS OyAyT yKa3aHbI
Hwke). Kpome Toro, mockonbky Kaxabld wiedH psana (13.15) ynosaeTBopsieT
epanuynbim yeaosusam (13.3), To 3TUM ycrnoBUAM OyJIeT YAOBIETBOPSITH U CyMMa psijia
u(t, x).

Haxomnen, onpeenum Npon3BoJIbHBIE IOCTOSHHBIE @, U b, TaK, 4TOOBI QyHKIH

u(t, x), onpenensemas no ¢popmyie (13.15), ynosnerBopsina U 3aJaHHBIM HAYATbHbIM

yenosusim (13.2). st atoro norpedyeM, 4ToObI BBITTOIHSIUCH PAaBEHCTBA!

oo}

|, =2aksinkj;—x=f(x), (13.16)
=1

o e}

u!] o =Ek"7”bk sinkT’“=F(x). (13.17)

k=1
Ho pasenctBo (13.16) o3mawaer, 4dro uwmcia g, JOIDKHBI OBITH
ko3 puyuenmamu Pypve @ynxyuu f(x) B €€ pa3loKEHUU B PsA IO CHHyCaM Ha
unrepsaiue (0,/), T.e.

TS e k=12, (13.18)

a, = %;ff(f)SinT

kma
Amnanormyno paBeHcTBO (13.17) o3HadaeT, 4TO 4YHCIA T-bk JOJDKHBI  OBITH

ko3 puyuenmamu Pypve ¢hynkyuu F(x) B ee pa3noxxeHuu B psg Oypbe 0 CHHyCaM,
T.C.
2! k
b, =—fF(§)smi§d§, k=12,.. (13.19)
mak < [
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IToncrasmsas B (13.15) Bmecto a, u b, mx 3madenmsa usz (13.18) m (13.19),

OKOHYATCJIbHO MMOJIYUUM:

u(t,x) = %Z

Takum o0Opa3oMm, pelIeHHE TOCTAaBIEHHOM BBIIIE 3aJa4yd O CB0OO0OHbIX

makt 5 . Tkt kmﬁ,—‘

cos—— ff(&) §+sm— —fF(f) —=dE&|si in—=. (13.20)

Konebanusax KoHeunou cmpyHsl (3a0auu (13.1)-(13.3)) nmaerca B BHUAE CYMMBbI
¢dbyukimonansHoOrOo psiaa (13.20) npu ycnosuu, uto psag (13.15) cxoauTcs u ero MOXHO
B/l MOWICHHO IuddepeHunpoBaTh MO0 X W f, IPUYEM psAbl, MOJydaeMmbie B
pesynbrare nuddepeHunpoBanus, paBHoMepHO cxoaarcs npu O<sx </ u ¢ = 0.
CrnenoBaTebHO, BO3BHUKAET eCMeCcmEeHHblll 80NpoC: KaKUMU JOJKHBI OBIThH
3agaHHble QyHKMM f(x) U F(x), 4ToOBl BCE YKa3aHHbIC BBIIIE YCIOBHS

OTHOCUTENBHO PyHKIIMOHANBHOTO pana (13.20) BeinonHsauch? OTBET HA 3TOT BOMIPOC
JaeT caeayoiee yrepxkaeHue (cM., Harpumep, [19], c. 74).
Teopema 13.1. Ecau f(x) wna ompeske [0,l] o0sadxicovr wnenpepwigno-

ougpepenyupyema, umeem KYCOUHO-HENPEPBLIBHYIO MPEmblo  NPOU3BOOHYI0 U
Y00871emeopsiem YClo8UAM

f(0)=f()=0, f(0)=r"1)=0,
a F(x) nenpepvigno-ougpepenyupyema na [0, [], umeem mam Kycouno-nenpepwignyio
8MOPYIO NPOU3BOOHYIO U YOOBIEMEOPSIem YCI0BUAM

F(0)=F(l)=0,

mo ¢@yuxyus u(t,x), onpedenennas @yukyuonarohvim psaodom (13.20), 6yoem

pewenuem  3adayu  (13.1)-(13.3). Ilpu  smom  603MOJCHO  NOUNEHHOE
ougpepenyuposanue psoa (13.15) no x u t 06a pasa u nonyuenHvle psovbl CX00AMCSL
abconiomno u pagnomepro 6 oonacmu Q2 ={(t,x):t=0,0=x=</}.

3ameuyanue 13.2. BaxHO OTMETHUTB, YTO OTPAHUYEHHUS HA PYHKIUU f(x) U F(x)

, YKa3aHHbIE B YCIOBUAX TeopeMbl 13.1, docmamounsr u y0obnvl 1151 060cHo8aHUA
MIPUBEJCHHOTO BBIIIE Memooda peuterus 3a0ayu (13.1)-(13.3). Ho B To ke BpeMs OHH
SIBIISTFOTCSL CIUUUKOM JCeCmKUMU Y HE BCETJa BBIMOTHSAIOTCS. Ha camom nene MoXHO
nokaszatb (cMm., Hampumep, [22], c. 96), 4TO O cywecmeosanus peuienus 3a0aqu
(13.1)-(13.3) s6uoa (13.20) moctaTouHo mnOTpeOOBaTh, UTOOBl GyHKyus f(x) Ha
ompeske [0, 1] bvina 0sadcovl nHenpepvigno-ouggepenyupyemotl, a F(x) - RpoOCmo
HenpepuvleHO-0UphepeHyupyemori Ha SMom ompe3sKe.

[losTomy mnpu pemenun 3amad Bupa (13.1)-(13.3) Ha mpakTuke OOBIYHO
MPOBEPSICTCS] BBIIIOJTHEHUE YCJIOBHM CYIIECTBOBAHUS PEIICHUN, YKa3aHHBIX B
3ameuanuu 13.2.
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IIpumep 13.1. HaiiTu 3akoH KojieOaHUsI CTPYHBI JUIMHOM /, pacronoKeHHOU Ha
otpeske [0, /], ecnu B HauanpHbII MOMEHT BpeMeHH (¢ = () cTpyHe npuaaHa gpopma

x(I - x)
8/

KpHUBOU u = , @ 3aT€M CTpyHa OTmylleHa 0e3 HayajabHOM ckopocTu. CTpyHa

3aKperTieHa Ha KOHIIaXx. BHENTHUE CHITBI OTCYTCTBYIOT.
PEIIEHUE. B nannom cinywae tpebyercst pemuth 3agaqy (13.1)-(13.3) mpu
x(x=1)

YCJIOBUH, YTO f(x) = Y

s F(X)EO-

HeTtpyaHo npoBepuTh, 4TO PYHKIUH f(x) = x(a;_l—l)

U F(x)=0 yI0oBIETBOPAIOT

BCEM YCIOBHUAM, yKa3aHHbIM B 3amedanuu 13.2. CnenoBaTenbHO, pelIeHUE AaHHON
3a71a4u MOXHO uckaTh B Buje (13.15), rne a, u b, ompenensrorcs mo Gpopmyam

(13.18) u (13.19) cootBetrcTBeHHO. B cuiy hopmynst (13.18) 3neck Oyaem uMeTs:

20E0-8) vy kﬂg
i —f§s1 S de- zfs dE.
Boluncnssi mo 4YacTsM HWHTErpalibl, CTOSIINE B JIEBOM YacTHU TOCJIEIHETO
PABEHCTBA, MOJIYYHUM: a, = ﬁ B cBoto ouepensp, B cuiny Gpopmydsl (13.19) u
-1’z

F(x)=0 ©Oynem wumers: b, =0. CnenoBatenpHo, mnoxacraBmas B (13.15)

COOTBCTCTBYIOIINEC 3HAUCHUA ak n bk’ OKOHYATCJIbHO IMOJTYyYUM

~ 1 kamt . kmax
u(t,x)= —2 0s -sin ,
1(2k - 1) [ [

13.2. 3agaya Komm Aj OJXHOPOJHOI0 BOJHOBOI0O YPaBHEHHMSI HA
npsaMou. PaccMoTpuM Teneph CBOOOIHBIE KOJeOaHUS Oeckoneurou cmpyHwvl (T.e.
JOCTaTOYHO JJIMHHON CTPYHBI, BIMSHUEM KOHIIOB KOTOPOW Ha IMpolecC KOJIeOAaHHIt
MOYKHO MPEeHEOPEYD).

[IpyurHamMu, BBI3BIBAIOIIMMH KoJieOaHUST OECKOHEYHOM CTPYHBI, MOTYT
ABJIATHCS HayalbHbIE OTKJIOHEHHS CTPYHbl OT PABHOBECHOI'O TOJOXEHHS WU
COOOIICHHBIA CTPpyHE HAYaJbHBIA HMITYJbC, OOYCIaBIMBAIOIIUNA HEKOTOPOE
pacripeneneHue CckopocTed uactul] crpyHbl. [losToMy, omnuchiBasi CBOOOJHbBIE
KOoJeOaHusi OECKOHEYHOW CTPYHbI, HYXHO pEUIUTh OJHOPOJHOE YypaBHEHHE
CBOOOJHBIX KOJI€OaHUI

9%u(t, x) 2 9%u(t, x)
ot? ox’
NIPH HAaYaJIbHBIX YCIOBUSIX BHJIA

=0, —o<x<+o, >0 (13.21)
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ou

5L=o=w(x), (13.22)

u‘t=0 = w(x)a

rae GyHKIuu @(x), 1 (x) 3aJaHbl Ha BCEH YUCIOBOM NPAMON (—o0, + o).

OO6wruno 3anmauy (13.21)-(13.22) nassiBaroT 3adaueti Kowu 01 00HOpoOHo20
VpasHeHus. c60000HbIX KolebaHuli cmpynsvl WU 3adavet Kowu 0151 00HOPpOOHO20
80IHOB020 YPABHEHUS.

Jns pemenns 3agaun Komm (13.21)-(13.22) cHavana Haiinem obwee peuienue
ypaBHenus (13.21), a 3aTeM U3 HEro BBIACIHUM T PEIICHUS, KOTOPBIE YIOBIETBOPSIOT
HauanvHoim yeaosusam (13.22).

Ho nns maxoxxnenust obmero penienus ypaBHeHus (13.21) mpeaBapuTenbHO
MIPUBEJIEM €T0 K KAHOHUYECKOMY BUIY. 3aMETHUM, UTO YPAGHEHUE XAPAKMEPUCMUK TSI

d 2
(13.21) umeer Bum: (i) —a’ =0. Tlocuensee muddepeHmanbHoe ypaBHEHUE

PABHOCHUJIBHO CIIEAYIOUIEH COBOKYITHOCTH YPAaBHEHUN:
dx
dt
dx (13.23)
— =-a.
dt

O6mme uHTerpanbl auddepeHInanbHbIX yYpaBHEHUNW COBOKynmHOCTH (13.23)

MOJKHO 3a/1aBaTh COOTBETCTBEHHO B BHIe x—at=C, u x+at=C,, tne C,C, —

a’

MPOU3BOJIbHBIE TTOCTOsIHHBIE. Clieq0BaTeNbHO, ISl TpuBeaeHus ypaBHeHus (13.21)
KaHOHUYECKOU (popMe Mpou3BeieM CAeayOUIyIo 3aMEeHY TEPEMEHHBIX:

{§=x+at

y % —al (13.24)

[Tocne 3amennl nepemeHHbIX (13.24) ypaBuenue (13.21) cBoauTCS K ypaBHEHUIO

a*u(€,n)

BHJIA
a&on

= 0. nTerpupys nociennee ypaBHEHUE, TIOJIYYUM:

u(&n)=f1(E+ f,(m), (13.25)

rae f,(£), f,(17) — npousBoabHbIE ABAXKABI U hepeHIUpyeMble QyHKIUU.
Bo3sBpamasch k mepeMeHHbIM X U ), ¢ yueToMm (13.24) u (13.25), nonyuum
oowee peuenue ypasuenus (13.21) B Buge:

u(t,x)=f(x+at)+ f,(x—at). (13.26)

Hanee onpenenum GpyHKUUM f, U f, TaK, 4TOOBI BBIIOJIHAINCH HA4aIbHbIC

ycnosus (13.22), 1.e.
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J1(x) + (%) = () (13.27)
af) (¥) —afy (x) =(x), - <x<+m,
[IpounTerpupoBaB BTOpoe ypaBHeHUE cuctemsl (13.27), momydum
1 X
fl(x)—fz(x)=;fw(s)ds+C, (13.28)

riae xo 1 C — IIOCTOSTHHEIE.
Takum 00pa3oM, OTHOCUTENIBHO f, U f, MOJYYWIH alreOpandecKyro CUCTEMY

YpaBHEHUU BUA:

J1(0) + £, (x) = ¢(x)

1 (13.29)
fix) = f(x) = Zfz//(s)ds+C.

Hakonen, pemmuB cucteMy anreOpandeckux ypaBHenuit (13.29), a 3atewm,
NOJCTABUB HAWJIEHHBIE 3HAYCHHA f, M f, B IpaByl0 4YacTb (opmyisr (13.26),

OKOHYAaTCJIIbHO 6yneM HUMCTh.

p(x—-at)+@(x+at) 17
5 +Zx_fip(s)ds. (13.30)

Hrak, cipaBeIIuBO yTBEPKIACHHUE.

u(t,x) =

Teopema 13.2. Eciu ¢(x) 0sadcovl nenpepvigno-oughgepenyupyema, a y(x)
npocmo HenpepuvleHo-0ugpepenyupyema na (-o,+ ), mo saoaua Kowu  (13.21)-

(13.22) umeem edunHcmeeHHOe peuieHue, KOMOpPOe MONCHO 3A0a8amv Hopmynol
(13.30).
O6wuno popmyny (13.30) nHazbBawOT gopmynou /lanambepa Ons peuieHus

3a0auu Kowu (13.21)-(13.22).
Ipumep 13.2. Haittu pemenne cnenyromen 3agaun Komm:

2 2
J L(;(éax)_9a Z(t;x) =0, -0 < X<+, t>0, (1331)
t X
ou
u‘t=0 =0, E‘h():x. (1332)

PEIIEHUE. 3mecs a=3, @(x)=0, w(x)=x. O4EeBUIHO, YTO BCE YCIOBUS
TeopeMsl 13.2 Bemonsstorces. [loaToMy pemenne naHHOM 3aa4M MOYKHO MOJIYYUTh 110
dopmyne Mamambepa (13.30), monoxuB TamM a=3, @(x)=0, y(x)=x. Cnenas
COOTBETCTBYIOIIME BBIKJIAJKH, MOdayuyumMm perieHue 3anauu (13.31)-(13.32) B Buze:
u(t,x)=1tx. 4

13.3. IloHsiTHE KOPPEKTHOCTH 33/1a4 MaTeMaTUYeCKOM PU3NKHU. 3a1a49u
MaTeMaTU4ecKol (PU3MKM AeNATCA Ha JABE Ipynmnbl: 1) KoppexkmHo TOCTaBIEHHBIE,

2) nekoppeKkmHo IOCTaBIICHHBIE.
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Jnst Toro 4TOOBI OMpENEIUTh TMOHSITHE KOPPEKTHOCTH IOCTAHOBKU 3aj]a4y
MareMaTu4eckol (U3MKHU, 3aMETHM, UYTO KaxKJas Takas 3ajladya COJACPKUT Ps
BEJIMYMH, HA3bIBAEMbBIX UCXO0OHbIMU OanHublmMu. Hanmpumep, B 3amade Komm
(13.21)-(13.22) nns cBOOOAHBIX KoJieOaHMII OECKOHEUHOW CTPYHBI B KauecTBE
UCXOOHbIX OAHHLIX BBICTYNAIOT (QYHKUIUU @(x), 1 (x), YYACTBYIOLIUE B HAUANbHBIX

YC0BUsX ITON 3a7aUMu.

Omnpenenenune 13.2. Pemenue 3agaun MaTeMaTH4eCKOW (PU3UKK Ha3bIBACTCS
YCMOUYUBbLIM, €CIU JITIS1 BCIKOTO JACHCTBUTENIBHOTO Yncia &€ > () MOXXHO HAaWTU Takoe
0>0, YTO NpU U3MEHEHHH UCXOOHbIX OAHHBLIX 3a0a4u Ha BEJIWYMHY, HE
MPEBOCXOJISANIYIO IO a0COJIFOTHON BEIUYUHE O, PEIICHUE MOJIYYUT B KaXJOM TOUKE
paccMaTpuBaeMoOr 00JIACTH M Ha €€ TpaHMIle MPUpAIICHUE, HE MPEBOCXOJSIIEE MO
a0COJIFOTHOM BEJIMYUHE € .

Onpenenenune 13.3. ToBopAT, YTO 3adaya MaTeMaTHYEeCKOW (QU3HKH
nocmaeieHa KOppeKmHo B paccMaTpUBAEMOUM OO0JacTH, €CIM HCXOJHbIE JaHHBIE
3a/layu TaKOBBI, UTO €€ PEIICHHE cyuecmeyem, eOUHCMEeHHO U YCmou4ugo. 3agada
MaTeMaTU4eCKol (U3UKHU, HE YJAOBIETBOpAIOIIAs XOTsA Obl OJAHOMY H3 Tpex
MePEYUCIICHHBIX TPeOOBaHU, HA3BIBACTCSI HEKOPPEKMHO NOCMABIEHHOLL.

Hanpumep, 3amaua Komm (13.21)-(13.22) nns ypaBHEHUST CBOOOJIHBIX
KoJie0aHU OECKOHEUHOU CTPYHBI SIBIIETCS KOPPEKTHO MOCTaBIeHHOM. B camom nene,
U3 Pe3yabTaTOB MPEIbIAYIIETO MyHKTa BUJIHO, 4yTO 3aaada (13.21)-(13.22) umeer, u
MIPUTOM €MHCTBEHHOE, pellieHHe, 3a1aBaemoe ¢popmyioi anamb6epa (13.30).

[Tokaxxem, uto pemenue 3amgaun Komm (13.21)-(13.22) sBasercs eme u
ycemotuuugvim. JledcTBUTENBHO, Kak BUIHO U3 popmysl JJanambepa (13.30), ecnu

k”l (x) - @, (x)‘ <o u \%(X) ~Y, (x)‘ <0,, TO ‘”1 (t,x) —u, (tax)‘ <¢, npuieMm ¢ — 0 npu
0,—>0ng,—=0. <

II. KOHTPOJIBHBIE BOITPOCBHI U 3AJJAHU A

1. Cdopmynupyiite 3aa4y 0 KoJeOaHUSIX KOHEUHOU CTPYHBI.

2. B uewm coctout cyTh MeTtosia Dypre (MeTona pa3aeieHus NEPEMEHHbBIX) PEIICHUs
3aJlayy O KoJIeOaHUSAX KOHEUHOU CTPYHBI ?

3. Kakas 3amaua HaspiBaercs 3anauen Lltypma-JInysumns ?

4. Jlaiite ompeneneHre COOCTBEHHBIX 4YHuceNn (COOCTBEHHBIX (YHKIMI) 3a7aduu
IItypma-JInyBuis.

5. CdopmynupyiiTe HOCTATOYHBIE YCIOBUS CYILIECTBOBAaHUS PEIICHUS 3aJadd O
KOJIEOAHMSIX KOHEUYHOUN CTPYHBI.

6. Cdopmynupyiite 3amauy Koimu as OJHOPOAHOTO ypaBHEHHS KoJieOaHMI
OECKOHEYHOU CTPYHBI.

7. KakoBa kaHOHMYeCKas (popMma ypaBHEHHs KOJI€OaHUs CTPYHbI?
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8. Ilpum xakux ycnoBusix crupasenBa ¢opmyna Jlamambepa Juisi pelieHu 3aaadu
Kommu?

9. Kornaa 3agaya MareMaTH4eCKOW (PU3UKHU HA3bIBACTCS YCMOUYUBOU?

10. Korma 3amadya MaTeMaTH4YeCKON (PU3UKH HA3BIBACTCS KOppeKmHo (HEKOpPEeKmHO)
nocmaenesHou?

I1I. [IPUMEPHI U 3AJIAUM JIJIST AY IUTOPHOM PABOTHI

13.1. Haiigute 3akoH koyieOaHHWS CTPYHBI JJIMHOW /, PacmoJIO)KEHHOW Ha OTpPE3Ke
. . 27
[0, /], ecii B HaYaIbHBIA MOMEHT CTPYHE NpUaal0T popMy f(x) = H sin Tx, rae

H = const, a 3aTeM €€ OTHYCKalT 0e3 HayaiabHOU CKOpOCTH. KOHIBI CTpyHBI
3aKpeIyIeHbl, BHEIIHUE CHIIBI OTCYTCTBYIOT.

13.2. B HayanbHBIA MOMEHT BpEMEHH { = (0 CTpyHE, KOHIBI KOTOPOW 3aKPEIUICHBI B
Toukax x =0, x =/, cooOlIeHa HayaJbHasi CKOPOCTh

v, TIpH ‘x - l/2‘ < h/2,

F(x) =
) 0 npu ‘x—l/Z‘ > h/2

(v, =const, h=const). Onpenenure GopMy CTPyHBI B JII00O0H MOMEHT BPEMEHU

t, €CJIM HAYAJIbHOE OTKJIOHECHUE OTCYTCTBYCT.

13.3. CrpyHa, KOHIIBI KOTOPOW 3aKpeIUIeHbl B TO4Ykax x=0u x=1, umeer B
HayaIbHbIA MOMEHT Gopmy u(x,0) = H(x* - 2x* +x), H = const . HaiiquTe 3aKkoH
KoJiIeOaHUsI CTPYHBI, €CJIM HadaJlbHasi CKOPOCTb OTCYTCTBYET.

2 2
. o’u  Jd°u

13.4. Haiiqure pelieHne ypaBHEHUS —— = 5, YAOBJIETBOPAIOILEE CIEAYIOLUINM

ot 0x
HavdaiabHEIM ycroBusaM: u(x,0) =sinx, wu,(x,0)=0.
9%u 9°u

13.5. Haitqure penienue ypaBHEHUS 8_2 = 98—2, YIAOBJIIETBOPSIONIEE HAYAIbHBIM
t X

yenosusam: u(x,0) =0, u,(x,0)=x".

13.6. Haitnute 3akoH kosieO0aHusi 0€CKOHEYHOUM CTPYHBI, ONpeIeNsieMblil ypaBHEHUEM

2 2

(9 u 2 a u

P 5 =d P 5 €CJIM HA4YaJIbHOC OTKJIOHCHHUEC 3a/JaHO PaBCHCTBAMH
t X
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0 npu ‘x‘zl;
u0,x)=Jl-xnpu Osx=<l;
[+xnpu -l=x<0,

rjae [ —3amanHbii 0Tpe3ok. HauanbHasi CKOpOCTh M BHEITHSIS BO3MYIIIAIOIIAs CUjla

. [
paBHbI Hy10. [TocTpoiiTe mpoduias CTpyHBI B MOMEHT BpeMEHH ¢ =0 U f = e
a

IV. 3AJAHUS JIJISI CAMOCTOSTEJIBHOM PABOTHI

13.7. OnHOpoAHasA CTpyHA, 3aKPEIUICHHAsA B TOUKAaX x = (0 U x =/, UMEET B HAYaJIbHbIN
MOMEHT QopMy, 3aJaHHYyIO QYHKIUEH, onpeaeseHHo Ha oTtpeske [0, /]:
4hx/l npu O0=x=//4,
fx) =
4h(l-x)/(3l) mpu [/4=<x=<l
(3mecb h = const). HaliTu 3ak0H KOJI€OaHUS CTPYHBI, €CJIM HA4aJIbHAsI CKOPOCTb

OTCYTCTBYET.

13.8. OgHoponHasi cTpyHa 3aKkperieHa B Toukax x =0, x=/. HauanpHas ckopocTh
onpenensercs (GOpMyJIOun:

JT [ Il h
cos| —(x-—) npu |x-——|<—,
(h 2) 2 2
F(x)=
0 npu x—£>ﬁ
v 2| 2’

rie h = const. Haliqure 3aK0H KoJie0aHUsI CTPYHBI, €CJIM Ha4aJIbHbIE OTKJIIOHEHHS
€€ TOYEK OTCYTCTBYIOT.
0%u 5 0’u

13.9. Halinure pemieHue ypaBHEHHS pye =a PR YIOBJIETBOPSIONIEE CIEAYIOLIUM
t X

HavarbHBIM yeroBuaM: u(x,0) = (x—1)°, u,(x,0) =0.

. 0°u ) 0°u
13.10. Haitgure pemenne ypaBHEeHUS 6_2 =a a—z, YIOBJIETBOPSIOLIEE CIEAYIOIUM
t X

HAYaIbHBIM yCIoBuAM: u(x,0) =0, u,(x,0) =sinx+cosx.

13.11. Haiinure 3akoH KoiebaHusi 0ECKOHEUHON CTPYHBI, ONpeeIsieMblii ypaBHEHUEM

0°u 2 9%u T
— =4 — B MOMEHT BPEMEHH [ = —, €CIIU
ot 0x 2a

1 | :
u(x,0) = Zcosx, u,(x,0) =smx.
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SAHATHUE Ne 14

Tema: OqHOpOIHOE yPABHEHHE TENJIONMPOBOJIHOCTH HA NIPSAMOI

I. OCHOBHBLIE TEOPETUYECKUE CBEJAEHNA

14.1. 3agaya Komu 1 ypaBHEHHS] TEIJIONPOBOJHOCTH CTEPKHS.
[Iponecc mepenaun TEIIOTH OT OOJiee HATrPETHIX YAaCTEeM Tela K MEHee HarpeThiM
CBSI3aH C U3BMEHEHUEM TeMIiepatyphl U B pa3IMuHbIX YacTAx Tena. [loaromy onucanue
TaKoro mpoliecca B MaKpPOCKOIMMYECKON Teopurd B OOIIEM clydae CBOJAMUTCS K
OMPEIeICHUIO HECTAIIMOHAPHOTO TEMIIEPATyPHOTO MOJIS B TEJIE.

PaccmoTtpum TemmepartypHbIM mpoliecc B Telle, MPEACTaBISIONIEM CO00it
JIJIMHHBINA, TOCTaTOYHO TOHKUW OJHOPOJHBIN cmepoicerb, TEIUIOU30JUPOBAHHBIA OT
OKPY>KaroIIero NpoCTPaHCTBA, 32 UCKIIIOUEHHEM KOHIOB (cM. puc. 14.1). Kpome Toro,
OylneMm mpeAmnoyiaratb, 4TO GHYMpPU
CMEPIHCHAL OMCYMCMEYIOm Menjiosvle ‘ '
ucmounuxuy. Ecnu 00603HaUUM uepe3 &

U(x,t) TeMueparypy TOYEK CTEPIKHSA Puc. 14.1

c abciuccoi x B MOMEHT BPEMEHHU £, TO MOKHO TOKa3aTh (CM., Harpumep, [19], c. 82),
yto Qynkuus U(x,t) yaoBiaeTBopsieT quddepeHinanbHOMy YpaBHEHHUIO

—=a (14.1a)

IJIe a — HEKOTOpask MOCTOSHHAS.

B nanbueiimem ypaBHenue (14.1a) Oynem Ha3bIBaTh 0OHOPOOHBIM YPAGHEHUEM
Menionpo80OOHOCHU CHEPIHCHSL.

3amaua Kommwm 11 OMHOPOAHOTO YpaBHEHUS TEIUIOMPOBOIHOCTH COCTOUT B
HaXO0XICHUU (l)yHKI_II/II/I U(x,t), y,Z[OBJIeTBOp}IIOI_Heﬁ COOTHOIIICHUSIM:

( 2
£=a23(2f, —o<x<+%0,t>0, (14.1)
ot 0x
<U(x,z‘)|t=O = @(x), -0 < X < +®, (14.2)
U(x,0))sM, -w<x<+n,1>0, (14.3)

rae M — HEKOTOopas MOJIOKHUTEIIbHAS TTOCTOSTHHAS.
C ¢usunueckoii Touku 3penus 3anauy Komm (14.1)-(14.3) M0OXXHO UCTONKOBATH
TaK: B Ha4YaJIbHbI MOMEHT BpeMeHH (¢ = () TeMneparypa HEpaBHOMEPHO HATrPETOro
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OeckoHeUHOro crepkHsA 3amaHa (¢QyHkumed U(x,0)=¢(x). TpebOyercs HalTh

pacnpeznenenue remneparyp U(x,t) nis 1o0o0ro ¢ > 0.

CrnpaBeyinBO ciieylollee BaxXHOe yTBepxkAeHuE (cM., HarpuMmep, [19], c. 88).

Teopema 14.1. Eciu ¢(x) sa6aiaemcs KycouHO-HENPEPblGHOU U 02PAHUYEHHOU HA
oelicmeumenvHou ocu (-»,+x), mo 3adaya Kowu (14.1)-(14.3) umeem, u npumom

€auH0m6€HHO€, peuierue.

[Ipexne ueM ycTaHOBUTH anroput™m peurenus 3agaun Kommum (14.1)-(14.3),
BBEJIEM B PACCMOTPEHUE HEKOTOPHIE BCIIOMOTATENbHbBIC MTOHATHS U ()OPMYJIBI.

14.2. UnrerpaabHas ¢opmysa @ypbe u mnpeodpasoBanue Pypsbe.
ITycte dynkuus f(x) abcomomno unmecpupyema Ha (T.€. CYLUIECTBYET HHTErpal

+00

f ‘ f (x)‘ dx) M SBISETCS KYCOYHO-21A0KOU HA KKIOM KOHEYHOM OTpe3ke [—/, [] ocu

—®

OX . Torna, coriiacHO T€OpUU TPUTOHOMETPUUECKUX PsiioB Dypbe (CM., HAPUMED,
[11], Y.II umm [19]), 60 ecex moukax nenpepvienocmu ¢yuxkyuu f(x) cpaBeIJINBbI

cienyomme GopmyJibl:

f(x)=%°+;(ak coskTﬂx+bk sinkT’“ , (14.4)
I
a - %ff(t)coskdet, k=0,1,2, ... (14.5)
2
[
=%ff(t)sink7mdt, k=1,2... (14.6)
2

IToncraBus B mpaByro 4acth (14.4) BMecTo a, m b, nx 3nHadenusa u3 (14.5) n

(14.6), 6ynem uMeTh:

ff(t)dt+ E ff(t)c K= 4y (14.7)

Jlanee BbIsicCHUM, 4TO Tpou3oiaeT ¢ dhopmyinoi (14.7), ecnu B Helt nepeiaeM K
npeney npu / — .
J171s1 3TOTO, BO-MIEPBBIX, 3aMETUM, YTO

1! R
s}ggz—lﬂf(t)wts}ggz—lﬂf(tﬂdt=0. (14.8)

lim
[/ —00

1 /
E_f,f(t)dt
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kr TT
Bo-BTOpBIX, ecim BBeneM OOO3HAYeHHA o, = 7, Aa, =a,,, -0, =—, TO

[
cymMMy B mipaBoii yactu (14.7) MmoxHO 3anucars B (hopMe UHTETPAIbHON CyMMBI BUJa

| & I
;;Aakif(t)cosak(t—x)dt

[o2] e

JUTS] HTHTErpaa 1 f da f f(¢)cosa(t — x)dt. CnenoBaTenbHo, U3 paBeHcTBa (14.7) mocne
Tyl

repexoja K npeaeiny npu /[ — oo moIy4uM:
f(x)=lfdaff(t)cosa(t—x)dt. (14.9)
Ty

®opmyna (14.9) HazpiBaeTcst unmezpanvrou ghopmynou Pypuve.

B Oonee o0miem cnydae CHOpaBeasiuBO CIIEIyIONIEEe YTBEpXKACHUE (CM.,
Hanpumep, [19], c. 25).

Teopema 14.2. Ecmu ¢ynkyua f(x) abcomomno unmezpupyema Ha
0elcmeumenbHol OCU (=, +®) U KYCOUHO-2NA0KASL HA KAHCOOM KOHEYHOM OMpe3Ke

[-1,[], mo umeem mecmo pasencmeo:

f(x+0);-f(x—0) =i{da{f(t)cosa(t—x)dt, (14.10)

re f(x, +0)= lim f(x), f(x,~0)= lim f(x).

Hanee 3ametuM, yTo uHTErpan ®(a)= f f(t)cosa(t-x)dt B popmyine (14.9)

IPEJCTaBIsIET CO0OU uemmyio ¢ynxyuro om o, T.e. P(-a)=-DO(a). IlosTomy

paBeHCTBO (14.9) MOXHO BUAOM3MEHUTH TaK:

+00

f(x)=$Zda:£f(t)cosa(t—x)dt. (14.11)

400
B cBoto ouepenp, ¢pynkius Buna ¥(a) = f f(t)sina(t —x)dt ABISAETCA HeuemHou, 1

—0
+00

ModTOMy (IMOHMMAasi WHTETpaj f Y(a)da 6 cmulcae 2nagnozo 3uavenus no Kowu)

OyJileM UMETh:

+00

=$_fmda:£f(t)sina(t—x)dt. (14.12)

176



Hakonen, ymHoxast o6e yactu (14.12) Ha MHUMYIO €AMHUILY [ W BBIUUTAS
pesynbtat u3 (14.11), ¢ yuetrom Gpopmyn Dilsiepa, moaydum

_Lm " —ia(1-x) =L+w iox Lm -iat
fo)=5 _fmda :{‘Of(t)e dt=—— fw e ( N _fwf(z)e dt]da,

T.€. CIIpaBeJIUBBI (DOPMYIIBI:

1" .
_ o 14.13
S == _wa(a)e da, (14.13)
rac
1" .
- gy 14.14
Flay=—— _fmf(t)e dt (14.14)

Takum oOpazom, uHTErpanbHy0 hopmyiy Oypbe (14.9) MOxKHO IpeICTaBUTD B
BUJIE IBYX npeodpazosanuli: npamozo npeoopazosanus Pypve (14.14) u obpamnozo
npeobpaszosanus Pypwve (14.13).

[Tomy4yeHHBII pe3yiabTaT MOXKHO CHOPMYIUPOBATh B BHUJE CICTYIOIIETO
YTBEPKICHHUS.

Teopema 14.3. Ecmu ¢ynkyua f(x) abcomomno unmezpupyema Ha
oelicmeumenvHoll ocu (—o,+ ©) U KYCOYHO-21a0KAsl HA KAHCOOM KOHEUHOM OMpe3Ke
[-1,1], mo cywecmsyem npsimoe npeobpasosanue Dypve (14.14), u 60 6cex mouxax
HenpepvleHocmu QyHkyuu f(x) eepHa gopmyna oopawenus (14.13), 20e unmeepan
NOHUMAEMCsL 8 CMbICIle 21a8H020 3HayeHus no Kowu, T.e.

+o 4
fF(a)e"’“da = lim fF(a)e”’“da.
—oo -4

A—+00

3ameuanne 14.1. OT™MeTHM, 4TO MOTYUYEHHAS BBIIIE TPOMEXYTOUHAs PopMyria

| 1 * ot
xX)=—— [ — e “dt |da 14.15
) (m_fwf() ] (14.15)
HA3BIBACTCS UHMe2panbhol Gopmynoi Pypve 6 KoMniekcHoll (popme.

IIpumep 14.1. Haiitu npsamoe u obpatHoe npeoOpazoBanus Oypre GpyHKINN

-b
f(x)=e i , T7ie b — HEKOTOPOE MOJOKUTETBHOE YUCIIO.

PEIIEHUE. B cuny ¢opmynsr (14.14) u ¢ yueroM ueTHOCTH (GYHKIIUU

f(x)= e umeenm:

F(a)= PO dt+

[P S L i g
— (e e""dt=—— (e — (e dt=
\/2Jf:£ \/ZJI;[O N2 ‘{
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R TR im [ cbiar
b b

1
+
N2 A=\ b—ia ‘A) N2 A=\ = b —ia

Ortcroaa, cornacHo ¢popmyiie oopatmenus (14.13), noxyuum:

AZPL
0) Tbh+at’

f el _b }cosaxﬂsmax ]’fcosaxd 2b f CoS ax
b2+a a J b +at b* +a’

Ba)XHO OTMETHUTB, YTO MOIIYTHO MBI 37€CH MOIYYHIIN CIEAYIOINNA PE3yJIIbTaT:

e

—da

cosax T
———da==-e"". 14.15a
;[Obz + o’ b ( )

3ameuanne 14.2. @Dopmyna (14.15a) nokas3piBaeT, 4YTO HWHTETpajbHbIE
npeodpazoBanusi Oypbe MOJIE3HBI U MPU BBIYUCIECHUU HEKOTOPHIX HECOOCTBEHHBIX
HUHTETPaJoB.

14.3. Pemienne 3amauu Komm 15 ypaBHeHHS TeIJIONPOBOJAHOCTH
crepxHda. 3anauy Komm (14.1)-(14.3) Oynmem pematb memooom pazoeieHusl
nepemenHuix, T.¢. Oy/IeM UCKaTh €€ YaCTHBIC PCUICHUS, He PAGHbIE MOMCOECHMBEEHHO
HYJI0, B BUJIC TIPOU3BEIICHHS

U(x,t)=X(x)-T(2). (14.16)

') =X”(x) Tak xak x
a*T()  X(x)

U [ — He3aeucumbvle nepemernsle, TO IMOoCJIeIHEE PaBEHCTBO MOXET 6I)ITB, TOJIBKO €CJIN

[Tocne noacranoBku (14.16) B ypaBuenue (14.1) nonyuum

00a 3TH OTHOILEHMS PaBHBbI OJHOM U TOH e nocmosanuou. I10CKOIbKY ¢ T€UeHHEM
U
BPEMEHU CINEPHCEHb OXAAHCOAEMCSl, TO o <0.HoTtormnau 7'(¢) < 0. CnegoBareinsHo,
t
3Ta nocmosAnHas NOJKHA OBITh OTPUIIATENBHOM, M ITI0TOMY 0003HAYMM €€ uepe3 — A
, T.€. OyJIeM UMETh:
T X' __p
a’T()  X(x)

(14.17)

N3 (14.17), B cBOwO ouepenb, IMOAy4aeM JBA OObIKHOBEHHBIX JUHEUHbLX
ougpepenyuanbHvix ypaBHEHHS C TOCTOSIHHBIMU KO3 dULIEHTaMU:

X' (x)+XX(x)=0, (14.18)

T'(t)+a’A’T(t)=0. (14.19)

Pemast nuddepennnanbasie ypaBuenus (14.18), nomyunm:
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X(x) = A(A)e™, (14.20)

rae A(A) — npousBoibHas QYHKIUSA OT A€ (-, + ).
C npyro#t cTOpOHbI, OTHUM U3 HEHYJIEBBIX perieHuid ypaBuenus (14.19) Oyaet
(GyHKUHS BUAA

T(t) =", (14.21)

Takum o6pazom, B cuity (14.16), (14.20) u (14.21) yacTHOE pellieHre ypaBHEHUS

(14.1) moxHo nipencraButs B BUne U(x,t) = A(A) o i

C unensro mnonydyeHus pemienus 3agaun Kommum (14.1)-(14.3) BBegem B
paccMOTpeHHne HECOOCTBEHHBIN UHTErpal:

+00

U(x,t) = fA(;L)e-“%Wd;t. (14.22)

Hanee Oynem noxOupats (QyHKIUO A(A) Tak, 4ToOBl MMEHHO (GOpMyJIon
(14.22) moxHo O6bLTO 3a7aBaTh penieHue 3agauu Komm (14.1)-(14.3).

Jlnst aTOrO, BO-NMEPBHIX, 3aMeTUM, 4TO GyHKIUA BuAa (14.22) Oyner pelienrem
muddepennmanbaoro ypasHenus (14.1), ecnu dacTHble MPOU3BOJHBIE MO X U f OT
unrerpana (14.22) MOXHO BBIYUCIATH MyTeM AudPepeHIUpPOBaHUS MO 3HAKOM
MHTErpana.

Bo-BTOpBIX, HYXHO MONBITaTbCA HaWTH (QyHKIMIO A(A) Tak, 4YTOOBI

BBITIOTHSIIOCH HayanbHOE yciioBue (14.2), T.e. 4TOOBI BBIMOJIHSIIOCH PABEHCTBO:

fA(;t)e"m = @(x), —%<X<+0. (14.22)

Ho paBencTBo (14.22) 03Haudaert, 4To QyHKIUS @)x) €CTb 0OpamHoe npeobpazosanue

Qypve g GyHkuuu /2w A(A). CnepoBarenbHo, 3nech (QyHKUUS A(A) IOJDKHA

onpenenaTbes o popmyiie:

A(L) = % [p(E)e e, (14.23)

C yuerom (14.23) u3 (14.22) nocie u3aMeHEHUs MOopsiJiIKa UHTErPUPOBAHUS MTOTYyUUM

—00 —00 —00 —00

U(x,0) = i f ( [o(&e™ d&)e'“%md/l - i ) ( ) e-“%”ﬂ(x-ﬂdxl)w(f)df. (14.24)
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HaxkoHell, BBIYUCIIUB C HOMOIIBIO 3aMEHBI HEPEMEHHBIX 6HYMPEHHUL UHMe2Pall
2,2, .
I=fe* A1+A=5) g3, (KOTOpBIH 3/1€Ch TIOHUMAETCSl B CMBICIIE IVIABHOTO 3HAYEHUS I10

400

2 T
Komu), ¢ yuerom u3BecTHOro 3HaueHus uHTerpana Ilyaccona f e dz=7 u3

(14.24) oxoHUYATENHHO MOIYUYUM:

U(x,1) = j‘oexp( (- x) ) PENE. (14.25)

a\/—

Utak, dopmanbHoe pemenne 3anaun Komm (14.1)-(14.3) maetcs popmymnoit
(14.25), koTopyto MPUHATO HA3BIBATh hopmynou Ilyaccona.
Ha camom niene cnpaBeyinBoO clieaytoiee YTBEpxkaeHue (cM., Hanpumep, [19],

c. 88).
Teopema 14.4. Eciu ¢ynkyua @(x) aeisemcs KyCOUHO-HENPepvl6HOU U

O02PDAHUYEHHOU Ha O0eucmeUumenvbHou ocu (-»,+x), mo peuieHue 3aoauyu Kowu
(14.1)-(14.3) 3a0aemcsa popmynoti Ilyaccona (14.25).

IIpumep 14.2. Haiitu orpannueHHoe pemieHue U@ hepeHnrnaIbLHOTO
ypaBHeHus (13.1), ynoBieTBopstoliee Ha4aaIbHOMY YCIOBHIO

npu - X <X U X>X,,

U ;
U(x0) = g(x), @(x)= {O o TP HEXSEH (14.26)

rae UO — HECKOTOPOC MOCTOAHHOC YHUCIIO.

PEHIEHUE. 3pecy mia ¢yHkuuu ¢@(x), 3amaBaeMoil ¢opmynon (14.26),

BBITOJIHSIIOTCS BCE YCIIOBUsA TeopeMbl 14.4. [ToaTomy penieHne JaHHOM 3a1a4d MOKHO
nonyuuth 1o popmyse Ilyaccona (14.25):

Uint) - a\/_zfje p( (54 xt) ) -
C nomomp0 3aMEHBl NIEPEMEHHOU u = 5 _ﬁ IIOJIYYEHHBI Pe3yJIbTaT MOKHO
a
3anMcarb B BUJE
o= io 5 )
rae d(z) = f ”zdy — UHTETpas BEPOSITHOCTEM.

0
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II. KOHTPOJIBHBIE BOITPOCBHI U 3AJJAHU A

1. Yro o3nHawaer, 4ro (QyHKHMsA f(x) pas3laraeTcsi B TPUTOHOMETPUYECKMH DSl
®ypwse Ha oTpeske [/, []?

2. Ilpu xakux ycJIOBUSIX CIIpaBeljiuBa UHTErpasibHast popmyrna Dypbe 11l GyHKIIUU
f(x)?

3. Hamummure Gpopmynny npsmoro npeodpasoanus Oypbe it f(x).
KakoBa (opmyna oOpatHoro mpeobpazoBanus @Pypbe mia QyHKnuum f(x)?

B xakoMm cmbiclie HaJl0 TOHUMATh UHTETpaj B 00paTHOM npeoOpazoBanuu Oypee?

5. Cdopmynupyiite 3aaauy Koiu 17151 ypaBHEHUS TETUIONPOBOJHOCTH CTEPIKHSI.

6. Kakum wmeTtomoM MoOXHO pemuTh 3amady Komm  gist  ypaBHEHHs
TEIIONPOBOJHOCTHU?

7. CdopmynupyiTe AOCTAaTOYHBIE YCIOBUSA, MNpH KOTOphIX 3anada Kommwm st
YPaBHEHHUSI TEIUIOMPOBOJIHOCTH UMEET €IUHCTBEHHOE PEIICHUE, KOTOPOE MOXKHO
3anaBaTh (popmynoit [lyaccona.

I1I. [IPUMEPHI U 3AJIAUM JIJIST AY IUTOPHOM PABOTHI

14.1. IlpeacraBbte B Buae unterpaia Oypre PyHKINIO:

0 npu ‘x‘>l;
f(x)=11 npu O0<x<l;

-1 nmpu -1<x<0.

Hcnonb3yiiTe NOMy4YEeHHBIN pe3yJIbTaT JUIsl BBIYMCIECHUS HECOOCTBEHHOTO

unterpana [ ésin3 &dE.
0

. X npu |x| <1
14.2. Halinute npeobpazoBanne Oypre pyHkuuu f(x) =
0 npu |x| > 1.

14.3. Haiinute pacmpenesneHue Temmneparyp B OECKOHEUHOM CTEp>KHE, 3Hasi, 4TO
o 2
Ha4aJIbHOE PACTIPEIENIEHIE TEMIIEPATYD 3a1aeTcs Gopmynoi g(x) =u,e™ ", rae

Uy, h — HEKOTOPBIE ITOCTOSHHEIE.
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VKA3AHUE. Tlpu BBIUUCICHUH HECOOCTBEHHOTO HHTETpajia IPUMEHUTE
+% 2 T
opMYyJI =.|—.
@pYWILe dz =\~
14.4. Hailinute pacrmpeieneHue TeMIreparyp B OECKOHEYHOM CTEp)KHE, €ClIU B
HayaJbHbIH MOMEHT TeMIlepaTypa B CTep>KHE OblLla pacupeniesieHa CleIyOIUM
00pazoM:
I-x/l npu O=sx<l
u(x,0)=@(x)=11+x/1 npu -1=x<0;
0 npu |x| > 1.

IV. BAJTAHUA )11 CAMOCTOSTEJIBHOM PABOTEI
14.5. IlpeacraBbte B Buae unterpaia ®ypre PyHKINIO:
1 npu -1<x<0;

1/2 npu x=-1,x=0,x=1;
S(x) =1

X npu O<x<l;

0 npu |x| >1.

14.6. Halinute npeobpazoBanne Oypre pyHkuuu

X

e’ npu x=0;
f(x) = v
0 npu x<0.

14.7. Halinute pemenue nuddepeHunaibHoro ypaBHenus (14.la) npu HavaibHOM
YCJIOBUU:

a) U(x,0) =u, =const, - <x<+% (OOBICHUTE PE3YNbTAT);

-u,, —-0<x<0,
@Uum={ 0
uy, 0<x<+oo.

N300pa3zute npuMepHbii rpadguk 3aBUCUMOCTA U OT X MOpH MaybIX 3HAYCHUSIX ¢
U TIpU OOJIBIIINX 3HAYEHUSX .

y ou 9’
14.8. Haiinure pemenne audQPepeHIHNaIBHOIO  ypaBHEHUS a—u - a—? =
t X

YAOBJIETBOPSIOIIEE HAYAIIBHOMY YCIOBHUIO u(x,0)=sinlx, —o<x<+o, rae [ —

b

HCKOTOPOC IMOCTOAHHOC YHCJIO.
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SAHATHUE Ne 15

Tema: YpaBHenue Jlaniaca. 'apmonnyeckue QyHKIUu
U MX OCHOBHbIE CBOMCTBA

I. OCHOBHBLIE TEOPETUYECKUE CBEJAEHMA

15.1. T'apMonnyeckue PyHKUNH ABYX IeliCTBUTEIbHBIX IEPEMEHHBIX U UX
CBSI3b C AHAJTUTHYECKMMH (QYHKUHMAMH KOMILIEKCHOIO NepeMeHHOoro. B nmyHkre
12.2 yxe ObUIO OTMEUYEHO, YTO NPH H3YYEHHH IUIOCKUX CTAlMOHAPHBIX TEIIOBBIX
I0JIEW, B KOTOPBIX OTCYTCTBYIOT HCTOYHUKH TEILIA, & TAK)KE IIPH ONIMCAHUH HEKOTOPBIX
ANEKTPOCTATUYECKUX IMOJIEM, B KOTOPBIX OTCYTCTBYIOT 3apsiibl, NMPUXOJIUM K TaK
Ha3bIBAEMOMY 08yMepHOoMY ypasHenuio Jlanaaca:

AU =0, (15.1)

2 2
rae A = Pl + P muddepennmanbubiii oneparop Jlamnaca, a U = U(x, y) — iCKoMast
X y

(dyHKIHS.

BaxxHo Takxe oTMeTuUTh, yTO ypaBHeHue Jlammaca (15.1) mosiBnsercs u mpu
UCCIIEIOBAHUM YCTAaHOBUBIIETOCS JBUKEHUS KUJIKOCTH 0€3 BUXPEW U UCTOYHUKOB B
HEKOTOpOM obnacTtu (cM., Hapumep, [22], c. 277).

C ypaBuenuewm Jlamnaca (15.1) TecHO CBsi3aHBI TaK HA3bIBAEMBIE APMOHUUECKUE
@dynKyuu.

Onpenenenne 15.1. @ynxuua U =U(x,y) Ha3bIBACTCA 2apMOHUYECKOU 6
nexomopoti o6racmu DCR®, ectu UEC*(D) (1.e. dynkumst U HempepbiBHA B
obnmactu D BMeCTe€ CO CBOMMH YaCTHBIMU MPOU3BOJHBIMU JO BTOPOrO MOpsJIKa
BKJIIOYMTENLHO) U YIOBIETBOPSIET B 3TOM 001acTu ypaBHeHuto (15.1).

HerpynHo npoBepuTh, uto GyHKUHs u, (x, ) = k(y° —x°), e k — IPOM3BOJIbHAs
MOCTOSIHHASI, SBISCTCS TapMOHMYECKOH BO Beell miockoctd R°, a  (dyHKIms
u,(x,y) = In(x* + y*) sIBISIETCA TAPMOHUYECKOM B 00nact D, = R\{(0,0)}.

Jlanee OTMETHM HEKOTOPHIE BaXKHBIE CBOMCTBA TAPMOHUYECKUX (DYHKIUMN, 4aCTO
UCIIOJIb3YEMbIE B TAJIbHEHIIIEM.

B mepByio ouepeapr yCTaHOBUM TECHYIO CBS3b MEXIY aHAIUMUYECKUMU
@YHKYUAMU KOMIUIEKCHOTO MEPEMEHHOTO Z = X + iy U 2adPMOHUYECKUMU QDYHKYUAMU
OT JIBYX J€HCTBUTEIbHBIX IEPEMEHHBIX X U ).

Hamomunum  [4], wuro ¢ynkuua  f(z)=U(x,y)+iV(x,y) Ha3bpIBaeTCA
aHanumu4eckou 8 Hexomopou obaacmu D KOMIUIEKCHON TUIOCKOCTH MEpPEeMEHHOU
Z = X + iy, €CIIM B K&XJI0U TOUKE zE D OHA UMEET KOHEUHYIO POU3BOAHYIO:

@) _ A= f()
Az

dZ Az—0
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CnpaBeUINBO clenyoIIee BaKHOE yTBEP K ICHHE.

Teopema 15.1. /leticmeumenvnas u mMHUMAs 4acmu NPOU3BOJbHOU (DYHKYUU
f(2)=U(x,y)+iV(x,y), 00HO3HAUHOU U aHAIUMUYECKOU 6 Hekomopou obracmu D,
AGNAIOMCA 6 9MOU 001aCmMU 2APMOHUYECKUMU DYHKYUAMU.

HokazarenbcTrBo. Tak kak dyHkuua f(z)=U(x,y)+iV(x,y) sBugercsa
AHAJMTHYECKOMU B 00J1aCTH D , TO €€ JIEHCTBUTENBHAS U MHUMAst YaCTH YAOBIECTBOPSIOT
B obnactu D ycnousaM Kommn-Pumana:

WU _av U _ v (152)

ox  dy % 0x
N3BectHO (cM., Hanmpumep, [4]), yTo aHanmuTHueckas B oonactu D QyHKIUS
f(z) uMeer B DTOM OOJIACTHM TNPOMU3BOJAHBIE BCEX MNOPsAAKOB. ClleI0BaTENBHO,
ypaBHenus (15.2) moxHo nuddepenuuponats 1o x u y. Juddepenunpys nepoe u3
HUX MO X, a BTOpPO€ MO Yy M TMOJB3YysSCh TEOPEMOW O PABEHCTBE CMEIIAHHBIX
UV U
ax’ ) oxady — 9y’ ’

MpOU3BOJIHBIX (cM., Hampumep, [11], Y. I, c. 494), nonyuum

0°U  9*U

OTKyJla, B CBOKO Ouepejib, Oynem umerb AU = — +a—2 =0, T.e. pyHkuua U(x,y)
X a4

SBJISIETCA TapMOHUYECKOU B oOnactu D.
CoOBEpIICHHO aHAJIOTMYHO JOKa3bIBAETCs, 4TO M (QyHKuus V(x,y) ABIseTcs
rapMoHuydeckoi B D. <
Onpenenenne 15.2. J[e rapmonuueckue B obnactu D dynkuun U(x,y) n
V(x,y), cBsizannble ycnoBusamu Komu-Prumana (15.2), Ha3bIBaroTCs conpssceHHbIMuU.

Teopema 15.2. Bcakasa ecapmonuueckasi 8 00OHOC8A3HOU obaacmu QyHKYuUs
CAYIHCUM OelUCMBUMENbHOU (MHUMOIL) YaCmbl0 HEKOMOPOU AHAIUMUYECKOU 8 dMOl
obnacmu yHKyuu.

JoxkazareabcTBo. Ilycts ¢x,y) — GyHKIMA rapMOHHYECKas (M OJHO3HAYHAsA)

B JJaHHOW OAHOCBs3HOUM oOnactu D. [lokaxkeM, Kak HAaWTH aHATUTUYECKYIO B TOU
obmactu QyHkuuo  f(z)=U(x,y)+iV(x,y), HNEHUCTBUTEIbHAs 4YacTb KOTOPOU
coBnamacr ¢ ¢(x,y), T.e. U(x,y) = ¢(x,y). Jng sToro 3ametnM, 40 ecam B obmactu D
3amaHa QyHKIHUA @(x, V), TO CONPSDKEHHAs ¢ Hel rapmoHmueckas GyHKmus V(x,y)
BEChbMa IIPOCTO BBIpaKaeTcs yepe3 ¢x, y).
HetictButensHo, 3 ycinoBuit Kommu-Pumana (15.2) umeem:
dV=—a—(pdx+a—¢dy. (15.3)
ay 0x
[Tockonbky A@=0 B obmactu D, TO mpaBas yacte (15.3) sBaseTcs NOIHBIM

mudepeHmanom u, cie0BaTeNbHO,
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(x.») agp agp
Vi(x,y)= f -—dx+—dy+C, (15.4)
(x0,0) ox
rae (x,,y,) — Puxcnposannas Touka obmactu D, (x,)) - NIPOM3BOIBbHAA TOYKA DTOM
obnacty, a C — IpOU3BOJIbHAS JEHCTBUTENbHAS IOCTOSTHHASL.
Takum oOpasom, 3agaHHas rapMoHuuYeckas GQyHKIUS ¢@(x,y) CIyXKHT
JNEHCTBUTEIBHOM YaCThIO CIAEAYIOMIEH aHATUTUYECKON (DYHKIIMH:

(x,»)
f@ =gy +i | _9P i+ 9P gy vic (15.5)
(x0,x0) ay ox

SIcHO, 9TO U1 aHAIMTHYECKOU B oOsacTi D QpyHKIUY if (z) 3agaHHas QyHKIUSA
@(x,y) CIly’)KUT MHAMOMU 4acTbl0. 4

W3 pokazaTenbcTBa TPEBIAyNIEH TEOPEMBl BHAHO, 4YTO CIPaBEIJIHBO
ClIeyIoIIee yTBEPKACHHUE.

Caencrue 15.1. Ananumuueckasn 6 oonocéasnou oonacmu D pynkyus f(z) no
ee 3a0aHHOU OelicmeumenvHol dacmu @(x,y) onpeodeinsiemcsi ¢ MOYHOCMbIO 00
A0OUMUBHOU  NPOU3BOJILHOU  MHUMOLL
nocmosnnot iC no goopmyne (15.5). v A

IIpumep 15.1. Havitn | M)
AHAUTHYECKYI0 QYHKIMIO f(z)=U +iV,
ecmu U(x,y) =y -x’.

PEIIEHUE. Tak xak ¢yHKIus

U(x,y)=y"—x" s#Bnsercs rapMoHu-

o 2 Alx.0) .
yeckoil B R°, To cornacHo popmyie (15.5) 0 ' X
MOJTYIHIM:

(x,»)
f(2)=y" =x"=2i [ydx+xdy+iC. Puc. 15.1

@0
Brruncnss nHTErpall B MpaBoil 4YaCTH NOCJIEAHETO paBEHCTBA 10 JiomaHoi OAM
(cm. puc. 15.1), monyuaem:
f(z)=y" =x* =2ixy +iC

2 . .
umi f(z)=-z" +iC, rne C — npousBosbHas IeHCTBUTENBHAS TOCTOSHHAS.

[Iycte D — koHeuHasi 00JacTh Ha IUIOCKOCTH KOMIUIEKCHOTO MEPEMEHHOTO
Z = X + iy, TPAHALIE KOTOPOM CIIY)KUT IIPOU3BOJIBHBIN 3aMKHYTBIN KyCOYHO-TJIAJAKUN
KOHTYp L, mpuueM BCIOAY B AaibHelieM OyaeM mpemnoiaraTh, 4To Ha L BeIOpaHO
MOJIOKUTENIbHOE HampaBjieHue (T.e. mpu 00xoje KoHtypa L obnacte D Bce Bpems
octaercs cieBa). B Teopun pyHKIUN KOMIUIEKCHOTO MEPEMEHHOTO YCTAaHABIUBAETCA
cienywomas unmezpanvras gopmyna Kowu (cm., Hanpumep, [4], ¢.107):
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F(z)=zimfi’z)dr, €D, (15.6)

rie F(z) — aHamutndeckas B D (yHKuMs, HenpepblBHAs B 3aMKHYTOH 0O0JacTH

D=DUL.

31ech BaXHO 3aMeTUTh, 4TO ¢hopmyna Kowwm (15.6) nozeonsem ewviuuciums
3Hauenue ¢yukyuu F 6 nobou mouke obaracmu D, eciu uzsecmuvl epanuyHvle
3Ha4eHust YMou PyHKYuu.

B wactHOCTH, ecii L = {7 :|T — z,| = R} €cTh OKpy»KHOCTB pajmyca R ¢ IeHTpoM

= ; = R-o?
B TOYKE Z, =X, +iy,, TO, mojaras 7 -z, =R-e'?, u3 (15.6) monyuaem cieayrouyro

bopmyy:

2

F(ZO)=$fF(ZO +R-e'")dg. (15.7)
0

[Tocnenusst ¢hopMmyna BbIpakaeT TaK HA3bIBAEMYIO meopemy O cpeOHem Ojisl
aHaIUMUYecKux QyHKyui.
Teopema 15.3. Ecau ¢yukyua F(z) Henpepviéna 6 3amMKHYmMOM Kpyze

T ={r:|r - z,| = R} u A619€mMcA ananumu4eckoi 6Hympu 3mo20 Kpyea, mo ee 3Hayenue

8 YeHmpe Kpyea pasHo CpeOHeMy apuhpmemuiecKomy 3Ha4eHull Ha OKPYIHCHOCMIU.
Haxkonen, BaKHEUIIINM CIIEICTBUEM, BBITEKAIOIIUM U3 UHTETPATbHON (OPMYIIbI
Komm (15.6), sBisercs cineayolee yTBEPKIEHUE, OOBIYHO HA3bIBAEMOE NPUHYUNOM
Makcumyma mooys ananrumuyeckou ynkyuu (cM. [4], ¢.113).
Teopema 15.4. Eciu ¢pynxyus F(z), He pasHas modcoecmeenHo noCmosHHOU,
aengemcs ananumudeckou 6 obnacmu D u HenpepuléHoOU 6 3aMKHYmMoOU obaacmu

D=DUL, mo Hu 6 00HOlU 6HYympeHHeu mouKe 5mou odracmu ‘F (z)‘ He Modicem

oocmuzams HAUOOILULE20 3HAYECHUA.
3ameuanne 15.1. Baxxno oTmeruth, 4TO ecnu (yHKUMA F(z), HE paBHas

TOXJECTBEHHO TTOCTOSIHHOM, SIBJISIETCSI aHATUTUYECKOU B 00acTu D, HEMPEPHIBHOU B

3amMKkHyTOM obnactu D = D U L u, KpoMme TOro, He oOpalaeTcsi B HyJib, TO HU B OJTHOM
BHYTpEHHEH TOUKe 3TOH 001acTH |F(z)| HE MOXET JOCTHIaTh HAMMEHBIIETO 3HAYCHHS.

JleficTBUTENBHO, B 3TOM Clly4ae JOCTATOYHO NPUMEHUTH Teopemy 15.4 k (yHKuMM
g(z)=1/F(z2).

N3 teopemsbr 15.4 n 3amedanus 15.1 BeITEKkaeT, 4TO MOIYJIb AHAIMTUYECKON B
obnactu D ¢hyHKIMU (OTAUYHOMN OT MOCTOSHHOM ) MOXKET IOCTUTATh SKCTPEMYMa JUlULb
Ha epaHuye 3TOU 00JIacTH.

[lanee Ha ocHoBaHuM TeopeM 15.1 — 15.4 nerko ycraHaBiInBaroTCs CIEAYIONINE
BA)KHBIE CBOMCTBA rapMOHUYECKUX (PYHKIIHM.
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Teopema 15.5. Eciu ¢pynkyus U(x,y) Henpepvi6Ha 6 3aAMKHYMOM Kpyee
T ={(x, P)i(x=x))" +(y=1,)’ =R’} u ssnsemcs 2apMOHUNECKO GHYMPU DMO20

Kpyea, mo ee 3HaueHue 8 YyeHmpe Kpy2a pasHo cpeoHemy apupmemuieckomy sHavyeHuil
HA OKPYHCHOCMU, M.e. CNPA8eoIUB0 PaseHCmao:

2

U(xo,y0)=ifU(x0+R-cos¢,y0+R-sin<p)d(p. (15.8)
0

Jloka3aTenbCTBO  MOJY4YaeTCsl HEMoCcpeACcTBEHHO u3  Qopmynsl  (15.7)
OTJEJICHUEM JECUCTBUTEIIBHON YaCTH.

@opmyna (15.8) HazeiBaeTcst @opmynrou o cpeonem 3HAYeHUU O
2APMOHUYECKUX PYHKYUL.

Teopema 15.6. Ecmu ¢gynkyusa U(x,y), He paenas moiOecmeeHHO

NOCMOSIHHOM, 8/I1eMCs 2ApMOHUYecKol 6 obnacmu D u HenpepwvlHOU 8 3aMKHYMOU

oonacmu D=DUL, mo Hu 8 00HOU 6HYMpEHHel MmoyKe 3Mmot obaacmu QyHKYus.
U(x,y) He modcem 0ocmueams sKcmpemyma.

Jloka3aTeJbCTBO. 37€Ch JOCTaTOYHO JOKa3aTh TeOpeMy [l clydas
MaKkCUMyMa, 00 TOYKa MHHUMYyMa rapMOHHMYecKoi B oOnactu D dynkumu U(x,y)

ABISETCA TOYKOM MakcumyMa GyHKmMH — -U(x,y), TakkKe TapMOHMYECKOM B

paccmaTpuBaeMon o0JacTH.
bynem pnoxaspiBaTh TepemMy METOJOM OT HOpOoTUBHOTO. [Ipeamonoxum, 4uTo
rapMoHudeckas B oonactu D ¢pyHkuusa U(x,y) IOCTUraeT MAKCUMYMa BO 6HYmpeHHel

mouke P(x,,y,) obmactu D. B HEKOTOPOH OKPECTHOCTH TOYKH P(X,,V,) TMOCTPOUM
OJHO3HAYHYIO aHAIUTHYECKYIO (QpyHKIHUIO f(z) Takyro, 4to U(x,y)=Re f(z). Toraa
Qyrkius /¥ Oyner aHamMTHYECKOH B paccMaTpUBAEMOM OKPECTHOCTH TOUKH

P(x,,y,) ¥ He TOCTOsIHHA B Heil. Ho ee Moayib ‘ef @ = V™Y no cuenaHHOMy BbIlIe

NPEANON0KEHNIO, JOCTUIaeT MaKCMMymMa B TOYKE P(Xx,,),), YTO IPOTHBOPEYMT

teopeme 15.4. [lonyueHHOE IPOTUBOPEYHE U JOKA3BIBAET TeopeMy. d

OObIyHO TeopeMy 15.6 Ha3BIBAOT NPUHYUNOM MAKCUMALLHO20 3HAYEHUS OIS
2aPMOHUYECKUX PYHKYUU.

W3 nocnenneit TeopeMbl BHITEKAET Psijl MOJIE3HBIX CIIEICTBUM.

Caencreue 15.2. Eciu pynxyuu p(x,y) 1 q(x,y) A6IAIOMCA 2APMOHUYECKUMU
6 o6nacmu D u nenpepvlenvimu 6 sammymoti obnacmu D=DUL uecmu p<gq Hal,
mo p <q enympu oonracmu D.

B camom pnene, yHKuus /=g — p HENpephIBHA B D =DU L ¥ rapMOHHYHA B

D, npuuem 4 = 0 Ha L. B cuny teopemsl 15.6 umeem /4 = () BCroly BHyTpu obsactu D,
4TO U TpeOOBaIOCh J0Ka3aTh. €
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Caencrue 15.3. Ecau pynxyuu p(x,y) 1 g(x,y) AGIAIOMCA 2apMOHUYECKUMU

6 obnacmu D u nenpepvlenvimu 6 3amkHymoti obnacmu D = DU L u eciu ‘ p‘ <gHalL,
mo |p|=gq 6cody enympu obrnacmu D.

JIEACTBUTENBHO, U3 ‘ p‘ < g Ha L cnenyer, 4To TpU rapMOHUYECKHUE B obnactu D

GyHKIUHN —g, p, ¢ YOOBIETBOPAIOT Ha L HEPABEHCTBY: — g < p < ¢g. Toraa, npuMeHss

IOBAXIBI CACACTBUE 15.2, MONyYUM — ¢ < p < g BCIOLy BHYTpU D unu ‘ p‘ < ¢ BHYTpH

obnactu D. <
CaencrBue 15.4. J[na ecapmonuueckou 6 obnacmu D u Henpepwvignoii 6

samxrymoii obnacmu D = DU L gyuxyuu p(x, y) 6cio0y 6 D= DU L umeem mecmo

nepasencmeo |p(x,y)| <=M, 20e M = max p(x,y)|-
X,y

Jns  nmokazaTenbCTBa  ATOTO  YTBEPXKIACHUSI  JOCTATOUYHO  TMOJOXKHUTh
q= max| p(x, y)| U BOCIIOJIB30BaThCA clieficTBreM 15.3. 4
(x.y)EL

I1. KOHTPOJIBHBIE BOITPOCHI U 3AJJAHU A

1. Ilpu wuccrnenoBaHuM Kakux (HU3UUECKUX TMPOIECCOB BO3HUKAET YpaBHEHHE
Jlarmaca?

2. JlaitTe onpeneneHre rapMOHUYECcKuX GyHKIMI B obsactu D.

3. Kakasg  (QyHKIMS  KOMIUIEKCHOTO  TIEPEMEHHOIO0  z = x+iy  Ha3bIBaeTcs
QHAJIUTUYECKON B HEKOTOPOit obactu D ?

4. ChopmynupyiiTe T€OpEMBbI, YCTAaHABIMBAIOIINE CBSI3b AHATUTUYECKUX (DYHKIUN
KOMIUIEKCHOTO  T[EPEMEHHOTO0 C  TapMOHHUYECKUMU  (QYHKIUAMH  JIBYX
NEUCTBUTEIBHBIX IEPEMEHHBIX.

5. Tlo xakoil dopmyne ompeaensieTcss aHaIUTHYECKass (YHKIUS MO 3aJaHHOU ee
NEWCTBUTEIILHON YacTh?

6. Hanumure wuHTerpanbHyro ¢opmyny Komwm 18 aHanuTuueckux QyHKUHANA
KOMILUIEKCHOTO MIEPEMEHHOTO. B ueM cocTOUT OCHOBHAS CYyTh 3TOU POPMYIIbI?

7. ChopmynupyiiTe TeopeMy O CpeIHEM 3HAYEHUU U NPUHIUI MaKCUMAaJIbHOTO
3HAYEHUS JUIsl TAPMOHUYECKUX (DYHKIUH.

8. Kakwue BaxxHbIe CI€ICTBUS BHITEKAIOT U3 MPUHIINIA MAKCUMAIILHOTO 3HAYEHUS JIJI51
rapMOHUYECKUX (DYHKIUN?

I1I. [IPUMEPHI U 3AJIAUM JIJISI AYIUTOPHOM PABOTHI

15.1. IlpoBepbTe, ABIAIOTCA JU yKa3aHHble (YHKUHUHM TapMOHHUYECKUMHU B CBOMX
€CTECTBEHHBIX 00JIaCTSAX ONpPECICHHUS:

a) U(x,y) = In(x* + y*); 6) w(x,y)==;
X
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X
B) V(x,y)= arcctgx; r) @(x,y)=——-
X X" +y

15.2. okaxute yrBepxkacHue: ecau U(x, y) A61A€mcs 2apMOHU4eCcKoU yHKyuet, mo

2 2

Vix,y)=U al s J 5 | mootce eapmonuyeckas.
X“+yT X +y

15.3. CymectByet nu aHanmTudeckast QyHKuusa f(z)=U +iV/, y KOTOpO#:
a) U(x,y)=x"+p7; 0) V(x,y)=xy"?
15.4. Haiinure ananutudeckue QyHKuuu f(z)=U +iV, ecau:
a) U(x,y) =e"sin y; 6) V(x,y)=x" =3xp°.
15.5. Haiinure aHanutndeckyro QyHKIMIO f(z)=U +il Takymo, 4TO
Ux,y)=x" -y +xu f(0)=i.
15.6. Borsacuute, moxer nu (pyHkuus U(x,y) =e* sin y IPUHAMATh MaKCHUMaJbHOE
(MUHUMAJILHOE) 3HAYEHHUE BHYTPH Kpyra D = {(x,y): x> +y* <25}.

15.7. YnpoBnerBopser mm ¢yHKIUA F(x,y)=sinxsiny B KaKUX-THOO TOYKax

miockoctu ypaBHeHuto Jlammaca? CyiiecTByeT JM aHaIUTUYeCKas (PyHKIuS,
MMEIOIasi MHUMOW YacThIO JaHHYIO (QyHKIMIO V ?

IV. 3AJAHUS JIJISI CAMOCTOSTEJIBHOM PABOTHI

15.8. IlpoBepbTe, ABIAIOTCA JU yKa3aHHble (YHKUUM TapMOHHUYECKUMHU B CBOMX
€CTECTBEHHBIX 00JIACTAX ONpPECICHHUS:

a) p(x,y)=x’-y?% 0) yw(x,y)=e’ cosx;
B) u(x,y)=arcig”; D) W(x%y)=—>—.
X X" +y

15.9. Hainure ananutndeckue QyHKumu f(z)=U +iV, ecau:
a) V(x,y) =e > cos2x; 0) U(x,y)=¢’sinx.
15.10. HaiinuTte anannTudeckyto GyHKIu f(z)=U +i) Takyo, 4To
V(x,y)=3x"y-y’u £(0)=0.

15.11. Bersicaute, MoxeT 1 QyHKUMS @(x, ) =arcth IIPUHUMATh MaKCHUMaJbHOE
X

(MUHUMAJILHOE) 3HAUYEHHE BHYTPH Kpyra D ={(x,y):(x-3)* +(y-3)> <1}.

15.12. CymectByet n ananutndeckas pynkuus f(z) =U(x,y)+iV(x,y), y KOTOpO:
2 2

a) V(x,p)=x"+y%; 6) Ux,y) =7 -—?
(47
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SAHATHUE Ne 16

Tema: 3agaua {lupuxiie 1y rapMOHHMYecKUX QYHKIMMA IBYX IIepeMEHHBbIX.
Pemrenne 3agayu Jlupuxiie merogom dypne

I. OCHOBHBLIE TEOPETUYECKUE CBEJAEHMA

16.1. 3amaua Jlupuxje jisi TapMOHUYECKHX (PYHKHUN ABYX

nepeMeHHbIX. [lycte D — HekoTopas KOHe4YHass 00JIaCTh Ha IJIOCKOCTHU Rjy,

OrpaHUYECHHAs MPOCTOM Y
KYCOYHO-TJIAAKOW  3aMKHYTOH

kpuBoit L (cm. 16.1). bynem

nmpeanosaratb, 4ro Kpusas L

3a1aHa napaMeTpU4eCKu L

CIEAYIOLIUMHU YPaBHCHUSMU:

— 0
{x—x(s), a=s=p.
y=y(s) /_/J

OmHol W3  OCHOBHBIX

KpacBbIX 3aJga4d Jid YPaBHCHUA

Jlammaca AU =0, rie Puc. 16.1
2 2
_ 9 . I ~ — nuddepenimanpHblii  oneparop Jlamnaca, a U = U(x, y) — uCKoMast
ox” dy

(byHKIUS, SABISIETCS CAEAYIOIIas 3a1a4a.
3apavya Jlupuxie. Tpebyemca natimu @yukyuro u=u(x,y), 2apMOHUYECKYIO

enympu obnacmu D, nenpepwisnyio 6 samxmymoti obnacmu D=DVUL, eciu na
epanuye L umeem mecmo pasencmeo u(x(s),y(s))=f(s), 20e f(s) — 3aoannas

HenpepvigHas Qynkyus napamempa s<[a, [].

Jpyrumu cioBaMu, mpebyemcs Haumu peutenus ypaguenus Jlannaca
Au(x,y)=0, (x,y)ED, (16.1)
yoosnemeopsaowue Ha L credyouemy yciouio:
u\L = f(s), (16.2)
20e f(s) —3a0annas nenpepviéHas Qynxyus napamempa s€[a, [
Ecmu f(s)=0, To 3amaya upuxne (16.1)-(16.2) HaseiBaeTca 00HOpoOHOU, B

MPOTUBHOM CITy4ae OHa Ha3bIBAETCS HEOOHOPOOHOU.
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Baxno ormeTtuts, uto K 3amade Jupuxie (16.1)-(16.2) npuBonsarcss MHOTHE
3a7aun U3 PU3MKU U APYTUX NPUKIATHBIX HayK. B dacTHOCTH, 3TOM 3ajaue MOXKHO
OpUAaTh CHENYIOIMUN Qusuyeckuti cmuvlci: €cad u(x,y) O3HA4aeT TEMIIEPaTypy
IIacTUHKU D B Touke M(x,y), To 3agada Jupuxie (16.1)-(16.2) cocrout B TOM,

4TOOBI HANTH TEMIIEpaTypy BHYTPH ILUTACTUHKH, 3Has €€ Ha Bcel rpaHuue L.

16.2. O eIMHCTBEHHOCTH M YCTONYHUBOCTHU pemieHud 3agaun Jupuxie. s
TOro 4YTOOBI B IalibHEHIIIEM TTOKa3aTh, 4To 3afava Jupuxie (16.1)-(16.2) spusercs
KOppeKmHOo TIOCTaBJIEHHOM, B 3TOM MTyHKTE YCTAHOBUM €IMHCTBEHHOCTH U
YCTONYMBOCTD PELICHUs 3TOU 3aa4H.

Teopema 16.1. Eciu 3a0aua /Jupuxne (16.1)-(16.2) umeem pewernue, mo ono
eOUHCIBEHHO.

Joka3aTeabcTBO. [Ipeanonoxum mpoTuBHOE, T.€. uTto 3amaya (16.1)-(16.2)
MMEET J1Ba Pa3IMYHBIX peleHus: u,(x,y) U u,(x,y). PaccMOTpuM BCIIOMOTraTENbHYIO
dbyHKIH0O V(x,y)=u,(x,y)-u,(x,y). dcHo, uro dbyHkuua V(x,y) Oyner pemeHueM
00HOPOOHOU 3aaauu Jlupuxie:

AV(x,y)=0, (x,y)ED,
{V|L =0.
Wnaue rosops, V(x,y) ecTb rapMOHHYECKas B obsnactu D QyHKIUsA, HENPEPhIBHAS B
D=DUL u paBHasg HyJO Ha rpanune L. Ho torma Ha ocHOBaHMM Teopembl 15.6

(npunyuna maxcumanbHo20 3Ha4eHus 0Ji 2aPMOHUYECKUX (YHKYUIL) 3aKIF0YaEM, YTO
V(x,y)=0 Bo Bcex Toukax M(x,y)ED. B camom gene, ecin ObI B HEKOTOPOH TOYKE

My (xy,y,)ED nmeno V(x,,y,)>0 nwma V(x,,y,) <0, TO TapMOHHYECKasd (QyHKIH
V' (x,y) uMena ObI CTPOrM MaKCUMYM HMJIM CTPOTUI MUHUMYM BHYTpPHU 001acTH D, 4TO
HEBO3MOXHO cornacHo teopeme 15.6. Takum ob6paszom, umeem V(x, y) =0 una u, (x, y)

= u,(x,y), T.e. pemieHne 3anayn Jupuxie (16.1)-(16.2) exuacTBeHHO. €

Teopema 16.2. Eciu f(s) nenpepulénas Qynxyus, mo peuienue 3aoayqu /Jupuxie
(16.1)-(16.2) ycmotiuuso.
Joxa3arenbcTBo. PaccmoTpum ciienyromme ABe KpaeBble 3a1aun Jupuxie:

Au(x,y)=0, (x,»)ED, (16.3)
ul, = £,(s),

nu
Au(x,y)=0, (x,»)ED, (16.4)
u|L = f,(5),
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rae f,(s) u f,(s) — 3a0annvie HenpepwvieHble yHKyuu napamempa s<|a, f] Takue,

qTo

/i) = fa(s) <&, s€[a.pl. (16.5)

ITyets u,(x,y) B u,(x,y) — pemenns 3anad (16.3) u (16.4) cooTBETCTBEHHO.
Torma pasnHocts @(x,y)=u(x,y)—u,(x,y) Oynmer pemenueM 3amauu Jupuxie
BUJA!

Aw(x,y)=0, (x,y)ED,
{wlL = i) £3(s),

T.€. w(x,)y) €CTh rapMoHnyeckas B D, HenpepbiBHass B D= DU L. Ilostomy B cuiry

(16.5) n mpuHLIKUIIa MAKCUMAJIBHOTO 3HAUYECHUS JIJIs1 TapMOHUYECKUX QyHKIUH (Teopema
15.6) 6ynem umeTsh:

|a)(x y)| max|a)(x y)| <¢g,

4TO PABHOCHIIBHO [, (x,) — 1, (x, 1) <&, (x,)ED. 4

16.3. YpaBHenue Jlamuiaca B NOJIAPHBIX KOOpAMHATAaX. B 3TOoM myHKTE
BBIBEJIEM BBIPaXKEHUE oneparopa Jlarmmaca

2
Au = a_u + 8_L21
ox? ay
B MOJISIPHOM cUCTeMe KoopaAuHAT (CM. Takxke, Hampumep, [11], Y. I, c. 577).

H3BeCTHO, YTO CBA3L MEKY NE€KAPTOBBIMU KOOPAMHATAMU (X, ))TOUYKH M U ee

NOJIIPHBIMU KOOPAMHATAaMU (r,@) 3a1acTcs

dbopmynaamu (cm. puc. 16.2): Y
X =rcos
{ . (16.6)
y=rsing, Mz, y)
tae r=+/x" +y*, pE€ (-, 7], npuuem r
arcth, ecau x = 0, %
X 0 P
(p=<arctgl+ﬂ, ecmu x <0,y =0,
X
arcth -m, ecmux<0,y<0.
X Puc. 16.2

B cuny (16.6) u cormacHo npaBuiy
mudpepeHIUpPOBaHUS CIOKHBIX QYHKIIMN UMEEM:
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ou Odudx OJudy OJu du
— =—— +—— = —CoS@ +—sing,
or dx dr dy or 0x V

dJu  ou ox au ay

—_— —u(—rsin )+a—u(rcos )
acp 8x6¢ dy dp  ox ¢ )% v

Takum 00pa3om, MOIYUYUIN CIEAYIONIYIO CUCTEMY allre0pandecKuX ypaBHEHUH

ou _ du
OTHOCHUTEJIBHO — U —
ox 6y
ra—ucosrp + a—usm(p ou
ox ay ar
J (16.7)
ou . ou
—(-rsing) + —(rcos@p) = —
ox ay
Pemast cuctemy (16.7), monydaem:
[ _ 0 s — L M gin
ox or d rog &
. (16.8)
ou Ju . 1 du
— =—sing+ ——cosqp
(dy  or ro@

Hanee ¢ yuetom (16.8) u nmpaBuia auddepeHupoBaHUs CI0XKHBIX (YHKIUH

HaXOJIHM:
Fu o (u\ Pu 5 2 u . 1ou . ,
— = =— -— cos@sin@ + ———sin” @ +
x> ox ax or rori@ r or
0’u
r* o
16.

Cu 0 (du\ u_. , 2 9 . lou (16.9)
— = = —sin" @ +— cos@sin@ + ——cos” @ —
)% ay ay or roro@ r or

ia—ucos sin +Lazu cos’

r? 0@ ysme P 2 4

Hakonern, ¢ yueroM (16.9) okoHYaTENHHO NOTYYUM:

u 'u u lou 1 0’u
Au=—+—=——F+——"—"+—5—.
ox~ dy or- ror r°o@

Urak, ypaBHeHue Jlamnaca B HOJSIPHBIX KOOPAUHATAX UMEET BU/L:

u lou 19
a—’;‘+ a”+—28—”;=0. (16.10)
ro ror rooi@
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16.4. Pemenne 3agaum /lupuxjie MJA KPYroBbIX o00JacTedd MeETOIAOM
®ypoe. [lycts D={(x,y):x*+y* <p*} u L={(x,y):x" +y* = p*}. OueBnano, 910 B

MOJISIPHOM CUCTEME KOOPJUHAT OKPYKHOCTh L 3a7aeTcsl ypaBHEHUEM BUJIA:
r=p, @&[-m,7x]. (16.11)

CrnenoBaTellbHO, B TOJPHBIX KOOpAWHATax 3amady Jupuxie mius kpyra D MOXKHO
c(opMyJIIpPOBATh TaK: mpebyemcs Haumu @yHKyuio u =u(r,q), y0061emeopaiouyio

YCaosuAiM:

2 2
9 u(l;,¢)+lau(r,<p)+iza u(rz,w) 0, r<p. (16.12)
or roor re o

u(r,@),_, = 1 (@), (16.13)

rae f(@) —3agaHHas HENpEpPbIBHAA U IEPUOAUYECKas ¢ mepruoaoM T =27 QyHKOus.

bynem uckatb HeHnyneBble pemeHus 3agaun Jupuxiue (16.12)-(16.13) merogom
®dypbe (METOJIOM pa3/iesieHHs IEPEMEHHBIX ), T.€. B BUJIE

u(r,) = R(r)  O(g). (16.14)

[ToncraBuB ¢yukiuio (16.14) B ypaBuenue (16.12), monyuum:
n 1 ' 1 "
R (r)°<I)(¢)+;R (r)-CD(¢)+r—2R(r)-<D (p)=0. (16.14)
Ortcrona, pazzaensisi nepeMeHHbIe, 0y1eM UMETh:

21 pn l !
P R"(r) + K] _0'(p) 2 (16.15)

R(r) ()

rae A = const.
3ameuanne 16.1. 3amerum, yro QyHKIUA P(@) MO CMBICTY 3ala4H AOJKHA

ObITh mepuoaudeckoil ¢ mepuogoM 7T =27 (T.e. P(@+27)=D(p)). IlooToMy B

pasenctse (16.15) mbl B3 A%, a He — A%,
Takum obpazom, B cumy (16.15) mns dynkmuit R(r) u d(@) mnoiydaem

cieayone oObIKHOBEHHbIE TudPepeHIInanbHbIe YPaBHEHHUS:
P’R"+rR'-2’R(r) =0, (16.16)

D"(¢) + X P(p) =0. (16.17)
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Ho pemenust nuddepennumansuoro ypasuenus (16.17), 3agaBaemsie popmymnoit
d(¢) = AcosAp+BsinAp, TAe A U B — IPOU3BOJBHBIE IOCTOSHHBIE, OyAyT

nepuoandecKumMu (¢ mepuogom T = 2,7 ) TOJBKO MPHU IETbIX 3HAYCHUX mapaMeTrpa A
. [TosTomy B nanpHelieM OyaeM nonararb, uto A =n,rae n=0,1,2,....

Wrtak, nepuomunueckue pemieHus nuddepeHunanbHoro ypaBHenus (16.17)
3a1at0Tcst POPMYJION:

® (p)=A4,cosngp+B, sinng, (16.18)

rac An nu Bn — IIOKa HCOIIPCACIICHHBIC ITIPON3BOJbHBIC ITIOCTOSHHEBIC.

C npyro# ctoponsl, ipu A =n u3 (16.16) nonyunm:

7’R"+rR'-n’R(r) =0, ecmu n =1, (16.19)
WU

F2R"+rR'=0, ecim n=0. (16.20)
B cBOI0 ouepejib, OACTAHOBKOM 7 = e’ ypaBHenue (16.19) nerko npuBoauTcs

K BUJIY:

2
ddRz(t) —nR(t) = 0. (16.21)
t

Pemennss muddepenuumansuoro ypaBHeHus (16.21) ompenensitorcss B BUIE
R(t)=e" nm R,(t)=e™",1.e. R(r)=7" wmu R,(r) =r". Tak kak perenus suaa
R, () = r™" umeroT pa3psIB B Hauasie KOOPAUHAT (4 MBI HILEM HETTPEPBHIBHBIC PELICHNUS
3agaun J{upuxie!), To mpu n =1 YaCTHBIMU pelIeHUsIMU ypaBHeHus Jlamaca B kpyre

D={(x,y):x* +y* < p*} OyayT QyHKIMH BUIA:
u,(r,p)=r"(A,cosng+ B, sinng), n=12,.. (16.22)
Kpome toro, muddepenumnansnoe ypaBHeHue (16.20) umMeer B KauecTBe
(yHIaMEHTaJIIBHOM CHCTEMBI YAaCTHBIX pEIIeHUN QyHKIMH R, (r) = % u R, (r)=Inr.

Ho nockonbky GyHKIHA R, (r) = Inr He SBIAETCS HENIPEPBIBHOM I r €[0, o], TO IIpH

n =0 4acTHBIM pelieHueM ypaBHenus Jlamnaca Oyaer GyHKusa Buga:

A
uy (r, @) = 70 (16.23)
rac AO — HpOI/I3BOJ'H)HaSI IIOCTOAHHAs.

Takum o6pazom, pyukiuu Buga (16.22) u (16.23) yaoBAETBOPSIOT YPAaBHEHUIO
Jlarutaca (16.12) mpu Bcex » < p u @ €[0,27r]. Toraa, ecam npeannonoxKuTh, 4TO Pl
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A o]
u(r,¢)=7°+2r”(/1n cosn@+ B, sinng) (16.24)
n=1

MO’KHO MOYIEHHO U (HepeHIMPOBaTh JBAXKIBI IO 7 U ¢, TO €70 CyMMa u(r, @) TaKxKe
Oy/IeT yIOBJIETBOPATH ypaBHEHHIO Jlamaca B kpyre D = {(x,y):x* +y* < p*}.

Haxonen, nonarasa B (16.24) r = p u u(p,@) = f(¢), NOIy4nM:
A4 S . .
flp) = > + Ep (4, cosngp+ B, sinng).
n=1

W3 mocnennero paBeHCTBA BHAHO, 4TO 4Mcna 4,, p"A, m p"B  JOIKHBI OBITH

ko3 punrentamu Oypwe i GyHKIHHA f(@), T.€.

Ll fracosnydy, n=012.... (16.25)
Ty

4, =—
0

B = ! lff(z//)sinnz/Ja’z/J, n=12,... (16.26)
ﬂ—ﬂ

n n
Yo,

W3 mpuBeneHHBIX BBIINIE PAcCyXJACHUN BBITEKAET, 4TO (POPMAIBHO pPEIICHUE
3amaun  Jupuxne (16.12), (16.13) 3amaercs B Buae cymmbl psga (16.24),
K03 PUIHEeHTsl 4, U B, KOTOPOro omnpeaenstorcs no Gopmynam (16.25), (16.26). Ha
caMOM Jiefie CIPaBEUINBO CIEAYIOlee BaXKHOE yTBEpxkAeHUe (cM., Hanpumep, [19],
c.140).

Teopema 16.3. Eciu f (@) 2w - nepuoouueckasn hynkyus, HenpepviéHas emecme
c nepeou npouzeoouou f'(@), mo pewenue 3adauu [upuxne (16.12), (16.13)
cywecmeyem u 3a0aemcs popmynamu (16.24), (16.25), (16.26).

3ameuyanue 16.2. BaxxHO OTMETUTH, 4TO MeTOAOM Dyphe JErKO permaercs
3amada Jupuxise (16.1), (16.2) u B ciaydae, korga D SBISETCS HPAMOY2OJbHOU
obnacmoio, T.e. D={(x,y)ER’|0<sx=<[,0<y=<b}.

16.1.4. Pemienue 3apauyu Jupuxiie B Buge unrerpasa Ilyaccona. Muorna
petenue 3a1ayu J{upuxiie 1uis kpyra yo0Ho 3a/1aBaTh HE B BUe CyMMBbI psia (16.24),
a B HEKOTOPOM UHTErpaibHON dopme. s momyueHust 3Toi hopmylibl mpeodpazyem
pemenue (16.24), moacrasisas B HETO BMECTO A M B, WX 3HAYCHUS, 33JaBAEMbIC

paBeHcTBaMH (16.25) u (16.26):

Ay & _
u(r,@) = 70 + > r"(4, cosng+ B, sinng)=
n=1
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n

= ii’rf(z//)dz// + 2(%) iif(w)cosnz//dwcosnga+

-3

) lff(z/;)sinnz/;a’z/}cosn¢=
T

-7

x|

n
o0

%+ E (%) cosn(p-y)

n=1

=%ff(z//) dy . (16.27)

31ech nepecTaHOBKa CyMMBI M MHTErpasia 3aKOHHA, TaK KaK Psij

1 [oe]
—+ M t"cosna, 16.28
S+ (16.28)

n=1

rie t=_, a=@-1, CXOOUTCA PAaBHOMEPHO MO ¢ W Y BHYTPU Kpyra
P

D={(xy):x* +y* < p*}.

Janee, ucrons3ys Gopmyiy Diisepa e =cosna +isin na, HAXOIUM CyMMY
psana (16.28):

o © ‘ ia 1 1 i 1_ 2
l+Et” cosna =Re l+Et”e”’“ =Re l+ te — | =—Re +te‘ !
2 A 2 2 1-te” 2

& te 1-te [ 2(1+£ -2tcosa)’
Hakownen, ¢ yuetoM nocnegnero papeHctsa u3 (16.27) nomyuum:

2 2
-r

u(ri) = - [ f@)——s (16.29)
27T

> dy.
v P +r° =2rpcos(g-1y)

OO6b1uHO MHTErpan B npasoil yactu (16.29) HazbiBatOT unmezpaiom llyaccona
0215 kpyea, a QyHKUMIO [ (1) - niomuocmowo unmezpana Ilyaccona.

B 3aknroueHue oTMeTHM, 4YTO, BOOOIIE TOBOPS, MPU 7 = O TMPEJCTABICHUE
(16.29) tepsier cuimy. OnHAKO TMpPU BBHINOJHEHUM YCIOBUU TeopeMbl 16.3 umMeem
lim u(r,@) = f(g,), Tak kak cymma psanga (16.24), U3 KOTOpOro mosydeH HHTErpall
)

[lyaccona, siBnsieTcss HENpephIBHOM (yHKLIHMEH B 3aMKHYTOM Kpyre r < p. JApyrumu
cioBaMu, (PyHKIUS BUIA

2 2

17 o -r
~ d 9 2
u(r, @) = 2n_f,,f(¢)p2+r2-2rpcos(¢-¢) v, r<p (16.30)

f(¢)’ r=p,
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SABJISIETCA TAPMOHMYECKON (PYHKIHMEN B OTKPBITOM Kpyre r < 0, HENPEpbhIBHOU B
3aMKHYTOM Kpyre r < 0, IpUYEM Ha FPaHULE 7 = 0 NPUHUMAET 3aJaHHbIC 3HAUECHUS
f(@). Ha camom gene cnpaBeuIMBO ciexyromee Oosee oOliee yTBEpkKACHUE (CM.,
Hampumep, [22], ¢. 316).

Teopema 16.4. Eciu f(@)— KycouHo-Henpepviénas @QYHKYus Ha ompesKe
[-7,7], mo @yukyua u(r,p), onpedensemas gopmynou (16.30), sasraemcs
2APMOHUYECKOU 6 OMKPbLIMOM Kpyee 7 <0, O2PAHUYEHHOU U HeNnpepulHOl 8
3aMKHYMOM Kpyee r< [ 6Cl0y, 3a UCKIYeHuem mex mouex (,0,@), Komopwvie
A6nAIOMCA mouKkamu paspviéa Gyukyuu [ ().

W13 npuBeneHHBIX BBIIIE PE3YIbTATOB BUJHO, YTO €CIU QYHKIHA f(@) ABIIAETCS
HETPEphIBHOM HA [-s7,s7], TO 3aAa4a Jupuxie ajisi rapMOHUYECKUX QYHKIIUN B Kpyre
D={(x,y):x* +y* < p°} SBISAETCS KOPPEKTHO MOCTABIECHHOW M €€ €IMHCTBEHHOE
pelieHrne MOXXHO HalTH, Harpumep, 1o dpopmye (6.29).

B 3akiroueHve OTMETHM, YTO B MOCJEAHUE TOJbl MHTEHCUBHO Pa3BUBAIOTCS

METOJbl PEIICHUS 3a/lad MaTeMaTU4eCKoW (U3UKH C UCIOIb30BAaHUEM CHCTEM
KOMIIBIOTEPHOU MaTeMaTUKu (cM., Harpumep, [7]).

II. KOHTPOJIBHBIE BOITPOCBHI U 3AJJAHU A

1. Cdopmynupyiite 3agauy upuxiie ais rapMOHUYECKUX PYHKIIHM.

2. Moxer nu 3anaya Jlupuxiie sl rapMOHUYECKUX (PYHKIHI UMETh 0oJiee OAHOTO
pelenus?

3. SMBnsercs nm pemienwe 3anaun  Jlupuxsie and rapMOHUYECKUX (YHKIUI
YCTOWYUBBIM?

4. Hanumwure ypaBHeHue Jlamiaca B HOJSIPHOM CHUCTEME KOOPIMHAT.

5. KakoBa maremaTnueckas NMOCTAHOBKA 3amaud Jlupuxie s Kpyra B HOJSIPHOM
CHUCTEME KOOpINHAT?

6. B uem cyth MeTona @ypbe pemienus 3aaaun Jupuxie ais kpyra?

7. Cdopmynupyite J0CTaTOUHbBIE YCIOBHS, PU KOTOPHIX pellieHue 3aaaun Jupuxie
JUISL KpyTa CYIIECTBYET.

8. Hanumwure pemenue 3anaun Jupuxie g kpyra B Buae unrerpana [lyaccona.

9. KakoB xapakTep HENPEpbHIBHOCTH TapMOHUYECKON (YHKIHMH, 3aJaBacMoil
unrerpanom Ilyaccona (16.29), ecnu IUIOTHOCTBE f(1p) ABIAETCS KyCOYHO-
HEIIPEPBIBHOM HA OTpE3KE -7, 77]?

9. Vkaxure HOCTaTOYHBIE YCJIOBHUS, NMPU KOTOPBIX 3adada Jlupuxiie mjisi Kpyra
SABJISIETCSI KOPPEKTHO MOCTABICHHOM.
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I1I. [IPUMEPHI U 3AJIAUM JIJISI AY IUTOPHOM PABOTHI

16.1. Bripaszute KpaeBoe YCIIOBHE u(x,y), =y*-x" - % ¥y, rae

I'={(x,y):x> +y*> = p°}, B NONAPHBIX KOOPAMHATAX.

16.2. BuyTpu equnndHoro kpyra 0 < r <1 HaiiiuTe rapMOHUYECKYIO (PYHKIHUIO u(r,)
, ~TOPUHHAMAKOIIYW) HAa TpaHuue [~ JAHHOrO  Kpyra  3HAYCHUS:
ul, =cos2g, —Ts@sm.

16.3. Buytpu kpyra D ={(x,y):x" +y° < 0’} Haliiure rapMOHMUYECKYI (YHKIMIO
u(x,y), TPUHHMAKONIYI0 Ha rpanune [ ={(x,y):x’+y° =p’} cuenywommue

3HAUCHHS: u| . = x* +2xy —4y”.

16.4. Buytpu emunuuHoro kpyra Os=r <1 HaliuTe TapMOHHYECKYIO (YHKIUIO
u(r,), UTPUHUMAIOLIYX0O Ha TIpaHule [  JAHHOrO Kpyra 3HAYECHH:

2 2
ul, =n*-¢*, -m=g@=x.

16.5. Buytpu kpyra D ={(x,y):x" +y° < 0’} Haliiure rapMOHHUYECKYI (YHKIHIO
u(x,y), IpMHUMAIOLIYI0 Ha IpaHMile / JAaHHOIO Kpyra CIEAYIOIIHE 3HAYEHHUS:

”|r = Asin’ @+ Bcos’ @,Tne A u B - HEKOTOPBIE IOCTOSIHHBIE, & — T < Q<.

IV. 3AJAHUS )11 CAMOCTOSTEJIBHOM PABOTHI

16.6. Beipa3zute kpaeBoe yciIOBUE u(x,y)|r =2x> —4xy,tme I ={(x,y):x" +y° = p°},

B IMOJIAPHBIX KOOpAWHATAaX.

16.7. Buytpm xpyra Os<r=<,p HaliguTe TapMOHHYECKYIO (QYHKIUIO u(r,@),

MPUHUMAIOIIY O Ha rpaHulLIe I naHHOrO Kpyra 3HAYCHHUS:
u‘r =sin2ep, -T<@E=<I.

16.8. Buytpu kpyra D ={(x,y):x" +y’ < 0’} Haliiure rapMOHMUYECKYI (YHKIHIO

u(x,y), TPUHAMAKOIIYI0 Ha Tpamune [ ={(x,y):x>+y’> =p°} crexyromue

1
3HAueHms: u| . =y’ - x’ -5V
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SAHATHUE Ne 17

Tema: UToroBasi KOHTpoJIbHAsI padoTa

Oﬁpaseu BapuaHTa IMCbMCHHOI'0 3a/laHUA

1. Sensercs 1 QyHKIMA y =X +2 pemeHneM auddepeHIHaIbHOTO

ypaBHerus 2y = x(1'> +4)?

2. Pemmre nuddepenumansuoe ypastenne )'= xy° + 2xy.

3. Haiiure ofuiee u ocobbie pemrenns ypasaerns y° (y'-1) = (2-3")".

13
s

4. Haiinure uactHOe pemenne mudGpepeHIIManbHOr0 ypapHenus yy''+y'> = y

=0.

x=0

"

YAOBIIETBOPSIONIEE HAYATBHBIM yCIIOBHSIM: y‘x=0 =-1, y
5. Pemmure 3agauy Komm: y''+2y'-3y=e*, y(0)=1, y'(0)=0.

dy
—=3y+4z,
dx Yy

6. Haiinure oO1iee pereHrne CUCTEMbI p
“_ y-z.
dx

7. TlpuBenute Kk KaHoHHYEeCKOM (opMe nuddepeHaibHOE YypaBHEHUE C

MOCTOSTHHBIMU KO3 (DUITIEHTAMU

8. 3aKpeIlICeHHAas Ha KOHLAX CTpyHa OTTSAHYTa B TOYKE X = X, HA BEIUYHUHY

H . Cunrast mpoduie CTpyHBI ClieBa W CIpaBa OT TOYKH X, JIMHEHHBIM, HAaUTH

KoieOaHus CTPYHBI, BBI3BBAHHBLIC TAKMM Ha4dYaJIbHBIM OTKJIOHCHHCM. Hauansnas

CKOPOCTh paBHa HYJIIO.
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Paznen 4

CIIUCOK 9K3AMEHAIIMOHHLBIX BOITPOCOB
N OBPA3EIl IMCBMEHHOI'O 3AJTAHUS K DK3AMEHY

CIIUCOK 9K3AMEHAIIMOHHBIX BOITPOCOB

1. Tlonstue nuddepeHnnanb-HOTO ypaBHEHUS U ero nopsaka. OnpeneneHue
pelieHrst 0OBIKHOBEHHOTO U PepeHIInanbHOr0 YPaBHEHUS.

2. 3anaya Komu nms oObIkHOBEHHOTO NU(hEepeHIMAIBHOTO ypaBHEeHHs 1-T0
nopsiaka. Teopema Komm.

3. Omnpenenenue obuiero penieHus (001ero nuTerpaia) rudpepeHruanTbHOro
ypaBHeHus y'= f(x,y). llomsatme ocoboro pemenus auddepeHINANTBHOTO

ypaBHEHUS.

4. Jluneitnsie nuddepeHnraibHbie ypaBHEHUs 1-r0 mopsaka.

5. VYpasHenue bepnym.

6. l'eomerpuueckoe  ucCTOJKOBaHHE  JUDPEpPEeHIUATBHOTO  ypaBHEHHS
y'= f(x,y) ¥ ero penieHui.

7. Meron wu30okiMH pemieHus Iu@depeHIralbHBIX ypaBHEHUW BHAA
y'=f(xy).

8. VYpaBHeHus B noaHbIX nuddepeHnmanax.

9. Huddepenuuanbuble ypaBHEHUS NEPBOro MOPSAKA C Pa3IelsSIOIIUMUCS
MepEMEHHBIMU.

10. Juddepennunansaoe ypaBHeHue y'= f(x,)), OTHOPOJIHOE OTHOCHTENBHO X
uy.

11. Juddepenunanbupie  ypaBHeHUss 1-ro mopsaka, He pa3pelieHHbIe
OTHOCHUTEIIBHO TPOU3BOJIHOM.

12. CoctaBnenue auddepeHinanbsHOro ypaBHeHUsT 1-ro mopsjika IO €ro
o0llleMy UHTETpaiy.

13. 3agaua Komu u teopema Komm (6e3 mokazarenbcTBa) JUisl ypaBHEHUM
BBICIIIETO MOPSJIKA.

14. [TonsiTust 001I€ETO W YaCTHOTO penieHui nuddepeHInaIbHbIX YpaBHEHUI
BBICIIIETO MOPSJIKA.

15. Penrenne ypaBHEHMI BBICIINX TTOPsaKoB Buma ¥ = f(x).

16. YpaBHeHUs: BBICIIETO TOPSKA, SBHO HE COJEpKallue He3aBUCUMOU
MEPEMEHHOM.

17. YpaBHeHUs BBICILIETO MOPSIKA, IBHO HE COJEpKaIINe UCKOMOU (PYHKIIUH.

18. [ousiTe nuHelHoro nuQpHhepeHInanbHOTO ypaBHEHHS BBICHIETO MOpPsJIKa.
Teopema Komu it muHeHbIX TuddepeHInaIbHBIX YPaBHEHUHN 2-r0 MOpsIKa.
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19. OpnoponHble NWHENHBIE ypaBHEHHsS 2-r0 mnopsaka. DyHIameHTanbHas
CHCTEMA PEIICHUM.

20. Iloctpoenue oOuIEro pelieHus OJHOPOIHBIX JTUHEUHBIX YPaBHEHHUUN 2-T0
MOPSJIKA.

21. Heonnoponnsle 1uHelHbIE MU depeHInalbHbIe ypaBHEHUS 2-TO MOPsJIKA.
CrpykTrypa 00111eT0 pelieHus.

22. OTpICKaHHE YACTHOTO PEUICHUSI HEOJJHOPOIHOTO JINHEWHOTO YPAaBHEHUS 2-
ro MOpsiAKa METOAOM BapHallid NPOU3BOJIbHBIX MOCTOSHHBIX.

23. HUurterpupoBaHue JUHEWHBIX AuUdPepeHIIMATbHBIX YpPaBHEHUN TIpHU
MTOMOILH CTENECHHBIX PAIOB.

24. OpHOpOAHBIE JIMHEWHBIE YPaBHEHUS 2-TO TMOPAIKAa C MNOCTOSHHBIMHU
ko3 dunrentamu. Xapakrepuctuueckoe ypaBHeHue. [loctpoenue o0liero peieHus.

25. JluHeliHbIE HEOJAHOPOJHBIE YPABHEHHS 2-TO MOPSAKAa C MOCTOSHHBIMHU
kod(pdunrentamu. OTbICKaHUE OOIIETO PEIICHUS METOJIOM BapHalluy MPOU3BOJIBHBIX
MOCTOSIHHBIX.

26. Pemrenue ypaBHEHUS V'+py'+qy = exp(ax)- P (x) METOJIOM
HEOIpeeICHHBIX KO(PhUITMEHTOB.
27. Pemenne ypaBHeHus JY'+py'+qy'=exp(ax)- [Am (x)-cosbx + B, (x)-sin bx]

METOJIOM HEONPEACICHHBIX KO3 (UIIMEHTOB.

28. Ilpumenenue nUHENHBIX IU(PEPEHINANTBHBIX YPAaBHEHUN K U3YUYEHUIO
KoJieOaTeIbHBIX ABMKeHNM. CBOOOIHBIE KOJICOAHUS U SBJICHHUE PE30HAHCA.

29. Hopmanbhas cuctema nuddepeHunanbHbix ypaBHeHui. 3anaya Komm u
TeopeMa O CYIIECTBOBAHUH U €IMHCTBEHHOCTH PEIICHHUS.

30. Cgenenue nuddepeHIHaNIbHBIX YPAaBHEHUH 1-TO TOPSIAKA K HOPMaJIbHOM
CHUCTEME YPABHEHHIA.

31. Cucrtembl nuHedHbIX au(depeHINaNIbHBIX YpaBHEHH 1-ro mopska.
CrpykTypa 00111eT0 pelieHus.

32. MaTpuuHblii METOJI pEIIEHUS CHCTEM JIMHEWUHBIX YpaBHEHUN |-T0 mopsiaka.

33. Pemiennie OMHOPOAHBIX CHUCTEM  JUHEHUHBIX JudPepeHnaIbHbIX
YpaBHEHUH C TOCTOSIHHBIMU KO3(pdulineHTaMu MeToI0M Diliiepa.

34. uddepeHnuanbHoe ypaBHEHNUE C YACTHBIMU MPOU3BOJHBIMU U OHSITHUE O
ero 0OIleM pelIeHuH.

35. KBaswiunHeliHble (JIMHEHHBIE) YpaBHEHUs 2-TO TOpsAKa C JBYMs
HE3aBUCUMBIMU NIEPEMEHHBIMU U X KJIaccUUKaIus.

36. IlpuBeneHue K KaHOHHMYECKOW ¢opme JIHUHEHHBIX AudPepeHrnanIbHbIX
YpaBHEHHI B YaCTHBIX MPOU3BOAHBIX BTOPOTO MOPSIKA C IByMs IEPEMEHHBIMH.

37. OcHOBHBIE ypaBHEHHS MaTeMaTuueckoil pusuku. [ToHsTHE O HAYANBHBIX U
KpPaeBBIX YCIOBUSIX.
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38. T'umepOonuueckue ypaBHEHMs. 3ajadya O CBOOOJHBIX KOJIEOAHUSX
KOHEYHOM CTPYHBI U €€ pelieHue Metoaom dypee.

39. 3amaun Komwm g OJHOPOJHOTO BOJHOBOTO YPaBHEHUs Ha NPSIMOU H
METO/I €€ PEIICHUS.

40. IloHATHE KOPPEKTHOCTH MOCTAHOBKMU 3aJl1ad YPAaBHCHUN MaTEMAaTHYECKOUN
bu3HuKH.

41. HuterpanbHble mpeodpazoBanus Oypbe.

42. IlapaGonuueckue ypaBHeHus. Pemenue 3agaun Ko 1 oqHOMEPHOTO
ypaBHeHUs TerionpoBogHoctu. opmyna Ilyaccona.

43. VYpaBHEHUS JUTUNTUYECKOTO THNA. [[0CTAHOBKM OCHOBHBIX 3a]1a4.

44. T'apmoHmnueckue (yHKIHH HA MJIOCKOCTH U UX CBOICTBA.

45. 3apmaua Jlupuxie s TapMOHMYECKUX (YHKIUNA JBYX NEPEMEHHBIX.
Teopema eIMHCTBEHHOCTH U YCTOWYHUBOCTH.

46. Pemenue 3amaun Jupuxie st KpyroBeIX 001acTedt METOJIOM pa3/iesieHHs
MEPEMEHHBIX.

I[Ipumeuanne. [To MHEHUIO aBTOpa, IK3aMEH MO JJAHHOMY KYypCY *KeJIaTeIbHO
MPOBOAUTE 8 nucbMeHHoU popme. Huxe mpuBoaUTCS 00pa3ell BapuaHTa MMCbMEHHOTO
3aIaHus U1 POBEJICHUSI CEMECTPOBOTO dK3aMeHa o JaHHOMY Kypcy. [Ipennaraemoe
3a/IaHUE PACCUUTAHO HA TO, YTO MPOJIOKUTEIBLHOCTD 9K3aMEHa COCTaBIIsICT mpu yacd.

OBLPA3EL] IIUCOMEHHOI O 34/[AHNUA K DK3AMEHY

1. 3amaua Komu nnst oObIKHOBEHHOTO quddepeHIInanbHOro ypaBHeHus 1-ro
nopsiaka. Teopema Komm.

2. Pemenue 3anaun Komu st oJHOMEPHOTO YpaBHEHUS TETUIONPOBOIHOCTH.
®opmyiia Ilyaccona.

3. Pemmre nuddepenunansaoe ypasaenne V' +4y +4y=e " Inx.

4. Pemmte cucremy qudpepeHnanbHbIX YpaBHEHUMN:

r@——x+ +z
dt e
dy
—=X-y+z,
Vae 77
by
dt yo

5. Buytpu kpyra O<r =<, Haiimure rapmMoHHYecKyl0 GYHKIHIO u(r,q),
MPUHUMAIOTITY O Ha rpaHHIe r JTaHHOTO Kpyra 3HAYCHUS:
u| =2sin’ g+sin2p, -T=@=m.
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OTBETbBI U YKA3ZAHUA

SAHATHUE Ne 1

1.1. ©) u B). 1.3. /'()=3, f"(H=4, f"1)=0.
1.4. y = x He ABIAETCA OCOOBIM PELIECHUEM.
3., 2
1.5. a) Zx ; b) n“(x+y)+ylnx=1.
1.6. a) x’y+y-9=0; 6) y* =4e™; B) y= .12 :
sSin X
x
1.7. Ja. 18. a)up).  110.2)x* +2y” =51; 6) y=[-dr+5.
4
0

1.11. 4(2;4), 4,(4;2), 4,

~13++/377 -13-\/377) y (-13-\/377, —13++/377
6 ’ 6 T 6 ’ 6 )

SAHATHUE Ne 2

2
X

1 )
2.1.2) y=T+£; 6) y=Ce"‘+E(cosx+smx)_25

2
X

22.a) y= al +1;  0) y=1.
COSX

k
2.4. x =Ce™ -2siny-2. 2.5. 40 mun. 2.6. i=%+%(e Lt—l).

1
27.2=0p%x +2x2y  +)°. 2.8. y = Z(ln\x\ +C)’x* 1 y(x) =0 - ocoboe penreHwue.

29. y=(x"+ C)e_)CZ : 2.10.a)y = Ll(l +x+Inx); 0) y= 5e*”.
X+

1

2.11. x = 1+Ce” |. 2.12. 0,958 k2.

1

213. y=——— .
Y 1+Cx+1nx

25 .
31ech U BCIOAY B JalbHeilmeM, eciii He OTOBOPEHO MPOTUBHOE, TO C 03HAYAET APOU3BONLHYI0 HOCHOSHHYIO.
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3AHATHUE Ne 3
3.1.a) M(2; 1);  b) My(1; 3), My(3; 1). 33. y=e".
3.4. ]IBa peuieHus. 3.5. x> +y° =Cx’.

x T 1 7
3.6. x—arctg—=1- e Vkazanue: ucnolib30BaTh POPMYIy arctgd + arctg — = 5
y a

3.7. Y (k*C - x*) =k*x*, k*- K03 QUIMEeHT NPONOPIHOHATEHOCTH.
3.8. a) x’e’ -y =C; 0) xsinxy=C.

3.9. 3xp’ +x’y+3y=3.
3.10. My(2; 3), Ma(3;2), Ms(-2;-3), Ma(-3; -2).

2 3 3 4
3.12. y1=1+x+%, y2=1+x+x2+%, y3=1+x+x2+x—+x—.

24

3AHATHE Ne 4

4.1. (x+ yNx-y-2)+ 2lnt—; =C; x=-1 1 y=1 -o0co0ble pemeHus.
4.2.\/;=x1nx—x+1. 4.3.x+C=ctg(y;x+%).
44.2) [Zitn|yl=C; b) y=—(x-c?) C>o.

y 2C
4.5.a) y* =2x"Inx+x’; 0) y = 2xarctgCx .

2
4.6. arcsin? = sign(x)Injx[+C, y=x, y=-x. 47.y= 9 (runep6omna).
X a—Xx
4.8.2) y=CVl+e™ ; 6)y=3\/C+3x—3x2.
4.9. y=2sinx-1. 4.10.2) sin=+Inx=C;  6) y=xe" .
y
y x

4.11. (x+ y)InCx = xe*. 4.12. x+ye’ =2. 4.13. xy = -1.
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SAHATHUE Ne 5

x=p>-2p+2,
s1a) x=e’(p+1)+C, ) p 2p
y=p'e’, y=0. y+C=§p3—p2-

5.2.a) y*(1-y) = (x - C)*, ocoboe permenne y = 1;

0) y=Ce" + é; ocobble pemeHus: y =2e?, y=-2¢>.

0| =

5.3.a) y=x)'"; 6) x> +y* =2xp'=0; B) y'=ylny'".

1 ) X = p+sinp,
=— 1
5.4.0) ¥ C=3 0P+ 6)

+C—l 2 4 psinp +cosp.
y=plnp. y 21’ psmp p-

55. x> =2C(y-2C);  0coGbIC PeIICHHUS: y=2x, y=-2X.

\/I—y2

5.6.a) y'= arcsin y; 6) x'(xy* +1)=1.
X
3AHATHE Ne 6
6.1.a) y=(1+C))In(x+C,))-Cx+C,; 6) Iny=Ce* +Ce™;

—+1
B) y=(Cx+C)e“ +C, (3mech C,, C,-IPOU3BOJIbHBIE IOCTOSHHBIE).
1, . 1.
6.2.y=5(x +1). 6.3.y=2smx—551n2x—(x+1).
6.4.2) x’+y° +Cx+C,y+C, =0, y=C,x+C, ;

3
X
0) y= o +xIlnx+Cx+C, (3necs C,, C,, C, - IPOU3BOJIHBIE IOCTOSIHHBIE).

6.5. y=-1. 6.6. y=ex(x—l)—%e(x2—1)—1.
3AHATHUE Ne 7
7.2. JINHEWHO 3aBUCHUMBL. 74. y"-2y'+y=0.
1 1 2 2
—x —x x“Inx 3x o
7.6.a) y=Cie ? +C,xe ?; 0) y= > T4 +C +Cyx | e™,

(3mecs C,, C,-1poU3BOIbHbIE IOCTOSHHBIE).
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2 4 1

X X X
77. y=1-—-"—-... 0). 7.10. y'"'-y =0.
Y ) (x = 0) y'=y
711.a) y=Ce" +Cyxe’; 0) y =-cose” + C,e" +C,

(3zecwy C,, C,-IPOU3BOJIBHBIE IIOCTOSHHBIE).
3 4

712. y=C l—x—+... +C —x—+... )
y=C( p )+Cy(x = )

SAHATHUE Ne 8

8.1. y"+3y'+2y =0. 8.2. y = e’ (C, cos2x + C, sin 2x).
8.3. y=e>"(3-"Tx). 8.4. y=§ex —le“.
2 2
3 3
4 4 25
85.1) y=e® (Cicos—x+C,sin—x)+—e’ ;
) ¥ =€ (Ceos 59" 76

3

2)y—e5 (C, cos4x+C s1n4x)+£sm4x+ﬂcos X
5 5 219 5 219 5

(3mecy C,, C,-IpOU3BOJIBHBIE IIOCTOSHHBIE).
X : x X
8.6. y =¢"(C,cos2x + C, sin2x —5° cos2x.

8.7. y= x(a sin 2x + bcos 2x), rae a, b — HEeKOTOpbIC YKCIa.

8.8. y = xe*(sin x — cos x).

2

X
8.9. JlubdepenmanpHoe ypaBHEHUE ~+50gx =0, eCan X OTCYUTHIBACTCS OT

TOYKH, HaxoguTCsa TIpy3 B COCTOAHHUHN  IIOKO4. HepI/IOI[ KOJIEOaHUS
\/7 (cex).
8.10. y = Cle +C,xe™. 711. y=9-2¢™"

8.12. YacTHOE pelreHne JaHHOTO YpaBHEHUS UMEET BU/L:
3
1) %ezul(zxz 36 x? 12057x ?32) 2) —gcosx-eSX.
8.13. y=¢"(C, cos V2x + C, sin \/Ex) + % (5cosx —4sinx),
rae C,, C,-IpOU3BOJILHEIE IIOCTOSHHEIE.
8.14. 3y"-y'-2y=0.
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3AHATHUE Ne 9

9.1. a) x =¢'(C, cos3t + C, sin3t), 5) 40
y =¢€'(C,;sin3t + C, cos3r); )= lCle““ _Ce 1,
2 40
z=x-Y, —Ce* +Ce,
9.2, 3 .93, [T e
y(y-2x) =(x-y)". z=Ce" -Cye ™.
9.4. a) x=Ce +Ce”, 5) x=Ce' +Cye™ +1t-sht,
y=-Ce' +3C,e™; y=Ce' —=Cye™ +sht+t-cht.
t
=y y, =Ce" +C,xe*
95. | 3 t 9.6. { 1= Cie” + Cyxe?,
=__ ¥, =Ce’.
4 3

y=C,cosx+C,sinx +cosx- 1n|cosx| + Xsinx
9 7 1 2 o

z=-C;sinx+ C,cosx —sinx- ln|cosx| + XCOSX.

SAHATHUE Ne 10

x=Ce* +(C, + Cyt)e™,

x=Ce +C,e”,
10.1. a) : 2 6)]y=Ce” +[C, +(2C, - Cy)t]e”,
y=-Ce' +3C,e™; 2 3t
z=Ce” - (C, +Cp)e™.
x=1-e",
= + 2si
10.2. {y cosT T sy, 103. Jy=1-e¢",
z = =5sinx.
z=2e" -1.
(x = C,cos2t + C,sin2t,
10.4. a) | 1 1 _
y= —g(C1 +2C,)cos2t + g(2C1 + C,)sin2¢;
(x=Ce' +Cre™ + Cye”, x=Ce* -C,e”,
0)ly=Ce' -3C,e™, B)ly=Ce* - C,e',
z=Ce' =5C,e™ +C,e™; z=Ce” -Ce’ - C,e'.
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X = COSt,

2x 3x

=e" —e, 1 _

10.5. 4 10.6. {y = —(cost + s1nt),
z=e"" -2, 2

z= l(cost —sin¢)

[\

SAHATHUE Ne 11

1
11.2. u(x,y) =§x3 +y°.

113. a) u(x,y)=@(0)+9()). Tie @(x) W y(y) — TPOMIBOTBHHIE ABAKIL
muddepenurpyemoie QyHKIUU;

0) u(x, y)=%x2y+%x3 +x@(x) +(y), THE @(x) - TPOM3BOJILHAS JBAXKIbI
middepennrpyemas QyHKIUsS IEPEMEHHOHM X, a (y) — INPOU3BONIbHAA

GyHKIUS TIEpEMEHHON .

2
U 30U _ O g ) =0.

agon  d& Jn

11.5. x*-yp°* <1 — ob6nacts rumep6onuunoctd, x> —-)> =1 — o6macTh

11.4.

napaboIMIHOCTH, X~ — ° > 1 — 001aCTh HIUTMITUIHOCTH.

11.7. u(x,y) = %xzy + %xy2 - ixzy2 + 3> + C, tne C — IpOM3BOIBHAS TTOCTOSHHAS.

1 1 1
I8 u(xy)=xy+ 0 — Xy + g0 +p(). e o) moy() -
Mpou3BOJIbHBIE MU depeHtrnpyeMbie QyHKIUU.
u  9’u
11.9. — +—-8u(&,n) =0.
02 o (&.1m)
11.10. x*+y>>1 — obnacte rumepbonuuHOCTH, X +)p° =1 — o06macTh

napaboIMIHOCTH, X~ + y° <1 — 001aCTh HIUTMITHYHOCTH.

SAHATHUE Ne 12

12.1. a) u(x,y)=yP(xy)+W(xy), tne ® um W — nPOU3BOIBHBIE IBAXKABI

muddepenupyemblie GyHKIUU;
0) u(x,y)=(y-x-cosx)g(x+y-cosx)+h(x+y—-cosx), rne g u h -
MIPOU3BOJIbHBIE IBAXK bl AU PepeHIupyemMblie GyHKIINH.
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12.2. a) npu y =(0 naHHOE ypaBHEHHE SIBJIETCS NapabOJUYECKUM M B 3TOM CIIydae
‘u
MMEET CIICAYIOINN KaHOHUYECKUA BUI: —— =0; mpu y <0 OHO sBIsETCS

FI/IHep6OJ'II/I‘-ICCKI/IM Hn UMECT CJ'IGI[y}OI]_[I/Iﬁ KaHOHUUYECKHU BUA:

9 u 1 (au 8u) 0. e £ mmn:%m_

85877 6(5+m\ a5 an
HAKOHell, IpU y > (0 JAaHHOE YPaBHEHHUE SIBJISIETCS JJUIMINTHYECKHM U MMEET
CIEQYIOIINN KAHOHUYECKUMN BUI:

8 u o’'u 1 ou 3
+——=0,r11e w/ +X,N=Xx.
08 o T3E0E SNy N

0) JaHHOE YypaBHEHHE SIBISETCS MapabOJMYEeCKUM BCIOJY, KpoMe€ Hayaia
KOOpAWHAT (B Hayajae KOOPJIWHAT OHO BBIPOXKIAETCS), U UMEET CIECAYIOIINI
KAHOHWYECKHAW BUI:

62u+ 2n° ou 1 ou
an® E-n* o mnony

B) Ha ocAx koopmuHaT x=0 u ypy=(0 [aHHOE YypaBHEHHE SBIAETCS
Hapa6onnqec1<1/IM U B ATOM Cllyyae UMeEeT CIEAyIOUUA KaHOHUYECKUM BU:

=0,tme E=x"+y°,p=x.

Z Y -0;mpu x>0 y<0u x<0 y>0 oHO sABIAETCA TUIEPOOTHUECKUM U
x?
MMEET CIEAYIOMNI KAHOHUYECKAUN BU/I:
0%u 1
+ (2§ - 77)——(277 5)—
95om  3(E7 -n*) 05

HakoHel, npu x>0 y> 0 U x<0 y<0 nmaHHOE ypaBHEHHE SBISIETCS
UIUNTUYECKUM U UMEET CIeAYIOINHA KaHOHUYECKUH BUT:
6 u 82u 1 au 1 ou

0E> 8772 E0E 3non
Pu ’u
a&n on IEIn

2.3. a)

2.4. a) npu x =0 AaHHOE ypaBHEHHUE SIBISAETCS MapaOOIMYECKUM U B 3TOM Cly4yae
2

o . u
MMECT CICIYIOIMI KAaHOHUYECKUH BU: — = O; mpu x = (0 OHO ABIAECTCA
o0x

TUNIEPOOTIMYECKUM U UMEET CJICIYIOIINI KaHOHUYECKUN BUI:
0%u 1 8u

05 2AE-1m) 95

0) JaHHOE ypaBHEHUE sBIsieTCs napadonuueckuM, eciii x =0, y = 0 mwm x =0

,rae E=x’+y, n=y.

, y=0, mpuuem mpu x =0, y = (0 uMeeT cienyrOmuil KAHOHUYECKUU BUJ:
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2 2
2 2
a_th 2(ou ou =0,ampu x=0, y=0: a—L;+— ou , ou = 0 (B Havase
"y ax ay ox® x{ox oy

KOOPANHAT ypaBHEHHE BBIPOXKIACTCA); TAHHOE YpaBHEHUE TUIEPOOTNIECKOe
ecrn x>0, y<0 mm x<0, y>0, npuueMm B 3TUX 00IACTAX HMEET

(1472001117171 KaHOHI/I‘-IeCKI/If/'I BU/I;
0%u 1 au
— - § p = (0; ypaBHEHHME OJUIUNTHYECKOE, eciu X >0,

&y & -n’ Tae
y >0 mm x<0 y<0, Opu4YeM B OTHUX 00J1acTSIX HMEET ciaeayromuun

KAHOHUYECKUI BUT:

[ __+__

98’ o \E0E noy

B) Ha OCH x = (0 JaHHOE YpaBHEHUE ABJISICTCS MapabOJIMYECKUM U B 3TOM CIIy4ae
2

2
au 0°u 3(1814 léu) 0.

o o u
UMEET CIENYIOIUN KAaHOHUYECKUH BUN: — = 0; opu x > 0 oHO sBIIsIETCS
dy

TUNIEPOOIMYECKUM U UMEET CJICIYIOIINI KaHOHUUECKUN BUI:
0%u 1 ou

o AE-1)9E

HAaKOHCII, IIPpH X < 0 JaHHOC YPABHCHUC ABJIACTCA IJUIUIITUICCKUM H UMECT

CIEQYIOIINN KAHOHUYECKHUMN BUI:
0’u  0*u 1 ou 0

13.1. u(x,0) = H-coszl *sin ;

[ & : :
4v, 1 m . mh . nmat . nox npu h<l:

. E—zsin—sin sin sin
P 21 [
13.2. U(xt) = Z ‘; - 1 . .
‘;O E zsin( n- )Mtsin( n - lm npu h=l.
T a= (2n-1) / /

48H 1 -
— (1-cosnr)-cosnmat -sin nx.

13.3. u(x,f) =

n=1

13.4. u(x,t) =sinx-cost. 13.5. u(x,t) = t(x2 + %tz )
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0 npu |s|>l
13.6. u(xt)=—(f(x at)+ f(x+at)), e f(s)=1l-s npu O=ss=<l,

[+s npu -1=s5<0.

13.7 u(x,t)=%2 t sin 7 - cos noi sin 172
T 70 3n“m /
cosnﬂh sin "7
. B sin 2
13.8. u(xt)—4lh2 2212 2 nnmz-sinnm
a4 n(n’h’ -1%) ) [

13.9. u(x,t) = (x-1)> +a’t’.

13.10. u(x,t)=£cos(x—z)-sinat. 13.11. u(x,1)=lsinx.
a 4 2a° a

SAHATHUE Ne 14

14.1. f(x)=—fl sin> < -sin o [dar. Orcroma, nonaras x=l, -% u YUYUTHIBAs
Ty A 2 2 2

£(0,5) =1, 6ynem umeTs: j’oé(siﬁ 5}15 =T

14.2. F(a)= —\/Z_L(cosa—l-sina).
Tia a

u.h x?
14.3. U(x,1)= 0 exp| -——|.
(%0 (4a’t +h*)"? p( 4a2z+h2)

14.4.
x+1. 2x

Ux.r) = ((1+ Dech-Zrect J> (I- —)@(%))+

11|z (x+1)° X _(x-=0?
+2(Z\/;ep( yy ) —2exp( )+ep( py )],

rae d(z) = f exp(—u’)du — MHTErpa BEpOSITHOCTEN.
O

145. f(x)= f {é(Zasina +cosa —1)cosax + %(Sina — a)sin ax
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NP

14.6. F(a)= :
l+icx

14.7. a) U(x,t) =u,. Jlannoe cooTHomeHUuEe (PU3UUYECKH BBIpAKAET TOT (PAaKT, UTO

KOJMYECTBO TEILIOTHI OCTACTCS HEM3MEHHBIM C TEUEHHEM BPEMEHH, TaK Kak
CTepKCHb TEIJIOM30JUPOBAH OT OKPYKAIOMIEH Cpelbl W TEIUIOTa OCTaeTCs B
CTEepIKHE.

z

0) U(x,t) = uﬂ)(i) ,TIe ®(z) = 2 f exp(-u*)du - MHTErpa BEPOATHOCTEN.
0

2a+t Jr
14.8. U(x,f)=e"" sinlx.

3AHATHUE Ne 15
15.2. a) JIa; ©) Her.

15.3. a) f(z) =-ie’ +iC, 1€ z = x +iy, @ C — IeWCTBUTENIbHAS IOCTOSHHAS;
0) f(z)=iz’ +C,TH€e z = x +iy, a C — IeCTBUTEIbHAS TOCTOSHHAS.

154. f(z)=z>+z+i,T0€ z=x+iy.
15.5. Her. 15.6. Her. 15.7. a)/Zla; ©0) Her.

15.8. a) f(z)=ie* +C,rae z = x +iy, a C — elCcTBUTEIbHAS IOCTOSIHHAS;
0) f(z)=—-e " +C,THe z = x+iy, a C— IeHCTBUTEIbHAS TIOCTOSIHHAS.

15.9. f(z)=2z’,tme z=Xx+iy. 15.10. Her. 15.11. Her.

3AHATHUE Ne 16
16.1. u(r,(p)|r=p =-p’ cos2¢—%psin¢. 16.2. u(x,y)=x"-y°.

16.3. u(r,p)= —%pz + r2(§c052¢+ sin2¢).

164. u(r,p)= 2.71’2 + 4§ (_l)n+1r” cosSng.
’ 3 n=1 nZ
16.5. u(x,y)= A+B A'B(x2 -y%).
2 20

rep = 20%(cos” ¢ —sin2¢).

16.6. u(r,q)

16.7. u(x,y)=2xy. 16.8. u(r,p)= —%simp — 7% cos2g.
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COAEPKAHUE

Paznen 1. O6bikHOBeHHBbIE TU(depeHIIHATbHbIE YDABHEHUSA  ......

BaHATHC NO L
BaAHATHC N0 i
BaAHATHC NOB
BaHATHC NG
BaAHATHE NOS i
BaAHITHE NOO e
BaAHATHC NO T i
BaAHATHC NOB i

Paznen 2. CucreMbl 00bIKHOBEHHBIX JU(PepeHIHATBHBbIX YPABHCHU

BaAHATHE NO
BaHATHE Nl O o

Paznen 3. YpaBHeHUus1 MATeMATHYCCKOM PU3MKH  .........oovvnnnnn...

BaHATHE Nol 1
BaHATHC NO L
BaHATHE NOL 3
BaHATHE NoLd
BaHATHE NO L S
BaHATHE Nl O i
BaHATHC NO L T

Paznen 4. Ciucok 3Kk3aMeHAIIMOHHBIX BONMPOCOB M 00pa3ell
NUCbMEHHOTO 3aAHUS K IK3AMEHY  .oouviiiniiieineeenieeenieeannnnnn,

Cnucok sK3aMeHaIMOHHBIX BOIIPOCOB it iiiiiiiiiieaeans
O6p2136].[ IMUCBbMCHHOTO 3aJIaHHA K 9K3AMCHY ... .oiieiiiiiiiiiiiiiiinne,

OTBETDBI U VKA3AHMS
CIIMCOK PEKOMEH/JIOBAHHOUM JIMTEPATYPDBI..............oooiiiie.
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